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= Problemas

1. Calcule la funcién de particion de tres particulas indistinguibles,
Z3(8) = Tr{e "™},

donde H3 es el hamiltoniano de tres particulas independientes (sin inter-
accion entre ellas). Considere el caso cuando las particulas se encuentran
en una caja tridimensional e impenetrable de volumen V = L3,

a) Describa explicitamente los estados sobre los cuales se realiza la traza
para cada caso (bosones y fermiones).

Ver problema 7.3 (pdg. 357) del libro: A Modern Course in Statistical

Physics (2da edicién) de L. Reichl.

2. Demuestre que la funcién de particién candnica de N particulas indistin-
guibles puede escribirse como:

N
= (1) Z,(kB) Zy_1(8B)
k=1

con Zy = 1. (Ver Borrmann y Franke J. Chem. Phys. 98 (3), 1993. Anexo)

3. Partiendo de la funcién de particién canénica Zy (), deduzca la distribu-

cién de Fermi-Dirac

1
eBlee—n) + 1

(ng) =

y la de Bose-Einstein
1

<nk> - eﬂ(ek_ﬂ) — 1’

siguiendo el método presentado en el apéndice B de la referencia Eur. J.
Phys. 33, Number 3, 709 (2012). Anexo
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I. INTRODUCTION

We consider a system of N particles for which the
energy can be written as a sum of one particle energies such
as ideal gases or simple shell models. We aim at a recursion
of Z in terms of Z for subsystems. The idea may be seen as
a vague analogy to cluster expansion methods.

A. Theorem

The one particle energy of the kth particle being in
state 7, will be denoted by €(r;), the partition function by
Z(N). Then for the partition function holds .

1 N
ZWNy=g 2 (£D™ISWZW -k, (1)

with Z(0)=1 and S(k), which can be identified as the
Boltzmannian partition function of a cluster of size %,
given by

1 Ty 3

(N=D1"y nFn TN~ 17T DT N2

1
Zip(N) = [

N—1
x{Zexp[-ﬁe(rN)]—- Y exp[— Be(r)]’
™~

j=1

S(k):= 2 exp[—B ke( /)] . ()
J

The minus and the plus sign stand for Fermi-Dirac and
Bose-Einstein statistics, respectively. The sum in Eq. (2)
runs over all possible states.

B. Proof
1. Fermi-Dirac statistics

In the case of Fermi—Dirac statistics the partition func-
tion may be written as !

1
PRI SN
Y mEEny PNFE e |
N
Xexp(——ﬁ kzl e(rk)) } (3)

Splitting the inner sum into two terms gives

N—1
eXp( -B Y e(rk)) }
k=1

(4

The term in square brackets is just Zgp (N —1), the first term in the curly brackets is S(1). Thus Eq. (4) takes the form

N-—-1 R
ZFDuv)— S(1)Zgp(N— 1)—ﬁ > [2 >

j— 1 n r2¢r1

N—-1
2 eXp( -B kzl e(rk))eXP[~Be(r,~)]] .
N -

IN— ﬁérl,rz ..... FA—

Because of permutational symmetry the term in the brackets is independent of j. Hence, the outer sum gives simply a factor

(N—1) and j can be chosen arbitrary.

N—
7S (D Zep(N— 1)m—~— 2

1
ZFD (N) h M :/;
TN n¥En

>

exp (
TN 1T 1 2 TN -2

N=-2

—B kgl e(rk))exp[ —2Be(ry_1)1]

1 1 (N-1)(N~-2)

=y SO Zp(N—1) -5 8(2) Zpp(N—2) +
ry mFEn FN— 27T P2 —

Repeated use of these transformations yields Eq. (1).
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N-3
exp(—ﬁ kzl e(rk))exp[—BBe(rN_3)] .
5 =
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2. Bose-Einstein stalistics
For bosons the partition function takes the form,!

Zge(N)= 2

PLsl2sest

N

g(rl,rz,...,rmexp(—ﬁ kE e(m)) (5)
=1

where g is

1
o) =— 11 M
g(rprysstn) I kl;Io k

N-—-1

Zge(N)= X

rl,rz,...,rN_l

N

g(Pist2eesFy_ 1)CXP( —B kZI €(ry)
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and N being the number of particles in state %.

Using the definition of g in a recursive way

1 N—1
g(F1s72500057'N) =]—\7g(r1,...,rN_1) (1 + jgl 6’1’N)

and dividing the sums in Eq. (5) in two parts gives

1 N—-1
2% <1+ jgl 5r,rN)CXP[—Be(rN)]

N

N—-1

1 1 N-1
=ﬁS(1)ZBE(N—1)+—— Yy > g(rl,rz,...,rN_l)exp(—B kz_:l e(rk))exp[——ﬁ'e(rj)] .

j‘:‘— 1 [g N o 0y V|

In the second step again advantage has been taken of the
permutational symmetries. Proceeding in the same manner
as done above for Fermi-Dirac statistics yields the theo-
rem.

Il. CONCLUSIONS

The recursion formula given in the theorem is exact.
For practical purposes the sums may be done only over
finite number of states which yields a good approximation
up to temperatures where the occupation numbers of
higher states are sufficiently small. Using the derived re-
cursion formulas for the partition functions the computa-
tional effort increases approximately with the number 7,4
of states taken into account for the functions S(k), (k
=1,...,N), and with the square of the particle number for

Eq. (1). In contrast, the numerical effort to evaluate the
usual Egs. (3) and (5) directly, increases roughly with
(nmax)N‘

The given recursion formulas may be applied in cluster
physics as well as in the framework of simple models in
nuclear physics. Recently, Mendel? applied our results in a
special model of quantum chromo dynamics.
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Appendix B. Derivation of mean occupancy for an ideal quantum gas with
intermediate quantum statistics of order j

Our starting point to derive (n;); is the observation that Zy can be written as a sum over all
possible values of n; for each k, i.e.

J o
Zy = Z Z . e—ﬁ(n]el+nzez+-~)5nl_*_nz_'_qu7 (B.1)

n1=0ny=0
where §; ; is the Kronecker delta and the factor 8,,, +....4n,+... v has been introduced to guarantee
the conservation of N. To proceed further [4], we write the last expression as

j R
Zy = Z e e Z Z ... e_ﬁ(nlel+”2€2+M)8n|+n2+---,N—nk (B.2)

=0 n=0n,=0

} _
—_ — E/
=Y e | Y e s, v, |- (B.3)

;=0 {n1}

The term within square brackets corresponds to the partition function of N — ny particles with
the energy level k excluded, ZI(Vklnk; we use the superindex ® to denote all quantities which
have been computed in this way. In terms of this, we have

J
Zy =Y efmazd . (B.4)
=0
A general formula to compute average number of particles that occupy the energy level k,
given by (m); = Zy' Y0 (30 .. me Pmatmet) s derived by noting that

101InZ
(m); = “3 BekN. (B.5)
thus,
| J
() = - > me ez (B.6)
N

=0

The evaluation of equation (B.6) requires us to compute A n, from ng = 0 to j which

makes the calculation rather cumbersome (see [19] and [4] for details). We avoid this difficulty
by noting that the ratio Zl(flnk Z,(\f‘) can be written as the product of the ratios of partition

functions that differ only in one particle, i.e.

) (k) ) (k)
Zank _ ZN—I ZN72 Zank

= . e (B.7)
(k) (k) (k) k)
Zy Zy' Iy Iy
Consider the energy of N — ny, particles distributed over the energy levels distinct to €
—BEj,
(k) Z(m] "Ef0€ M Sy bt N 9 ®
Nem = E = ——aﬂ InZy”, . (B.8)
Z(n,} e (n’)5n|+nz+m.ank

The difference AE®) = g g®

Ny N-m+1- 1-6. the change in energy when withdrawing only
one particle, is given by

o 7y
AE® = — L g V= (B.9)
B zy
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Since the energy change has been done at constant 7 and V, we must have that BAE® +
In [ZI(\;(lnk / zP nes1] = AS® kg, where AS® denotes the entropy change of the system when
withdrawing only one particle.

Using the first law of thermodynamics, we can identify the chemical potential with

(k)

'N—n
A s = ke T In — 5=, (B.10)
‘N—n+1
which corresponds exactly with the expression u;\;‘ink = F,\(,k_)nk - F,\(,k_)m with F,f,k) =
—kgT In Zj(vk) the Helmholtz free energy of N particles. Thus, equation (B.7) can be written as
7®
N(;?k — ePuw @Brn-1 . @BHN-mt1 (B.11)
Zy
In the thermodynamic limit N — oo, we can write ey = ... = ePtn-mt x Pl and
therefore
J —Blea—m G+ _ |
_ 7k —Br(e—n) — 7)€
Iy =7} ZBC =4 e (B.12)
ng=
Consequently, by the use of (B.6) and after some algebra, we finally get
1 Jj+1
(ni); = (B.13)

T eBla—w) — 1 eBla—mGth — 1

The generalization presented here shows how the chemical potential u emerges from the
particle conservation requirement for any order of the IQS.
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