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Abstract In this work exact expressions for the distribution function of the accumulated area
swept by excursions and meanders of N vicious Brownian particles up to time 7 are derived.
The results are expressed in terms of a generalised Airy distribution function, containing the
Vandermonde determinant of the Airy roots. By mapping the problem to an Random Matrix
Theory ensemble we are able to perform Monte Carlo simulations finding perfect agreement
with the theoretical results.
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1 Introduction

Since the seminal work of de Gennes on simple models of fibrous structures and its pop-
ularisation by Fisher, the study of vicious walkers (namely, walkers that do not intersect)
have attracted attention during the last two decades due to the wide range of appli-
cations in various branches of science and their connections to random matrix theory
[1,2,4,5,7,9,12,14,16,17,27-29,31-33,37]. Similarly, the statistical properties of the area
swept by a Brownian excursion is a problem that was originally studied by mathematicians.
The Laplace transform of the distribution of the area (known as the Airy distribution func-
tion) was first computed by Darling and Louchard [8,22]. The derivation of its moments
together with the actual distribution were obtained by Takécs [34-36]. The Airy distribution
function has appeared in a number of problem from different areas from graph theory and
computer science [11,15,24] as well as in physical systems modelling one dimensional fluc-
tuating interfaces [23,25], applications in laser cooling [3,19] and fluctuations of sizes of
ring polymers [26].
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In this work, we focus on obtaining exact expressions for the accumulated area swept by N
vicious Brownian motions. This paper is organised as follows: in Sect. 2, we define the process
of vicious walkers and the stochastic quantities we are interested in. In particular, we show
in Sect. 3 that the Laplace transform of the PDF of the accumulated area can be expressed
as a ratio of two N-particle propagators, which can be constructed as Slater determinants of
single-particle states. This is a straightforward consequence of using Quantum Mechanics
formalism (QMY) or, alternatively, of the Karlin-McGregor formula. The resulting expression
is fairly general. In order to extract some properties we consider two types of processes:
excursions and meanders. Moreover we consider two types of boundary conditions at x = 0:
absorbing boundary conditions (Sect. 4) and reflecting boundary conditions (Sect. 5). The
inverse Laplace transform is resolved in Sect. 6 and a formula for its negative moments is
obtained in Sect. 7. Finally, in Sect. 8, using a mapping between processes of vicious walkers
to ensembles of Random Matrix Theory we are able to perform Monte Carlo simulations and
compare with the exact formulas obtained in the previous sections.

2 Model Definitions

Consider the set of trajectories defined by N one-dimensional Brownian particles x(t) =
(x1(7), ..., xn (7)) with T € [0, T] such that 0 < x;(t) < --- < xy(7) and let us denote as
M [x(7)] its probability measure. Next, let us define as A; the area swept by particle i:

T
A,‘ :/ xi(l’)dt.
0

The set of areas A = (Ay, ..., Ay) is a random N-tuple whose joint PDF (jJPDF) is given
by viz.
x(T)=x s N T
Pn(A,T) =/ Dx(f)MN[x(T)]HrS (/ xi(t)dr — Ai) . (D
x(0)=x; i=1 0
Notice that the jPDF (1) contains the PDF of the area swept for each curvei =1,..., N
Py (A, T) = / / dAy...dAi_1dAiqr ... dANPN(A,T), (2)
0 0

and, in particular, the PDFs of the area for the bottom and top curves denoted as 7y (A, T) =

P,(\,N) (A, T)and By(A, T) = 73,(\,1) (A, T), respectively. It also contains the PDF of the total
area, defined as

o0 o0 N
SN(A,T)=/ / dA;...dANPN(A, T)(S(A—ZA,). 3)
0 0 i=1

Exact formulas of the expected values of the areas for the top and bottom curve can been
found in [37], but as far as we are aware of, the exact formulas exist for their distributions.
In this work we present exact formulas for the PDF Sy (A, T) for the accumulated area and
compare the expressions with Monte Carlo simulations. Notice that the expression for the
PDF of accumulated area shares some similarities to the terrace-legde-kink model where
slope variations are enforced through a volume constraint [10]. A thorough analysis based
on Monte Carlo simulations on the marginals 7?](\',) (A, T)fori =1,..., N will be discussed
somewhere else.
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3 Path Integral Approach

Combining (1) and (3) yields

x(T)=xy

N o7
SN(A,T)=/ Dx(r)./\/lN[x(t)](S( Z/ x,-('L')dT),
x(0)=x; i=1 0

with

d
MEx@)] = 2 exp [—Z/ ( = (t)) :|CN[x(T)],

where Z is the normalisation factor and Cy[x(7)] is an indicator function imposing the
constraint of vicious particles 0 < x1(t) < --- < xy(7) on the positive part of the real line.
Further, the Laplace transform of Sy (A, T),

[e.¢]
Sy, T) = <e*“> - / dA Sy(A, T)e A
Sy 0
has the following representation using path integral approach:
~ T)=x r
Sv(,T) = [5075 Dx(0) Mylx ()] exp [—A p x,-(r)dr] . )

In QMT, the expression (4) can be expressed as the ratio of two propagators

1
G (x.TIx;,0)

SN, T) = GE\(I))(xf,Tlxi,O) ’ (5)
(a)
with G%)(x, T|xp,0) = <x|e_HN r |x0> and Hamiltonian operators
N
Hy' =2 hy" = Za PO, =0 ©
j=1 j=1

and VO (x) a confining potential in R™, while VvD(x) = ax for x > 0 and infinity for
x < 0. Besides, Brownian particles are not allowed to cross which in QMf corresponds to
having fermions. Considering the latter and that the potentials are one-particle type opera-
tors, the eigenfunctions of H 127 ) are given by the Slater determinant of the eigenfunctions
corresponding to the one-particle problem 4@, that is

— (a)
G (y. TIx,0) =3 &V (1D (x)e En'T | %
n
with
N
() = ,ﬁ (et @0, B =D el h 5) = e o)
i=1

Once the corresponding one-particle problems of the numerator and denominator have been
solved, we have solved the problem via the formula (5). However, the corresponding expres-
sion is still too general to extract general mathematical properties. Thus, we will particularise
(5) to the cases of excursions and meanders. For excursions we mean the set of processes by
which the N vicious Brownian paths start and finish at the same point, thatis x; = x y = 0.
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This is achieved by taking x; = x y = € with € = (€1, - - - , €y), and taking the limit € to 0,
Viz.
A(r) _ G (e T|e,0)
N A T) = h 70“”(5 T1e0) 8)

For meanders we mean the set of processes where the paths start at x; = 0 and are allowed
to finish at any final position x ; at time 7. As such we need to integrate over all possible
final positions and, therefore, the Laplace transform of the corresponding PDF reads

6. 1) = lim Jwy @xy Gy (s, Tl 0)
>0 [ dVx; G\ (xy. Tle,0)

(©))

where Wy stands for the Weyl chamber Wy = {x eRNO<x; <--- < xN} and dVx =
dxy---dxy.

4 Absorbing Boundary Conditions

We note in the two cases above that we will need the one-particle problem for a = 1 (the one-
particle problem for @ = 0 is treated in the appendices). For absorbing boundary conditions
(i.e. the corresponding eigenfunctions of the one-particle problem obey ¢ (x = 0) = 0) it
has the well-known solution

/(2)\)1/3

M (y) — AT 3% — () — 2232173 =1,2,...
¢y (x) AL (—a)| i[2A) Px —anl, e, ay ., n )2,
where Ai(x) is the Airy function with zeros z = —a«, withn € {1, 2, ...}. Thus the eigen-
function for the N-particle problem is:
) (1) @76
O = g det 617 () = TS det [on@)] . (10

where we have defined ¢, (z) = Ai(z — a,,) with z = (21)3x.

4.1 Excursions
To obtain an exact expression for (§¥) (A, T) given by (8) we need to perform the Taylor

expansion of the Slater determinant (10) containing the Airy eigenfunctions. To do so we
make use of the following formula [21]:

¢
Ai(DBi(z + 1) — Bi(NAi(z +1) = % > %Qz(l) :
=0 "

with O, (z) the Abramochkin polynomials [21]. In our case, we take that t = —a, which
yields

Aiz — o) = Ai'(— an>2 Qe( @),

where we have used the identity 7Bi(—a,)Ai'(—a,) = —1. Combining this together with
the standard formula of the Taylor series of a Slater determinant (see Appendix 1), we arrive
at
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det ¢, (z;) = HAl( a > (2”22] 1 det [x?"] det [Qy (—ay )]
1<ij<n iz ) oy O asijen T Tiigen T T
(11)
where £ € Uy stands for the sum over all ordered N-tuple indices £ = ({1, ..., {y), thatis

with €y <l < ... < {pn.

Everything boils down to be able to find an expression for the determinant - det N[le.
<i,j<

(= ;)] of the Abramochkin polynomials evaluated at the Airy roots. It turns out that it is
possible to obtain the lowest contribution in € if we recall that the odd-numbered polynomials
are such that 0»,4+1(z) = 7" + lower order terms, while even-numbered polynomials can
be expressed in terms of the previous odd-numbered ones. This automatically implies that
the first non-zero lowest-order contribution in € in the sum in Eq. (11) is given by taking
£j=2(j— 1)+ 1forj=1,..., N. This eventually yields:

1<i,j

2| N N
det Ngani (Z/) ~ (2)")T2 |:H Ai/(_anj):| [H xi] AN(X%7 . 'X]Z\I)AN(anl LI 'aﬂN) ’
< j=1 i=1
(12)

where we have defined yy = (—1 --(2N + 1D!], and An(ay,...,an) is the

Vandermonde determinant:

1 1
al “ .. aN
An(ar,...,an) =| . . .= H (a;i — aj).
N:—l B N:—l Isi<jsN
al -.-aN

To obtain the expression (12) we have used that

N
2(j—1+1 H 2 2
. = i A e
1§g?t§N[x’ ] [._ xl} NN,

det (—aty,
lSi,jSN[Qel( nj

c Q).

The final expression of the Taylor expansion for the N-particle eigenfunction is:

N(2N+l) |:N Ai'(— a,,

I wca )} [1‘[ el] AN(ET, . €X)AN(@ny. - ny) s
(13)

with By = yn/+/ N!. A similar derivation can be done for the denominator (see Appendix 2).
Using the results (13), (30), and (39) in the corresponding expression (7) of the propagator, and
after rearranging terms, we eventually obtain the Laplace transform of the PDF S](\;) (A, T),
Viz.

oM (e) ~ Bn(21)

(,\T3/2)E5\7)

_ 3/242/3~—1/3 N
§}\;)0‘7 T) = R 2 ny A?\;(anl,...an,\,)e e R A Y S
(r) 7 x) Nt (r)
AV =20 [ TQ+)rG2+)).  EY=INeN+D. (4
J=0
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There is a the striking resemblance of the result (14) with that found for the distribution
of the maximal height of N-non intersecting Brownian excursions obtained in [33]. This
similarity is essentially due to Pauli’s exclusion principle as the vicious walkers cannot
cross, which results in appearance of the Vandermonde determinant in both expressions.
However, whenever a probability of crossing between particles is allowed, as for instance in
[6], a generalized Vandermonde determinant appears instead.

4.2 Meanders

For the case (9) we report the final result (the derivation can be found in Appendix 3)

(m)
AT32)EN A
‘?Nmkx,T):% D> By @i any)
AN Ny, ny
3 3~7—1/3 N
ANty .oy Yo~ CTDP2 (15)
where
2
(A) 1 N : m _ N
B = d det [Ai(x; —an)], EU ="
v (o ) HlN=1Ai’(—an,-)/wN xlii-?fN[ i) — )] N 3

In this case we were unable to find a simple expression for the normalisation constant AE(,”).

5 Reflecting Boundary Conditions

So far we have preoccupied ourselves by considering absorbing boundary conditions at x = 0.
We have also considered how the preceding derivations change when we take reflecting
boundary conditions instead. Apart from the mathematical curiosity, the resulting process is
interesting as it is related to the work [17] for processes X (=1/2.0)(¢) which show a transition
from type D to type D’ matrix ensembles (see [17] for details).

The first thing is to notice how the one-particle wave-function changes in this case. If we
denote as z = —f, withn € 1,2, ... the zeros of the derivative of the Airy function Ai’(x),
then

/(Zk)l/3

o) = =AY Px = B, eV = g2
! VBl A=) ! S
Thus, in this case the N-particle wavefunction takes the following form:
(2)\)N/6
v ) = det [y, (z))].

VNI /By |Ai(—By,)| 1ioT=N
Y () =Ai(z —By), z= (2)»)1/3)6 .

5.1 Excursions

We are left with deriving a Taylor expansion of the Slater determinant, as before. In this case,
the other Abramochkin polynomials [21] become useful:

./ . ./ . 1 ad t"
Bi' (A +1) ~ A @B +1) = — > Pi(2).

n=0 "
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From this expression we choose t = —f,, to write
Ai(z = fn) = Ai(=pn) > 5 Pe(=Br)
£=0

where we have used the property 7Bi'(—B,)Ai(—B,) = 1. The expansion of the Slater
determinant yields

N (2x)%z§v=' ‘i ¢
lig?tSN Yn; (2j) = /'I;Il Al(_ﬂnj) ZZEUN 0yt lgg?th[xi ] lfg?th[Pei(_'an)] s
Again here, the lowest contribution in € is given by the even-labelled polynomials P>, (z) =
"+ .- forn =0,1,2... and with Py(z) = 1. Thus we must take £; = 2(j — 1) for

j=1,..., N yielding the following result for the Slater determinant

e AR

LB 1A= )]

-+2(N — D!+/N!]. A similar analysis can be done to the
propagator in the denominator of Eq. (5) (see Appendix 2) eventually obtaining

wil(e) =5y(20) ANGE, XD ANBuys s By)

(1)
E 2
g(r) T _ (}\T3/2) N AN(ﬂ"l _____ ﬂ”N) 7(}\T3/2)2/32 ]/321\/1:5",
N 3 T) %)
A o ny ,Bnl lgnN
g N—1

A = 2” HF(1+j)F(j+2), EY =1INeN -1,

5.2 Meanders

Similarly, in the case of meanders (see Appendix 3), we obtain

( 3/2)Ez(vm'R)
AT
a(m) _ (R)
S (A’T)_T Z By (Buys -+ Bay)
N ni,..., ny
AN Buis - Pay) 3Py SN (16)
Buy -+ Buy
where
1
(R) N
BV Buy, .. B )=7/ d"x det [Ai(x; — By)].
N n ny HlNzlAi(_ﬂﬂi) Wy 1<i,j< [ J n ]

1
EY = N =1,

and with no simple expression for the normalisation constant AF\T).

6 Inverse Laplace transform of S, NA,T)

First of all, we start by noticing that §N A, T) = QN (s) with s = AT3/2. This, as pointed
out already in [25], implies a scaling law of the form Sy (A, T) = T_3/2QN(AT_3/2) SO
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1594 I. P. Castillo, D. Boyer

Table 1 Exponents E g) and EZ") as a function of N for both absorbing and reflecting boundary conditions

No. of  Absorbing boundary conditions Reflecting boundary conditions

Particles

N EY n  k  EY n ok EY n ok  EW on &k
! 1 1 0 i - - i - - 0 0 0
2 Q 2 00 2 2 2 0 0 1
3 7 0 3 3 0 5 5 0 2 2 0
4 2 12 0 B 4 2 B3 2 4 4 0
5 217 2 5 7 2 15 15 0 26 1
6 26 26 0 2 12 0 2 2 0 1010 0
7 335035 0 O L 4 29 2 14 14 0
8 B 44 2 & 20 2 40 40 0 ¥ o8
9 57 5T 0 27 210 51 510 24 240
10 70 70 0 3 2 e 2 30 30 0

In the columns n and k, we show the number of derivatives involved for the function F'(x, ). Recall that the
expressions for the exponents are E(r) N(@2N+1)/3and E(m) N2/3 for ABCs and E;\;) =NQ2N-1)/3
and EW = N(N — 1)/3 for RBCs

that @N (s) = L[On(x)] with x = AT /2. This applies to both cases of excursions and
meanders. Notice that, even though this scaling appears mathematically, it can be easily
derived by simple dimensional analysis. Indeed, as the dimensions of the diffusion constant
are [D] = L2T ! and the dimensions of area in our problem are [A] = LT (Nb. here our T
refers to the time dimension, not to be confused with our final time 7') then we have that

1 A
Sy(A, T) = ,
v ) x/DT3QN( DT3)

as we have found'. Secondly, by looking at the exponents E 1(\;) and EI(\',") (see either at table 1
or the expressions for the exponents in Eqs. (14) and (16), it is clear that we must perform

the inverse Laplace transform £~ I[s8¢s 3 ] with § either an integer or one-third of an integer.
To this end, we start from the result

> _ _§23 1/3 7/71/3.—2/3\ .—5/3
/ Fx)e ¥dx = e, Fx)=23702'3x23)x73/3,
0

with
2/3

3/2 f
and with U (a, b, x) the confluent hypergeometric function. After doing the rescalling of
§2/3 — 271/3952/3 "and a change of variables, we obtain the following formula

k
s H2k/3 gy 2 B (= 1kok/3 /OO [a i )/)] edx,
0

J(x) = U(1/6,4/3,2x3/2T)e” ﬁ,

aykoxn

F(x,y) =yJyx 2Px=03,

! For simplicity we have set D = % This can be thought as equating dimensions of length squared with time,
which implies that the dimensions of area are [A] = T3/2
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or alternatively

B 9 k+n
LR T = ()R ). (17)
Here we have used the property
n—1
LIF™(x)] =s"F(s) = > KPP 01
k=0

with notation F (x) = d" F (x) /dx", and the fact that any derivative of F (x, ) with respect
to x at x — 0V is zero.
To get an idea of the order of the derivatives involved in the function F(x, y), one can see
how the exponents £ ,(J) and £ ,(G") vary with N and choose a value of the pair (n, k) which
gives such an exponent. This choice is not necessarily unique and we show one possible
choice in Table 1. The choice made is such that we only need derivatives with respect to y
up to second order.

The only case for which we are unable to use this prescription directly is for the case
N = 1 for meanders, as this will imply the exponent £ {m) = 1/3. A way around this is to
consider in this case the pair (0, 2) which will give the derivative of the PDF, instead.

This being settled, we proceed to find a simple expression for any order derivative of the
function F(x, y). Starting from

2]/3

27x2°

V3 3 1 4
F(x,y) = ﬁu”%x,y)e “("’V’U(g,g,u(x,y)), u(x,y) =

and using properties of the hypergeometric confluent function we arrive at the following
result (see Appendix 5)

ITMF(x,y) V3 23 utry)
ykaxn x”“ﬁyku (x. 7)e
n k 1 4
che(n)ps(k)(ﬁ)U (6 —ﬁ—s,g,u(x,y)) , (18)
£=0 s=0

where the set of coefficients {C é")} and (D (£)} are given by

c " £=0
= 5 =0,...,n,
(- 0)12e —n)!

3
pwy =1, D= —5 +20), by =-3
3
Dty = ZA+206+60), DP ey =37+6¢), DP)=9
Notice that for the set of coefficients {D‘Sk) (£)} we have already taken into account the fact
that we only need derivatives with respect to y up to second order.
With the help of Egs. (17) and (18), we can now perform the inverse Laplace transform

of Q(r) (s) and Q(m) (s), obtaining the following generalised Airy distributions for absorbing
boundary conditions:

N
AV = D Ay )Ty (x, Z%) : (19)
i=1
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N
0" (x z By @y - oy VAN @0y )Ty (x, Zam) . (20)

.....

For reflecting boundary conditions we have instead

Az nis - n n,
(r)(x) — Z N(IB 1 /3 N II(V (kr)) Zﬂf’l, , (21)
By - By

QW@ =3 BP@H, .. ﬂanI‘N”{Z)( Zﬂn,). (22)

In both cases we have defined

( 1)/(2/(/3 \/§ 2/3
A(s) xn—}—lﬁ k
N

n k 1 4
ZZC&)D‘@(@)U (6 — =5, 5, y)) .

£=0 s=0

—u(x,y)

Iy y) = (x,y)e

with s € {(excu)r(sions), m(eanders)}. In the expression ofI](y (Y)) (x, y) the pair of indices
(n, k) must be chosen according to the values related to the exponents E 1(\;) and £ 1(\',") appearing
in table 1. Notice, in particular, that for N = 1 and (n, k) = (1, 0) we have that A(lr) =

1/v2m, Ay = 1, ¢§? = 0, ¢!V = 2. Thus Q" (x) we recover to the so-called Airy
distribution, viz

%) (1,0) 7(10) 6 (22 \? X 5 4 2y
er (x) = Z:ilz-l.’(r) (x, o) s l(r) (x,y) = { (27);2) e iU (_67 3 27};2) .

X

7 Moments

In this section we discuss the derivation of the moments. We consider negative powered-

moments. Let us start by fixing some notation. Let us denote M,, the n-th moment for a

PDF F(x) with x € Rt A, = [ dxx"F(x). Suppose next that the Laplace transform of
. P 2/3 .

a function F(x) is F(s) = sEe™4 / , with E and a two constants. Then one can show that

(see Appendix 6)

3
A = 3t GO+E)
2 T

In our case let us denote the moments as M, (a) fo dx Q(a)(x)x with a € {r, m}. Using
the previous results, we obtain the followmg formulas for the negative moments of the PDF
for excursions and meanders with ABCs
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; 3 @
My_, =277 —
AVrm

v+E 1 3r (%(u + EI(G")))

(m) N
MN,—v =277

N —%(V"FE;\;))
Z A?V(anl, R “nzv)(zo‘n;)
i=1

..... nn

AT (1)

N —30+EY)
Z AN(anl; cee anN)BN(anp cees anN)(Zani)
i=1

Similar expressions can be found for RBCs.

8 Monte Carlo Simulations

To check the correctness of our analytical findings, we have performed Monte Carlo simula-
tions exploiting the connection with Random Matrix Theory [17,20] to generate samples of
non-colliding paths. Following the notation in [20] we first recall the definition of the Pauli

matrices
(01 (0 —i (10
=\10) 2T\io) “T\o-1)

while we denote the 2x2 identity matrix /> as op. For meanders we define the following
2N x 2N Hermitian matrices Eg(t) and ELT) (#) corresponding to absorbing and reflecting
boundary conditions

¢ =ia(t, 0)®@ap+sV (1) @01 +57(1,0) @ 0r + 5P (1) @ 03,

EP() =iaf (1, 0) @ oy +iay (1, 0) @01 +ia® (D) @ 32 + sV (1) @ 03,
respectively. Here the notation is a bitinvolved but it means the following: (- - - )7 (¢, O) stands
for bridges starting at the origin and finishing at the origin at time T, while a‘® and s@
denote N x N antisymmetric and symmetric matrices, respectively, whose elements are either
bridges or standard Brownian motions. Being more precise, if we denote as b(¢) a standard
Brownian motion with »(0) = 0, and with B(¢) a Brownian bridge with B(0) = B(T) =0
then

(a) " . _
by O/V2i< ] PO i<
@y _ (a) P @y _ ’ N
Sij () =1b; () i=j, a;; (t) = 0~(a) i=j
.. b (t)/V2j<i
KON <i DN <

and
(a) . .
B (t)/ﬂl <]J =(a) . ;
ij Bi; (t)/\fz 1<

s 0y =1Bw)  i=j . afLt0)= 0~() i=j .
a . .
BYW/V2 ) <i B OV <i

Here the index a = 0, 1, 2, 3, simply states that we need to construct different matrices.
Similarly, for the case of excursions we have instead the following two 2N x 2N Hermitian
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X3(1) Xq(1)
i=4 Top Curve

i=3 I\ Inner Curve

Bottom Curve “/Nm W\N\M\

T T
Xs(T) X(1)

Top Curve
Inner Curve n
W "wl‘ i=4
,/ i=3
JN
Bottom Curve Y
i=t 2
T T

T+

Fig. 1 Two instances corresponding to an excursion (fop panel) and a meander (bottom panel) of N Vicious
paths with reflective boundary conditions at x = 0, generated by the method explained in the text. We also
show the corresponding areas for the bottom, one of the inners, and the fop curves

matrices for absorbing and reflecting boundary conditions

ES(1) =ial (1, 0)®op+ 53 (1, 0) ® 01 + 55 (1, 0) @ 02 + 57 (1, 0) ® 03,
ER0) =iat, 0) @ 09 +ia (1, 0) @ o1 +ialP (1, 0) ® 02 + 551, 0) ® 03,

respectively.

Bridges are easily generated from a standard Brownian motion. In its discrete version if
R(k) is a standard random walk with k € {0, ..., K} with R(k = 0) = 0 then a discrete
Brownian Bridge is given by B(k) = R(k) — (k/K)R(k).

To estimate the different PDFs we have taken K = 10° and we have subsequently gener-
ated A = 10° Z(¢) matrices for the four different process. For each instance s = 1, ..., N
the area swept by each path is estimated as

AW Z/\“)(k) i=1,...,N. (23)

where A(k) = (—An(k), ..., —A1(k), A1(k), ..., An(k)) are the eigenvalues of the matrix
E. This area is then rescaled to the x-variable x(y) A(Y) /K372, Finally, the sample set

(3)}

{x /Y\/I foreachareai =1, ..., N, is used to estimate the PDFs as:

P (x) = NZS(x—x(S)> i=1,....N. (24)

Here we focus on the PDF Q y (x) of the accumulated area. An instance of the four processes
can be found in Figs. 1 and 2.

Results of the PDFs estimated by Monte Carlo simulations and comparison with the
theoretical formulas for the PDF QO (x) of the accumulated area are reported in Fig. 3 for
both types of boundary conditions.s

Looking at these figures some points are in order: the comparison between the set of
formulas (19) and (21) and Monte Carlo estimates could be doneupto N = 10 and N =9,
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(0 x1(1) X3(1) X(1)
=4 i=4 Top Curve
i=3 i=3 Inner Curve
i ;
T T T T
X(® xi(1) x3(1) (1)

Top Curve

i=3
Inner Curve i=4
Bottom Curve

i=1

T T T T

Fig. 2 Two instances corresponding to an excursion (fop panel) and a meander (bottom panel) of N Vicious
paths with absorbing boundary conditions at x = 0 and generated by the method explained in the text. We
also show the corresponding areas for the bottom, one of the inners, and the top curves

Qi (x)

N=10 =10

A\

Nloy
9]

o
a
o

141516 17 18~ O 20 22 24 26

N=10 N=10

2 4 6 13 14 15 16 Y18 20 22 24

Fig. 3 Plots for Q%’m) (x) for N = 1,2,3,4 and 10. The top plots corresponds to absorbing boundary
conditions, while the bottom plots are for reflecting boundary conditions. Thick solid lines the theoretical
results given by (19). All PDFs have been estimated by generating 10° samples

respectively, as otherwise the numerical evaluation of these exact formulas becomes pro-
hibitively long. For the formulas (20) and (22) we have the an additional numerical problem
due to the evaluation of the By and, as a consequence, the comparison with Monte Carlo
simulations is performed up to N = 2 in both cases.

9 Conclusions

In this work we have generalised the Airy distribution function of the area swept by one
Brownian particle performing an excursion to the case of the accumulated area swept by
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N vicious Brownian particles. The exact formulas have been contrasted with Monte Carlo
simulations showing perfect agreement.

There are several open problems which we are currently investigating. First of all, whereas
obtaining exact expressions for negative moments of the distribution of the accumulated area
sweptby N vicious walkers is rather simple, we wonder whether it is possible to obtain exacts
expressions for the positive moments, perhaps generalising the techniques used for the case
of one walker that can be found, for instance, in [18,34,35]. Secondly, we ponder whether it
is possible to find exact formulas for the distribution of the area swept by either the bottom
or the top paths. Within QM this entails to being able to construct N-particle eigenfunctions
for distinguishable fermions. As this seems to be a daunting task, at the very least it would
be interesting to study the properties of these distributions numerically. This can be done
fairly efficiently, in particular for rate events, by combining the mapping to RMT we have
used here together with the Wang-Landau algorithm, a numerical technique that has been
used in a similar context to study the statistics of extreme eigenvalues [30]. This analysis
can obviously be extended to the cases in which the distribution of jumps of the Brownian
motion comes from either thick or thin tails. The Monte Carlo simulations could also be used
to explore the scaling of the PDFs of the areas for large N. An initial numerical analysis
seems to indicate that the expected area of the ith curve goes like ~ i /+/N, which implies
that the expected accumulated area scales like ~ N3/2.

Acknowledgments The authors warmly thank N. Kobayashi and M. Katori for email correspondence regard-
ing the simulations. We also thank E. Barkai for pointing out some references.

Appendix 1: Taylor Expansion of Slater’s Determinant

In this secion we discuss the Taylor expansion of a Slater determinant. Starting form the
definition of the determinant and doing a Taylor expansion we write:

N
,det o (z)j) = > sign(P) [ enpr @)
=i,j= = 11
. 4

= > sign(P) Z N H%ﬁ({)

PeSy 0, £N>O sl

4 Ly

= X e o, 05)

L1, dn>0 1' N 1<lj<N

Due to the antisymmetric properties of the determinant, only those terms in the multiple sum
with different values of £’s are different from zero. With this in mind we rewrite the sum over
the = (€1, ..., {x)asasumoverover Uy of ordered indices (let’ssay {1 < €o < --- < £y)
and then we sum over its permutation, viz.

ZZI ZZN
det (zj) = 1 EN et ) (0
151',,/51\/%,( ) . %Woﬁl--n@z\/! (det <P,,j (0)
! Lp e ([ )
= - Q)] P(N) P()
=2 o 2 A" ket 00
! N <i,j<N
LeUy PeSy
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1 P(lJ 4P<N> 2
> YR > sign(P)z"V L2y lsget ¢ (0)

eEU PeSy

_ 1 ¢ )

= > T e [ det [g 001, (26)
LeUy

as we wanted to show.

Appendix 2: Excursion

For the normalisation factor we need to derive the propagator of N vicious walkers in the
semi-infinite line. This propagator is this case can be written as follows

Go(y,T|x,0)_m( )/ / dqi .. quq,(m(f) o (%)e—%qz,

27)

where ®1” (x) = (1/+/N1) | det[sin(g;x;)]. Using the Taylor expansion formula for the
<i,J=

Slater determinant we arrive at

1 2sj+1 2si+1 .
CI)(O) X) = de ‘ J det ‘ J _1 s ,
%= TN g o1+ DL ow L Dl syt 1 et Lo (DY
N
(28)
with s = (s, ..., sy). Noticing that the lowest contribution is obtained by of s; =i — 1, we
obtain

e N
o (%) ~ BNT~'T [1‘[ x,} Ay (x2,....x3) [1‘[ qi] ANGGE, . .q3), (29

i—1 i—1

-+ (2N — 1)/ N!]. At this stage we notice that the propagator

goes like

N
_1
Go(e, Tlx, €) ~ 3T 2NCN+D [H e?] Ay (... €y) B,

i=1

2\" /> > —1q? - 2 A2(,2 2
N=\= dqi...dgye 2" | ] a7 | AN G- an)
i 0 0 i=1
(30)

where the constant By is derived in Appendix 4.
For reflecting boundary conditions the expression for the propagator is the same but with
the Slater determinant given by &5 (x) = (1/+/N') et [cos(g;x))]. Usingthe expansion
<ij=<

formula for the Slater determinant we arrive at

1 1
O (x/VT) = det
¢ ®/VT) Wus; sl 2sy)! 11 =N
N

(T2 | det N[qf‘*" (—1)],
<i,]=<
31)
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with s = (s1, ..., sy). Noticing that the lowest contribution is obtained by of s; =i — 1, we

obtain
X
o0 (—): NT~
o \y7)=F

N [ 2 2
Ay (xf..oxd) | Tl ai | AnGat. - a3 . (32)
1

i—1

with By = (— -+ (2(N — 1))!W/ N!]. At this stage we notice that the propagator
goes like
N(ZN NQN-1)
Goe. Tlx. €) ~ B3 T Ay (ef. - eX) Fiv
N _lg2
=) )0 [ dar - daye I AR (g - ay) (33)

where the constant Fy is derived in Appendix 1.

Appendix 3: Meander

For the case of a meander of N vicious walkers (a star with a wall) we need to integrate over
the final position x. Using the Taylor expansion of the Slater determinant as explained in the
main text we can write

— (1
/ dVxGV(x, Tle,0) = Z/ dVx oD ()3 () En T
WN n WN

N
N2 ()
~ Q20T yN [Hei}AN<e%,...e§) D BNy Oy VAN @y -y e T
n

i=1

(34)
where we have defined
BN (s ee s Oyy) = N%fw dVx det [Ai(xj — )] . 35)
H i ( anl I=i.j=N
Similarly, the propagator in the denominator goes like
N, 2 & 2 2
d xGN (x,T|e,0):T 2 )/NFN ]_[e,- AN(EI,...EN) (36)
Wy i=1

where Fy is a constant with no simple expression.
For reflecting boundary conditions we have instead the following expression for the numerator

_ )
/ deGﬁj)(x,ﬂe,O):Z/ dVxw D )T (e En T
Wy n YWnN

_ SN
=N

ANBuys--os Buy) _g® N@N-1)
2 N Pn, N E,)T N/6
xXy) E —e " (20 & (2))
N ,Bnl o 'IBnN

N(xl,...,

1
A e A P = )
/WN [T, Ai(—B,,) 1=ii=N J
SN

N@N-1) A e, _ g
= xlzv)(Z)»)#_NmZ—N(ﬂ"l ﬂnN)e En'T

Bny -+ Buy

1
ANz det [Ai(zj — B
/WN ZHfV:lAi(—ﬂn,,) et TAIG; = Pal

N(xl,...,
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) LILE] ANBris--y Buy) _pOd
1\7' N2 xE)2h) ;—Nﬁnll-~-ﬁnN ) T
1
T Ay Iy " N ) o
i=1 —Pni N

Appendix 4: On the Normalisation Constants

Here we derive the expressions for the two normalisation constants for the case of excursions
for absorbing and reflecting boundary conditions. For both cases we recall the well-known
result of Selberg’s integral [13]:

1o e al N D@+ jor G + De)
— Axy, ..., 2 a=l,=%i gy, =
N!/o /0 [A(x; xn)| il:[lxl e X H B

Jj=0

(3%)

For the constant By we do the change of variables qi2/2 = y; so that ¢;dg; = dy; or

dg; = %, SO we can write

2 N ,oc0
:(;) /0 /0 dqy - dqye ™2 |:H%i|AN(q1a"'qu)

i=1
2\" e e a e [
_ (;) 2—N/22N2N(Nfl)/0 /0 dyl"'dyNHe”"y,- / {Hy’} A%\/()’ls"' LYN)
i i=1
27N(2N+1) N-1

21N(2N+1) N-1
| i i - -
N H ( ]) rG+1 5 I1 r(2+1)r( ) (39)

j=0

Similarly for the case of reflecting boundary conditions we have

2\V 1 12 _y,
FN:(;) 2N/22N(N l)/ / dyi - dyNAN(YIs""YN)Hy:/

i=1
NQN-1) N—1
2

1 271
— HF(5+j)I‘(j+1)=

j=0 j=0

N(ZN H N—

= N!

( j) ['(j+2) (40)

Appendix 5: Derivatives of F(x, y)

Starting from the following expression for F(x, y):

V3 55 1 4 2y3
— 3 —u(x,y) —
F(x,y)= mu / (x, y)e " U (8’ g,u()h J/)) , ulx,y)= 2752 41)
and using the following property
aU(a, b,
x%:(a—b+x)U(a,b,x)—U(a—l,b,x), (42)
X
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we notice that we can write the expression

3"F(x,y) V3 o a0y (1 4
PP = xi’l"t‘lﬁu (x,)/)e uix.y ZZ(‘;CZ U g_z, gsu(-xv y) . (43)

for some set of coefficients {CE")} still to be determined. The expression (43) is certainly
correct for n = 1 and n = 2. Let us them assume is holds for any n and performe one more
derivative with respect to n:

I (x, y) 1 5
V) /3 —u(x,y)
axn+1 - xn+2 /—3].[ u (x7 V)e
! 1 4
ZC(") (=7 =3n+6uC, U (= —¢, =, u(

g E) V 6 £ 35 u -xv V)
=0

(1 4

—6u(x,y)U 6 -, - u(x Y) (44)

But using the property (42), we can write

1 4 1 4
/ ——y. - == —¢—-—
u(x, y)Uu (6 ,3,u(x,y))—(6 3+u)

1 4 1 4
Ul-—¢Csue,y))-U|(-—€—1, Z,ulx,py)) . (45)
6 3 6 3
Gathering results we find
PHFCLy) V3o —utx,y)
gyn+l - xn+2f (x, y)e
n
1 4 1 4
> [(—n +20)U (8 — L5 ulx, y)) +2U (g — L1 5, y))] . (46)
=0

On the other hand, we want to write this result as (43) for n — n + 1. This implies to rewrite
the sum as:

g)c[(”)[(—nmew(% A u, ) +20 (L -1, 4w, )]

n

=Y P (=n+20U (L -6, 4 ux, y) +2 z cU (b —e—1, 4 ux, )

(=]

n

= e +200 (5 - 6 bt ) +2°3 €U (- 4t )
n+1
=3 ¢V (g~ utxy) - (47
(=0
This results in the following set of recurrence relations for the set of coefficents {Cé") }:

C(()n+]) _ _nC(()n) i

ct) —c(—n+200 420, e=1,....n,

cmtb = ¢ (48)

n+1
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with the initial condition Céo) = 1. By checking explicitly the value of some of these
coeffcients, and with the help of the Sloane database?, we arrive at the solution:

C(n) _ n!
EoT a2 — )20 —n)’

t=0,...,n. (49)

A Similar analysis can be perform ny doing derivatives with respect to y. Starting from (43)
one notices that

k+
0 n]]j(x, V) _ H«{; S (x, e )
dy~oxn xn Ty ’
n k 1 4
ZZCE")D‘SM(DU (8 -l —s5, g,u(x,y)) , (50)
£=0 5=0

for some set of coefficients {Ds(k) (€)}. Performing one more derivative with respect to y
allows us to arrive at the following set of recurrence relations for those, viz.

3
D(()H])(E) _ (5 iy 3@) D(()k)(g),

3
DD () = — (E +k+30+ 3s) p®wy -3p® 0y, s=1,...k,
bt = 30, (51)

with the initial condition D(()O) (¢) = 1. As we are only interested in the orders k = 0 and
k = 2, we do not need a general solution. This yields

DY) =1,

3
p§ ) = —5 420, D" =-3

D) = Z(l +205+60), DPw=37+60), DPw)=9. (52

Appendix 6: Moments

We first recall the following identity

o _ Cu+1)
H,=XS _
/0 dsste =T (53)

From here we write

oo
M_(14p) = /0 dxx~ P (x)

1 (o.¢] [o¢]
= 7/ dxF(x)/ dsste ™
Cw+1) Jo 0

1 o0 o0
= 7/ dss”/ dxF(x)e ™
Cipw+1) Jo 0

2 At https://oeis.org
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But

1 o0 —~
= 7/ dss" F(s)
Cip+1)Jo

C(w+1) Jo

(54)

00 00
_as?/3 3 _$2/3
/ dSSV'+Ee as — / dS(S2/3) 2(/J.+E)e as
0 0

3 [ 3(utE)+1/2 —ay
z dyy2 /2 p=ay
2 Jo

3 ey [T 0SBtz -y
=54 2 dyy? e’
0

3 3
= Ea_%(”“"'EH)F (E(“ +E+ 1)) (55)

Thus denoting v = 1 4+ u we finally have

3 i+ L (G +E)

Moy =3 (v (56)
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