
3 Chapter3:EntropyProduction{SecondPrincipleof

Thermodynamics

3.1 ReversibleandIrreversibleProcesses

Considersometimedependentphysicalprocess.
Ifeqns.describingprocessareinvariantwithrespecttochangeofsignofthetimevariable,process
iscalledreversible.Ifnot,processisirreversible.
Giveanexampleofanaturallyoccurringorman-madereversibleprocess.
Eg.
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Equationisinvariantundert!¡t{reversible.
Fourierequationfortemperature;

1

®
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@x2
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@y2
+
@2T

@z2
(2)

{irreversible.
Mostphysiochemicalprocesses,di®usion,conduction(heatorelectricity)chemicalreactions,etc.are
irreversibleprocesses.

Therefore,atheoryofirreversiblethermodynamicsessential.

3.2 Entropy

FromGreekword²º¿½!¼́ meaning\evolution".
Postulatethefollowingproperties

1.isanextensivepropertyofasystem

2.

dS=deS+diS

diS=0 (reversibleprocess)

diS>0 (irreversibleprocess)

Forisolatedsystems;

dS=diS¸0 (3)

Secondlawofthermodynamics.
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Mostgeneralevolutioncriterionofnaturalprocesses.
Othercriterion,eg.F=E¡TSdecreaseswhenirreversiblechangesoccur.

However,functionslikeFandGexistonlyforspecīcconditions(eg.,changesatconstanttemper-
atureandvolume,or,atconstanttemperatureandpressure).

3.3 LocalFormulationofSecondLaw

ConsidersystemIinsidealargersystemIIsuchthattheglobalsystemisisolated.
Secondlaw

dS=dSI+dSII¸0 (4)

Postulate
diS

I¸0; diS
II¸0 (5)

Situationinwhich
diS

I>0; diS
II<0withd(SI+SII)>0 (6)

excluded.
Nopossibilityforcompensation{ineverymacroscopicregion(microscopic°uctuationsarenegligi-
ble)ofthesystemtheentropyproductionduetoirreversibleprocessesispositive.
Interferenceofirreversibleprocessesonlypossiblewhentheyoccurinsamemacroscopicregion.
Localformulationofsecondlawispostulateonwhichcourseisbased.
Hasbeenverīedthroughstatisticalmechanicsandexperiment.

3.4 AbsoluteTemperature

Considerclosedsystemcontainingasinglecomponent,irreversibleprocessesexcluded.
Entropydēnedby

dS=
dQ

T
(7)

Tiscalledabsolutetemperature.Satis̄es

1.Tispositive

2.Tisanintensivepropertyobtainedbymeasuringsomearbitrarypropertylikeelectricalresis-
tance

3.Tisanincreasingfunctionofthe\empirical"temperatureofthesystem.

Tō xscale,setT=273:16±Kfortriplepointofwater.
Notethat

dS=
dE+pdV

T
(8)
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3.5 EntropyProductionDuetoHeatFlow

ConsidertwoclosedsubsystemsIandII(totalsystemthereforealsoclosed)maintainedatuniform
temperatureTIandTIIrespectively.
Beinganextensivevariable

dS=dSI+dSII (9)

Foreachphase
dIQ=dIiQ+dIeQ; dIIQ=dIIiQ+dIIeQ (10)

Forwholesystem

dS =
dIQ

TI
+
dIIQ

TII
(11)

=
dIeQ

TI
+
dIIeQ

TII
+dIiQ

µ
1

TI
¡

1

TII

¶
(12)

Wherewehaveused(3.24).
Then,

deS=
dIeQ

TI
+
dIIeQ

TII
(13)

and

diS=dIiQ
µ

1

TI
¡

1

TII

¶
(14)

resultsformirreversibleheat°owinsidethesystem.
Now,empirically,canshowthatentropyproductiondiSisalwayspositive;therefore,

dIiQ>0when
1

TI
¡

1

TII
>0 (15)

and

dIiQ<0when
1

TI
¡

1

TII
<0 (16)

Entropyproductionisonlyzerowhenthermalequilibriumisestablished,i.e.whenTI=TII.
Entropyproductionperunittime

diS

dt
=
dIiQ

dt

µ
1

TI
¡

1

TII

¶
>0 (17)

Equationwillbeshowntobeverygeneral.Productofrateofirreversibleprocess(dIiQ=dt)by
functionofstate(1=TI¡1=TII).
Generalized°owandcorrespondingforce.
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3.6 EntropyofMulticomponentSystems-ChemicalPotentials

Generalizethetotaldi®erentialoftheentropyformulti-componentsystems.

dS=
dE

T
+
p

T
dV¡

X

°

¹°
T
dn° (18)

¹°arethechemicalpotentialsdēnedby

¹°=¡T
Ã
@S

@n°

!

EVn0
°

(19)

Thechemicalpotentialsareintensivevariables(likeotherpartialderrivativesofS,
eg.1=T=@S=@E; p=T=@S=@V).
Chemicalpotentialcanbeexpressedinotherways;eg.energyrepresentation

¹°=

Ã
@E

@n°

!

SVn0
°

(20)

IntroducingtheenthalpyH =E+pV,HelmholtzfreeenergyF=E¡TS,Gibbsfreeenergy
G=H¡TS,

¹°=

Ã
@H

@n°

!

Spn0
°

=

Ã
@F

@n°

!

TVn0
°

=

Ã
@G

@n°

!

Tpn0
°

(21)

Showthattheaboverelationsarecorrect.

Relationsinvolvingthechemicalpotentials

Ã
@¹°
@T

!

pn°

=¡s°;
Ã
@¹°
@p

!

Tn°

=v°;

Ã
@(¹°=T)

@T

!

pn°

=
h°
T2

(22)

wheres°;v°andh°arerespectivelyspecīcmolarentropy,volumeandenthalpyofcomponent°as
dēnedby

s°=

Ã
@S

@n°

!

pTn0
°

; v°=

Ã
@V

@n°

!

pTn0
°

; h°=

Ã
@H

@n°

!

pTn0
°

(23)

Proverelations(22)usingdēnitions(23).

Foridealsystems
¹°=³°(p;T)+RTlogN° (24)

where³°(p;T)isindependentofcompositionandN°isthemolefraction(=n°=n).
Foridealgasses

³°(p;T)=RTlogp+ °́(T) (25)

Fornon-idealsystems
¹°=³°(p;T)+RTlogf°N° (26)

wheref°istheactivitycoe±cient.
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3.7 EntropyProductionduetoChemicalReactions-A±nity-Coupling
ofChemicalReactions{ClosedSystems

Expressionforentropy°owandproductionduetosinglechemicalreactioninaclosedsystem.Using
eqns.(2.6)d»=dn°=º°and(18),canwrite

dS=
dQ

T
+
Ad»

T
(27)

whereAisthea±nityofthechemicalreaction,relatedtothechemicalpotentialsby

A=¡
X

°

º°¹° (28)

Thetotalentropychangecanthusbedividedintotwoparts

deS=
dQ

T
(29)

and

diS=
Ad»

T
>0 (30)

ProvethatdiSasgivenbyeqn.(30)isalways>0exceptinequilibrium,inwhichcaseitis=0.

Fortheequilibriumstate
A=¡

X

°

º°¹°=0 (31)

Provethatifthetransformationrepresentedby»consistsinthepassageofcomponent°fromphase
ItophaseII,thentheequilibriumcondition(31)becomes

¹I°=¹II° (32)

Intermsofthechemicalreactionratevwehavefortheentropyproductionperunittimeofthe
reaction

diS

dt
=

1

T
Av>0 (33)

Aandvthusalwayshavethesamesign.Theright-handsideofthisequationisagainaproductofa
generalized°ow(chemicalreactionratev)andcorrespondingforce(a±nityA=T).Itisofthesame
generalformaseqn.(4.17)fortheirreversibleprocessofheat°ow.

Extensiontothecaseofseveralsimultaneousreactions

diS=
1

T

X

½

A½d»½>0 (34)

where
A½=¡

X

°

º°½¹° (35)

Inequilibrium
A1=A2=:::=Ar=0 (36)
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Entropyproductionperunittime
diS

dt
=

1

T

X

½

A½v½>0 (37)

SecondlawofTDrequiresthatentropyproductionresultingfrom allsimultaneousreactionsis
positive.However,couldhavesystemundergoingtwosimultaneousreactionssuchthat

A1v1<0; A2v2>0 (38)

providedthat
A1v1+A2v2>0 (39)

Reactionscalled\coupled"reactions.Onereactioncanthusgoinadirectioncontrarytothatde-
scribedbyitsowna±nity.

Thisisacouplingoftwodistinctirreversibleprocesses.Isofgreatimportancetobiologicalprocesses.

Anotherexample(tobeseenlater){thermodi®usion{di®usionofmatteragainstitsconcentra-
tiongradientresultsinanegativeentropyproductionbutthise®ectiscompensatedbythepositive
entropyproductionduetothe°owofheat.

Suggestthreeotherpossiblycoupledirreversibleprocesswhichmightbeimportanttobiologicalor
physicalphenomena.
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3.8 ChemicalA±nity

Usingeqn.(26),¹°=³°(p;T)+RTlogN°;and(28),A=¡
P

°º°¹°

A=¡
X

°

º°³°(p;T)¡RT
X

°

º°logN° (40)

DēnetheequilibriumconstantK(p;T)by

RTlogK(p;T)=¡
X

°

º°³°(p;T) (41)

Thenthea±nitybecomesA=RTlogK(p;T)¡RTP°º°logN°,N°=molarfraction

A=RTlog
K(p;T)

Nº1
1 :::N

ºc
c

(42)

Inequilibrium,A=0,so
K(p;T)=Nº1

1 :::N
ºc
c (43)

Called\lawofmassaction".

Alternativeexpressionforthea±nityfromeqn.(21)

A=¡
X

°

º°

Ã
@G

@n°

!

p;T;n0
°

(44)

But, Ã
@G

@»

!

p;T

=
X

°

Ã
@G

@n°

!

p;T;n0
°

dn°
d»

=
X

°

Ã
@G

@n°

!

p;T;n0
°

º° (45)

Therefore,

A=¡
Ã
@G

@»

!

p;T

(46)

RememberingthatG=H¡TS

A=¡
Ã
@H

@»

!

p;T

+T

Ã
@S

@»

!

p;T

=rpT+T

Ã
@S

@»

!

p;T

(47)

Insomecases,itmaybepossibletoneglecttheentropyvariationtermin(47),sothattheentropy
productionduetoachemicalchangebecomessimplyproportionaltotheheatofreaction

diS

dt
=
Av

T
¼
rfp;Tgv

T
=¡

1

T

Ã
deQ

dt

!

pT

(48)

Showthat
rfp;Tgv

T
=¡1

T

³
deQ
dt

´

pT
:Underwhatconditionscantheentropyproductionterm

³
@S
@»

´

p;T
v

canbeneglected?
Forsimultaneousreactions

diS

dt
¼

1

T

X

½

r½p;Tv½=¡
1

T

Ã
deQ

dt

!

pT

(49)

Inthisapproximation,theentropyofalivingorganism canbemeasuredbyitsmetabolism,as
recordedbycalorimetry.
Designafeasibleexperimenttomeasuretheentropyproductionofananimal?
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3.9 EntropyProductionandEntropyFlowinOpenSystems

StartwiththeGibbsformulaincluding°owofmaterialfromtheexteriorandchemicalreactions
occurringintheinterior.

dS=
dÁ

T
¡
X

°

¹°
T
den°+

Ad»

T
(50)

deS=
dÁ

T
¡
X

°

¹°
T
den° (51)

Now,considerasystemconsistingoftwoopensubsystemsbutwhichisclosedasawhole.The
changeofthetotalentropyofthesystemisexpressedby

dS=
dIÁ

TI
+
dIIÁ

TII
¡
X

°

Ã
¹I°
TI
¡
¹II°
TII

!

den
I
°+

AId»I

TI
+
AIId»II

TII
(52)

whereAIandAIIarethea±nitiesofthereactionstakingplaceineachsubsystem.Separatingthe
°owofenergyduetomass°owandheatinternally,andheatfromtheexteriorgives

dS=
dIeQ

TI
+
dIIeQ

TII
+dIiÁ

µ
1

TI
¡

1

TII

¶
¡
X

°

Ã
¹I°
TI
¡
¹II°
TII

!

den
I
°+

AId»I

TI
+
AIId»II

TII
(53)

Clearly,

deS=
dIeQ

TI
+
dIIeQ

TII
(54)

and

diS=dIiÁ
µ

1

TI
¡

1

TII

¶
¡
X

°

Ã
¹I°
TI
¡
¹II°
TII

!

den
I
°+

AId»I

TI
+
AIId»II

TII
¸0 (55)

Thisentropyproductionresultsfromthetransportofheatandmatterbetweenthetwophasesand
alsofromthechemicalreactiontakingpartineachphase.

Entropyproductionperunittime

diS

dt
=
µ

1

TI
¡

1

TII

¶
dIiÁ

dt
¡
X

°

Ã
¹I°
TI
¡
¹II°
TII

!
den

I
°

dt
+
AIvI

TI
+
AIIvII

TII
¸0 (56)

Again,entropyproductionisabilinearformoftheratesofirreversibleprocessesandofsomefunctions
ofstatewhichmaybecalledthe\generalizedforces".
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3.10 EntropyProductionDuetoElectrochemicalReactions

Generalizationtoincludeelectrochemicalorphotochemicalreactions.

Includethepresenceofanelectricalorradiation ēldintheconservationofenergy.

Example

Transportofelectricallychargedcomponentfrompositionatpotential'Itopositionatpotential'II.

ConsideropensubsystemsIandIIincontact,butclosedasawhole.
Degreeofadvancement

¡dnI°=dnII° =d»° (57)

Letz°denoteelectrovalencyoftheioniccomponent°beingtransportedbythē eld.
LetFbetheelectricchargeassociatedwithonegram-ionofaspecieshavinganelectrovalency

of1(F=0:9649).
Theelectriccurrentisthen(q=z°F)

I=z°F
d»°
dt

=z°Fv° (58)

Includingthechangeofelectricalenergyintointernalenergy

dE=dQ¡pdV+('I¡'II)Idt (59)

(rememberthatpowerP=dE=dt=VI)
AssumethattheGibbsequationisstillvalidinpresenceof̄eld.
Trueifpolarizationofmattercanbeneglected.Orientationofmoleculesinelectric̄ eldassociated
withdecreaseinentropy.

Iftemperatureuniformthroughoutwholesystem,Gibbsequationbecomes

dS=
dE

T
+
p

T
dV¡

X

°

Ã
¹I°
T
dnI°+

¹II°
T
dnII°

!

(60)

Usingtheaboveequationsshowthat...

dS=
dQ

T
+

~A°d»°
T

(61)

with
~A°=A°+z°F('I¡'II)=(¹I°+z°F'I)¡(¹II° +z°F'II) (62)

¹¹°=¹°+z°F' (63)

calledthe\electrochemicalpotential".
Theinternalentropyproductionduetothetransportoftheelectricallychargecomponentisthus

diS=
~A°d»°
T

(64)

Presenceofelectricalpotentialmanifestsitselfonlybyalteringthevalueofthea±nity.

Atequilibrium,
~A°=0 or¹I°¡¹II° =z°F('I¡'II) (65)
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3.11 EntropyProductioninContinuousSystems

Untilnowwehaveconsidereddiscontiuoussystems{wheretheintensivevariableshavethesame
valuethroughouteachhomogeneousregion,butdi®erentvaluesineachregion.

Nowwewillconsiderintensivevariableswhicharenotonlyafunctionoftime,butalsoofspace
coordinates,continuoussystems.

eg.metalbarheatedatoneendandcooledattheother,amixtureofdi®usingcomponents.

ContinuousSystems
Nonewphysicalprinciplesrequired.

ConservationofMass

@½

@t
=¡div½! (66)

Equationofcontinuity,½ismassdensityand!ismacroscopicvelocity.

div½!=
@½!x

@x
+
@½!y

@y
+
@½!z
@z

(67)

Eqn.(66)holdsalsoforamixture.Dēne

!=(
X

°

½°!°)=½ (68)

!isthusvelocityofcenterofgravity.

Ingeneral,localchangeofaphysicalquantityisduenotonlytothedivergenceofacurrentbutalso
toasourceterm.

Forexample,considerachemicalreaction,equationofcontinuityforthedensity½°ofcomponent°
isthus

@½°
@t

=¡div½°!°+º°M°vv (69)

wherevvistherateofthechemicalreactionperunitvolume.

Flowofcomponent°canbedecomposedintoa°owwithvelocityofcenterofmassandadi®usion
°owrelativeto!.

½°!°=½°!+½°(!°¡!)=½°!+½°¢° (70)

¢°representsdi®usionvelocitywithrespectto!.
Notethat X

°

½°¢°=0 (71)
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Foreveryextensivevariable,canwriteaneqn.similarto(69).
eg.Entropyperunitvolumesv

@sv
@t

=¡div©+¾ (72)

TheaboveistheextensionofdS=deS+diStocontinuoussystems.
Itisobviousthat

¾=0(reversibleprocesses);¾>0(irreversibleprocesses) (73)

CalculationoflocalentropyproductionbasedonthelocalformulationoftheGibbsequation.
Fordiscontinuoussystems(see(56))

diS

dt
=
µ

1

TI
¡

1

TII

¶
dIiÁ

dt
¡
X

°

Ã
¹I°
TI
¡
¹II°
TII

!
den

I
°

dt
+
AIvI

TI
+
AIIvII

TII
¸0 (74)

Foracontinuoussystemitcanbeshown(trytoderrivethis)that

¾=¡
X

i

Wi

T2

@T

@xi
+
X

°

X

i

1

T

Ã

Fi
°¡T

@¹+°=T

@xi

!

½°¢
i
°+

Avv
T

>0 (75)

summationoveri(i=1;2;3)referstothegeometricalcoordinates.Wiistheheat°owincoordinate
i,F°istheforce(perunitmass)actingoncomponent°.¹+isthechemicalpotentialperunitmass.

Inpresentdescriptionofcontinuoussystems,mustdistinguishbetweenbulkmovementwithve-
locity!andthecdi®usion°ows½°¢°outofwhichonlyc¡1arelinearlyindependent(see(71)).

Fornon-viscoussystems(nofriction),velocityofcenterofgravity!doesnotappearintheeqn.
fortheentropyproduction,andisthereforeconsideredareversiblephenomena.Irreversibilityis
relatedtothedi®usion.

Inatwocomponentsystem,withouttemperaturegradient,andwithoutchemicalreaction,eqn.
(75)reducesto

¾=
1

T

Ã

F1¡
@¹+1
@x

!

½1¢1+
1

T

Ã

F2¡
@¹+2
@x

!

½2¢2>0 (76)

Assumingmechanicalequilibriumandusingeqn.(71)
P

°½°¢°=0gives

Ã

F1¡
@¹+1
@x

!

½1+

Ã

F2¡
@¹+2
@x

!

½2=0 (77)

Notethatinsteadofusingtheaveragemassvelocity!wecouldhaveusedanyreferencevelocity.
Entropyproductionmustremaininvariantundersuchachange.Eg.iftakeasthereferencevelocity
!2theneqn.(76)becomes

¾=
1

T

Ã

F1¡
@¹+1
@x

!

½1(!1¡!2)>0 (78)

Showthateqn.(78)iscorrect.
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3.12 InternalDegreesofFreedom

Irreversibleprocessesrelatedtointernaldegreesoffreedomofmolecule.

eg.orientationofspin,electricdipolemoment,deformation(isomerization)

StartingpointisGibb'sformula(18);

dS

dt
=

1

T

dE

dt
+
p

T

dV

dt
¡

1

T

Z

°
¹(°)

@n(°)

@t
d° (79)

n(°)isdensityofmoleculesinstate°son(°)d°isnumberofmoleculesforwhichtheinternalpara-
meterliesbetween°abd°+d°.

Consideracontinuityeqn.for(@n(°)=@t)
Firstassumethatchangeof°isdiscrete,i.e.°changedbytransformationsfromorintoneighboring
states°¡1or°+1.Then

dn°
dt

+(v°¡v°¡1)=0 (80)

v°israte°!(°+1)andv°¡1israteof°¡1!°.
If°isacontinuousparameter

@n(°)

@t
+
@v(°)

@°
=0 (81)

{isacontinuityeqn.inthe\internalcoordinatespace"°.
v(°)isthereactionrate(°ow)givinghowthemoleculeschangealongcoordinate°.
Invectornotation

@n(°)

@t
=¡div~v(°) (82)

Bypartialintegration,eqn.(79)canbetransformedinto

dS

dt
=

1

T

dE

dt
+
p

T

dV

dt
¡

1

T

Z

°

@¹(°)

@°
v(°)d° (83)

so
diS

dy
=¡

1

T

Z

°

@¹(°)

@°
v(°)d°>0 (84)

WenowpostulateafurtherrēnementinthesecondlawofTD.
Ineachpartoftheinternalcoordinatespace,theirreversibleprocessesproceedinadirectionsuch
thatapositiveentropyproductionresults.Implies

¾¤=¡
1

T

@¹(°)

@°
v(°)>0 (85)

¾¤istheentropyproductionperunitvolumeoftheinternalcon̄gurationspace.
¾¤hasusualform,productofana±nity(orforce)¡1

T
(@¹(°)=@°)andaratev(°)ofirreversible

process.
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Ifthereisapotentialenergywhichvarieswith°(eg.if°istheangleµofadipolewithrespectto
anexternalelectric̄ elde,then

Epot=¡mecos(µ) (86)

wheremisthedipolemoment,therethenappearsacorresponding\force"¡@E=@°intheentropy
production(exactlyasF°appearedineqn.(75),

¾¤=¡
1

T

Ã
@¹(°)

@°
+
@Epot

@°

!

v(°)>0 (87)

Assumingthatthereisalinearrelationbetweentherateandthea±nity,canobtainaformulation
ofDebye'stheoryoftheorientationofdipolesinanalternatingelectrical̄eld.

WhatistheDebyetheoryinthiscontext,andsuggesthowtheresultsabovefortheentropyproduction
duetochangesintheinternalcoordinatesmaybeusedtoprovideanindependentformulationofthis
theory.
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