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Abstract

The effects of second-neighbor interactions in Kekulé patterned graphene electronic properties are

studied starting from a tight-binding Hamiltonian. Thereafter, a low-energy effective Hamiltonian

is obtained by projecting the high energy bands at the Γ point into the subspace defined by the

Kekulé wave vector. The spectrum of the low energy Hamiltonian is in excellent agreement with

the one obtained from a numerical diagonalization of the full tight-binding Hamiltonian. The

main effect of the second-neighbour interaction is that a set of bands gains an effective mass and

a shift in energy, thus lifting the degeneracy of the conduction bands at the Dirac point. This

band structure is akin to a “spin-one Dirac cone”, a result expected for honeycomb lattices with

a distinction between one third of the atoms in one sublattice. Finally, we present a study of

Kekulé patterned graphene nanoribbons. This shows that the previous effects are enhanced as the

width decreases. Moreover, edge states become dispersive, as expected due to second neighbors

interaction, but here the Kek-Y bond texture results in an hybridization of both edge states. The

present study shows the importance of second neighbors in realistic models of Kekulé patterned

graphene, specially at surfaces.
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I. INTODUCTION

The space-modulation of two-dimensional materials has opened avenues for new excit-

ing physical phenomena and applications1–10. Several mechanisms allow to perform such

modulations, these include interactions with substrates11 as in moire patterns12, strain13–15,

adatoms16,17, magnetic fields18–20, and time dependent electromagnetic fields21–23.

Among such modulated systems, in graphene it has been experimentally observed that va-

cancies in a Cu substrate induce a spatial frequency modulation with the size of an hexagonal

ring of carbon atoms24. This modulated system is known as kekulé-distorted graphene24–30.

As an example of its interest and importance, such kekulé distortion has been proposed as a

possible mechanism behind superconductivity in magic-angle twisted bilayer graphene29,31.

Also, strain in kekulé distorted graphene can be used to perform valleytronics26, a feature

that recently has been experimentally confirmed32. Multiflavor Dirac fermions were pre-

dicted to emerge in kekulé graphene bilayers28, and it is even possible to produce such mod-

ulation in non-atomic systems, as with mechanical waves in solids33 and acoustical lattices30.

Kekulé modulations are also reacheable via photonic34, polaronic35 and atomic systems36.

Gamayun et. al demostrated the absence of a gap for a Kek-Y distortion and deduced

the low energy Hamiltonian for Kekulé distortions by using a first-neighbor tight-binding

Hamiltonian25. They show how the two Dirac cones merge at the center of the Brillouin

zone, producing either a gap (Kek-O) or the superposition of two cones with different Fermi

velocities (Kek-Y)25.

Several works have been made using such first-neighbor tight-binding Hamiltonian, for

example to study uniaxial strain26,37 and the electronic transport properties38–41.

However, its is known that second-neighbors interactions in graphene are very important42,43.

They are fundamental to explain the electronic properties at graphene surface as in graphene

nanoribbons42. This leads to the natural question of what are the effects of second neigh-

bors interactions in a Kekulké patterns. Although Density Functional Calculations already

contains such effects, due to the involved energies and the low resolution of the mesh calcula-

tions near the Dirac cones, its is difficult to assert a detailed picture of the energy dispersion.
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FIG. 1. Kek-Y distorted graphene lattice. The A and B sublattices are denoted by the black and

white circles respectively. a) Deformed lattice, not in scale for illustration purposes. b) Nearest

neighbors hoppings. The bold black lines indicate a stronger bond than the gray ones. c) Next-

nearest neighbors interactions scheme. They form two independent triangular lattices for each

sublattice, here shown in blue for the one corresponding to the A sublattice. These A-A bonds

remain unaltered by the Kek-Y pattern. For the B sublattice, a B-B bond texture is induced in

such a way that the bonds near the Y deformation (bold red lines) are stronger than the others

(pink lines).

In that sense, a tight-binding calculation can be very useful. Here we tackle this question

by producing a low-energy Hamiltonian for a Kekulé patterned graphene which includes

second-neighbor interactions. The resulting model is validated through a comparison with

the numerical calculations.

The paper is organized as follows. In Sec. I we introduce the Hamiltonian for a honeycomb

lattice with a Kek-Y distortion up to next-nearest neighbors, and in Sec. I we calculate an

effective four band low-energy Hamiltonian, finally in II we present our conclusions and

remarks.

FIRST AND SECOND NEIGHBOR KEKULÉ-Y GRAPHENE HAMILTONIAN

We can consider the Kek-Y bond modulation as a periodic strain which reduces the

distance between one third of the atoms in one sublattice with its three nearest neighbors as
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shown in Fig. 1a. Thus the hopping integral gets modified by the change in the interatomic

distances accordingly with strain theory15. However, this would also mean a change in the

next-nearest neighbors hoppings. In Fig. 1c we illustrate this point, by showing in red (pink)

the stronger (weaker) bonds for the B sublattice. In blue we show the hoppings between the

A sublattice atoms, which remain unaltered.

Assuming the Gruneissen parameter to be equal for both first and second neighbors we

can consider that the bond changes with the same proportionality. Thus the Hamiltonian

for graphene with Kek-Y distortion considering hopping up to next-nearest neighbors is,

H = −
∑
r

3∑
j=1

t(0)
r a†rbr+δj + h.c.+

∑
r

∑
m 6=n

t2a
†
rar+δm−δn +

∑
r

∑
m 6=n

t(2)
r b†r+δm

br+δn , (1)

where r is the position vector that runs over the atomic positions of sites in sublattice A and

its given by r = n1a1 + n2a2 where n1, n2 are integers, a1 = a
(
−
√

3
2
, 3

2

)
, a2 = a

(√
3

2
, 3

2

)
are the lattice vectors and a is the distance between carbon atoms 1.42 Å. The vectors

δ1 = a
(√

3
2
,−1

2

)
, δ2 = a

(
−
√

3
2
,−1

2

)
and δ3 = a (0, 1) go from a site in the A sublattice

towards its three nearest neighbors in the B sublattice as shown in Fig. 1. The space

dependent hopping parameters t
(0)
r and t

(2)
r between nearest neighbors and next-nearest

neighbors respectively, are periodically modulated as

t(0)
r /t0 = t(2)

r /t2 = 1 + 2∆cos(G · r), (2)

here t0 = 2.8 eV is the hopping parameter for first neighbors in pristine graphene, and t2

for second neighbors which will be taken as t2 = 0.1t0 unless otherwise indicated. ∆ is the

Kekulé coupling amplitude and G = 4π
9

√
3(1, 0) is the Kekulé wave vector. The Fourier

transform of our tight-binding Hamiltonian is then,

H(k) =− ε(k)a†kbk −∆ε(k+G)a†k+Gbk −∆ε(k−G)a†k−Gbk + h.c.

+ f(k)a†kak + f(k)b†kbk + ∆f+(k)b†k+Gbk + ∆f−(k)b†k−Gbk,
(3)

where

ε(k) = t0

3∑
j=1

eik·δj , (4a)

f(k) = t2
∑
m 6=n

eik·(δm−δn), (4b)
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f±(k) = t2
∑
m 6=n

eik·(δm−δn)e∓iG·δn , (4c)

here ε(k) and f(k) are the dispersion relations for a honeycomb and a triangular lattice

respectively. Some properties of f±(k) are:

f±
∗
(k ±G) = f∓(k ∓G), f∓

∗
(k ±G) = f±(k). (5)

By defining the column vector ck = (ak, bk, ak+G, bk+G, ak−G, bk−G) we can rewrite the

Hamiltonian as a 6 x 6 matrix:

H(k) = c†k

HΓ T

T † HG

 ck, (6a)

made from the original Γ point graphene Hamiltonian,

HΓ =

 f(k) −ε(k)

−ε(k) f(k)

 , (6b)

the G and −G points Hamiltonian,

HG =


f(k+G) −ε(k+G) 0 −∆ε(k−G)

−ε∗(k+G) f(k+G) −∆ε∗(k+G) ∆f−(k−G)

0 −∆ε(k+G) f(k−G) −ε(k−G)

−∆ε∗(k−G) ∆f+(k+G) −ε∗(k−G) f(k−G)

 , (6c)

and the interaction between them,

T =

 0 −∆ε(k+G) 0 −∆ε(k−G)

−∆ε∗(k) ∆f−(k+G) −∆ε∗(k) ∆f+(k−G)

 . (6d)

In Fig. 2 we present the density of states (DOS) obtained from a numerical diagonaliza-

tion of Eq. (6a). As expected, the main effect is the breaking of the electron-hole symmetry

reflected in changes of the band widths. Also, around the Fermi energy there are changes

that we explore in the following section, as we will develop a low-energy approximation and

compare it with the numerical diagonalization of the Hamiltonian given in (6a).
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FIG. 2. Comparison of the DOS for Kekulé patterned graphene with and without the second-

neighbor interaction, where the zero energy corresponds to the Fermi energy. Notice the electron-

hole asymmetry which is specially clear for the band widths.

LOW-ENERGY HAMILTONIAN

Let us now build a low energy Hamiltonian starting with the full 6×6 Hamiltonian given

by Eq. (6a). Since we are interested in the low energy bands, we expand up to first order

in k the functions that appear in Eq. (6a). We obtain the following results,

ε(k) ≈ 3t0, ε(k±G) ≈ 3

2
t0(∓kx + iky), (7a)

f(k) ≈ 6t2, f(k±G) ≈ −3t2, (7b)

f±(k±G) ≈ 0, f±(k∓G) ≈ 9

2
t2(±kx + iky), f±(k) ≈ 9

2
t2(∓kx − iky). (7c)
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Using the previous approximations, the linearized components of the Hamiltonian Eq. (6a)

are given by,

HΓ ≈

 6t2 −3t0

−3t0 6t2

 , (8a)

HG ≈


−3t2 vF~(kx − iky) 0 −∆vF~(kx + iky)

vF~(kx + iky) −3t2 ∆vF~(kx + iky) 0

0 ∆vF~(kx − iky) −3t2 −vF~(kx + iky)

−∆vF~(kx − iky)) 0 −vF~(kx − iky) −3t2

 , (8b)

T ≈

 0 ∆vF~(kx − iky) 0 −∆vF~(kx + iky)

−3∆t0 −∆v2~(kx − iky) −3∆t0 ∆v2~(kx + iky)

 , (8c)

where we defined two velocities, one is the usual Fermi velocity in pristine graphene,

vF =
3at0
2~

(9)

and the other is due to second neighbors,

v2 =
9at2
2~

= 3

(
t2
t0

)
vF . (10)

As we are interested in the spectrum at low energies, the relevant part is the one associated

with the valleys K and K′ which corresponds to the block matrix HG, and then we can

add the effects from higher energy bands in the Γ point as a perturbation. We have verified

that this is an essential step in order to recover the spectrum obtained from a direct diago-

nalization. We can obtain the effective Hamiltonian by projecting HΓ into the subspace of

HG. To do this, consider the Schrodinger equation applied to Eq. (6a),

HΓΨΓ + TΨG = EΨΓ (11)

and

T †ΨΓ +HGΨG = EΨG (12)

where ΨΓ and ΨG are the components of the solution Ψ = (ΨΓ,ΨG) on each subspace.

From the first equation we can obtain ΨΓ and use it on the second to obtain an effective

Hamiltonian for the ΨG component resulting in an effective Hamiltonian,

HEff = HG + T †(E1−HΓ)−1T (13)

7



This Hamiltonian is exact but needs a self-consistent procedure to find E. However, if we

expand the term (E1−HΓ)−1 and keep the first order term. we can make the approximation

E ≈ E0 = −3t2 which is the original energy dispersion in the Γ point. Now we write the

Dirac-like equation for this system,

H

ΨK′

ΨK

 = E

ΨK′

ΨK

 , (14a)

ΨK′ =

−ψB,K′
ψA,K′

 , ΨK =

ψA,K
ψK,K

 , (14b)

where the explicit form of the low-energy Hamiltonian is finally given by,

H =


E0 vF (1−∆2)(px − ipy) vF∆(1−∆)(px − ipy) 0

vF (1−∆2)(px + ipy) E0 + µ µ vF∆(1−∆)(px − ipy)

vF∆(1−∆2)(px + ipy) µ E0 + µ vF (1−∆2)(px − ipy)

0 vF∆(1−∆2)(px + ipy) vF (1−∆2)(px + ipy) E0

 ,

which can be compactly written as,

H =E0σ0 ⊗ τ0 + vf (1−∆2)(p · σ)⊗ τ0 + vf∆(1−∆)σ0 ⊗ (p · τ )

+
µ

2
(σ0 ⊗ τ0 + σx ⊗ τx + σy ⊗ τy − σz ⊗ τz),

(14c)

with µ defined as,

µ =
9∆2t20t2
t20 − 9t22

. (15)

The four low-energy bands are

E±D = E0 ± vD|p|, (16a)

E±M = E0 + µ±
√
v2
Mp

2 + µ2, (16b)

were we defined vD = vF (1−∆) and vM = vF (1−∆)(1 + 2∆).

Therefore, there is a mix of two-flavor Fermion gases. One with and effective Dirac

Hamiltonian,

HD = E0σ0 + vDp · σ, (17)
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and the other,

HM = (E0 + µ)σ0 + vMp · σ + µσz. (18)

In Fig. 3 we compare our results from Eq. (16) with the numerical diagonalization of the

tight-binding Hamiltonian given by Eq. (6a). First we notice an excellent agreement within

this regime. Without second neighbors interaction, the Kek-Y bond texture couples both

valleys in the Γ point, resulting in two concentric cones with different velocities25. Turning

on the interaction gives rise to two main effects, a set of bands gains an effective mass and

a shift in energy. This last effect results in a particle-hole symmetry breaking, lifting the

degeneracy of the conduction bands at the Dirac point, therefore only three bands intersect.

This structure is akin to a “spin-one Dirac cone”, expected for a honeycomb lattices with a

distinction between one third of the atoms in one sublattice44,45. We can see that the effect

of adding next-nearest-neighbors interaction is equivalent to that of an on-site potential µ

on the atom at which the Y deformation is centered25.

From Eq. (16) we can easily calculate the density of states per unit cell. Considering

spin degeneracy, it is given by,

D(E) =
A

π~2

[
|E − E0|

v2
D

+
E − (E0 + µ)

v2
M

Θ(E − E0 − 2µ) +
(E0 + µ)− E

v2
M

Θ(E0 − E)

]
,

(19)

where A = 9
√

3a2/2 is the unit cell area and Θ(E) is the Heaviside function. Although

the density of states retains its linear behavior around the Dirac point, the massive bands

produce a discontinuity shown in Fig. 4.

Second neighbors hoppings are particularly important for graphene nanoribbons (GNR).

We calculated numerically the band structure for zigzag edged GNR. In Fig. 5 our results

are shown for different values of t2 and width W . Due to the change in the periodicity

produced by the Kekulé texture, the unit cell size az is three times bigger, thus az = 3
√

3a.

We can see that edge states become dispersive, which is a well known effect of second

neighbors interaction42, however the combination with the Kek-Y bond texture results in

an hybridization of both edge states. The velocity induced in the edge states may indirectly

close the small gap predicted for Kek-Y zigzag GNR39.

9
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FIG. 3. Low-energy dispersion around the Γ point with ∆ = 0.1 and t2/t0 = 0.1. The solid lines

indicate our analytic results for both the conic (orange) and the bands with an effective mass (blue).

The numerical tight-binding calculations obtained by a direct diagonalization of the Hamiltonian

are represented by the dots.

II. CONCLUSIONS

The effects of second-neighbor interactions in Kekulé patterned graphene were studied

starting from a tight-binding Hamiltonian. From there, a low-energy effective Hamilto-

nian was derived using a projection technique. This Hamiltonian was validated thorough a

comparison with a numerical calculation obtained from the diagonalization of the full tight-

binding Hamiltonian. We found that beyond the expected electron-hole symmetry breaking,

the main effect of the second-neighbor interaction is that in one of the Dirac cones, the

electron becomes massive when compared with the calculation made considering only first-

neighbour interaction. As a result, the density of states near the Fermi energy contains a

jump in the otherwise linear behavior. Finally, we considered the effects of second-neighbor

interactions in Kekulé patterned graphene nanoribbons, as it is known that such effects are
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FIG. 4. a) A zoom of the energy dispersion around the Fermi energy of Kekulé patterned graphene

including up to second-neighbor interactions obtained from the low-energy approximation. b) The

corresponding density of states showing how the cone with an effective mass produces two jumps

in the DOS.

essential to reproduce a minimally realistic behavior at the edges. As expected, the same

mass effect is seen in the nanoribbons and in fact is amplified as the width is decreased.

Thus, we expect that such second-neighbor effects to be important in the electronic and

optical properties of Kekulé bond textures.
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Physics, 15(3):237–241, Mar 2019.

5 Matthew Yankowitz, Jeil Jung, Evan Laksono, Nicolas Leconte, Bheema L. Chittari, K. Watan-

abe, T. Taniguchi, Shaffique Adam, David Graf, and Cory R. Dean. Dynamic band-structure

12



tuning of graphene moiré superlattices with pressure. Nature, 557(7705):404–408, May 2018.

6 G. X. Ni, H. Wang, J. S. Wu, Z. Fei, M. D. Goldflam, F. Keilmann, B. Özyilmaz, A. H. Cas-
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transport in kekuĺr-distorted graphene nanoribbons. Journal of Applied Physics, 127(5):054304,

2020.

40 Juan Juan Wang, S. Liu, J. Wang, and Jun-Feng Liu. Valley-coupled transport in graphene
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