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Motivated by recent experimental findings on the low-energy spectrum of Kekulé-patterned
graphene, the optoelectronic signatures of graphene superlattices with a spatial modulation that
triples the size of the unit cell and folds the valleys to the center of the Brillouin zone are studied.
For superlattices like those visualized in recent experiments, the optoelectronic response reveals mul-
tiple species of carriers distinguished by their effective masses or Fermi velocities. Their signatures
are similar to those of systems hosting multifold fermions in which different frequency intervals are
dominated by different types of quasiparticles. Remarkably, the response of these systems exhibits
a characteristic peak in the optical conductivity suggesting a kind of interference between the differ-
ent species of carriers. We also discuss a related superlattice that exhibits merging Dirac cones and
band flattening, with a Hamiltonian that resembles a version of the chiral model for twisted bilayer
graphene where the long-range moiré modulation has been substituted by a two-parameter bias.

I. INTRODUCTION

The exotic effects that spatial modulations can induce
in the electronic properties of two-dimensional materials
has been the focus of many theoretical and experimental
works in the last years [IH6]. More recently, this interest
has been further accelerated by the discovery of intrigu-
ing correlation phenomena in twisted bilayer graphene
(TBG) [THI8], where a slight mismatch between two ro-
tated graphene lattices leads to large-scale spatial mod-
ulations, known as moiré patterns. The study of spatial
modulations has also played a main role in the field of
valleytronics [I9H24], which focuses in the control of the
valley degree of freedom to search for novel mechanisms
in quantum transport or for information storage.

One of the most interesting examples of superlattices
resulting from spatial modulation in a 2D material is
Kekulé-patterned graphene. This phase was first pro-
posed as a novel platform hosting fractionally charged
topological excitations [T, 25] and later considered in
a mechanism for unconventional superconductivity in
graphite [26]. Very recently, Kekulé ordering has been
predicted to arise in the correlated insulating states of
TBG [27, [28], increasing the interest in the study of
Kekulé-patterned superlattices.

There has also been increasing interest in the trans-
port properties of Kekulé-patterned graphene for appli-
cations in valleytronics [29H35], since the symmetry of
the modulation folds the K, K’ valleys to the center of
the BZ and enables intervalley transport for low-energy
carriers [36H39]. Kekulé ordering has been predicted to
arise in graphene due to multiple mechanisms like the or-
dering of adatoms [36], [40], substrate mismatch [41H43],
isotropic strain [44], electron-phonon coupling [45] and
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spin-phonon coupling [46]. However, the experimental
realization of Kekulé-patterned graphene and the prob-
ing of its electronic structure was not achieved until very
recently [42, 47, [48]. The measurement of the low-energy
density of states [47] supported predictions about the ex-
istence of two Kekulé-ordered phases: one preserving the
Dirac point and the other opening a gap [37]. However,
further studies are required to support the presence of
other important features like the valley-momentum lock-
ing [37, [47], which refers to a coupling between the mo-
mentum p and the valley isospin 7 = K, K’ introduced
by the Kekulé order. This coupling is described by an
additional term p - 7 in the Dirac Hamiltonian, analo-
gous to the helicity operator p - o describing momentum
and pseudospin o = A, B coupling in pristine graphene.

There are three main contributions of this work: (1)
Focusing on the types of superlattices that were recently
reported in experiments by Eom et al [47], we discuss
the optical signatures that might prove useful in their
experimental characterization by, for example, confirm-
ing the momentum-valley locking [37]. (2) We probe the
robustness and generality of such signatures by analyzing
multiple superlattices. This is important since multiple
phases can be present [47] and because other factors, like
second-neighbor interactions [49] or a substrate-induced
ionic potential [37], might become important. This also
gives information about which signatures are a direct
consequence of the symmetry induced by the modula-
tion. (3) We discuss a model for a related superlattice
which, due to the Brillouin zone folding, exhibits merging
Dirac cones and presents some qualitative similarities to
the process of band flattening in TBG. The mechanism of
Brillouin zone folding has been recently demonstrated as
an alternative route to TBG for inducing flat bands in a
graphene superlattice [50], and this model might provide
an interesting related platform.

In the following, we introduce the models to be
studied and discuss the lattices and their low-energy
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Hamiltonians, focusing first on superlattices with the
symmetries of those experimentally identified by Eom
et al. [47]. Then, we study the dynamic polarizabilities
and optical conductivities of these systems and find the
signatures in their optoelectronic response that might
be useful for their experimental characterization, as
has been the case for strained graphene [6, BI]. An
emphasis is made here on the characteristic signature
that could help verify the theoretical prediction of a
valley-momentum locking [37].

II. KEKULE-PATTERNED GRAPHENE

We begin our discussion with the model corresponding
to a Kekulé-patterned graphene superlattice in which the
modulation is introduced by a bond-density wave tripling
the size of the unit cell. Fig. illustrates one of such
phases. These bond modulations have been predicted to
originate from strain [44] [47], electron-phonon coupling
[45], and other mechanisms [36], 41H43], 46|, [52]. The low-
energy Hamiltonian is given by [37],

0  wk- AQ;, 0
_ | voky 0 0 AQj_
Hk = AQ,. O 0wk |° D
0 AQ,_ wky 0

acting on the spinor ¥ = (Y a,Yk.B, —VK’ B, VK’,4);
with Q, + = vo|v|(Vky — iky) £+ 3to(1 — |V]), ke = ke £
iky, vg is the Fermi velocity in pristine graphene, and
the (real) parameter A is the coupling amplitude. The
index v = 0,%£1 leads to the Kek-O phase for v = 0
and the Kek-Y phase for |v| = 1. Recent experiments
have supported this model [47]. The band structures for
both Kek-O and Kek-Y exhibit the two valleys folded
into the I'-point. As seen in Fig. [I the Kek-O phase
opens a gap while the Kek-Y phase retains the gapless
dispersion [37]. The band touching in the Kek-Y phase is
protected by the threefold rotation symmetry around the
sites of one sublattice [53], which is absent in the Kek-
O phase. Therefore, the Kek-O phase is not expected
to exhibit optical activity for low frequencies and small
doping, and thus our discussion will be focused on the
Kek-Y phase. Nevertheless, as we discuss below, some
results apply to both the Kek-Y and Kek-O phases. The
energy dispersion of the Kek-Y phase is

EP = a(vy + BAw)k, (2)

with o, 8 = +. Taking A — 0 leads to the case of
no modulation (pristine graphene). The low-energy
dispersions for the Kek-Y and Kek-O phases are shown
in Fig. [[k. After introducing two sets of Pauli matrices,
one for the pseudospin o; and one for the valley degree
of freedom 7; (i = 0,z,y,2), the Hamiltonian for the
Kek-Y phase can be written in the compact form

Hyg =wvo(k-0) @19+ Avgog ® (k - T), where the second
term defines the valley-momentum locking [37].

We introduce now a model for a graphene super-
lattice sharing the same symmetry, and thus also
exhibiting a tripled unit cell with the two valleys folded
into the I'-point. In this model, however, the superlattice
is produced due to the on-site energies of the atoms
being modulated by, for example, the interaction with
a substrate [41) 4] (see Fig. [lp). The study of this
second model will help us to understand how does the
optoelectronic response depend on the physical origin
of the modulation and to identify the more robust
signatures that are inherent to the symmetry. This
model was used in Ref. [54] to study the realization of
the quantum anomalous Hall effect in graphene intro-
duced by the influence of a suitable substrate. Also, a
similar structure has been predicted for graphene-InyTeo
bilayers [41]. Moreover, since a substrate-induced ionic
potential or second-neighbor interactions (which might
become important in experiments) produce a similar
patterning in the Kekulé phases [37, [B5], these are
additional reasons to consider this model. The lattice is
shown in Fig. [Ip. It consists of three different onsite
energies, with all the bond strengths being the same.
The corresponding low-energy Hamiltonian can be
written as [54],

m()’l)g ’Uok_ 0 2t0A0
| voky —movd 0 0
Ho = 0 0 —mou3  vok— (3)
2t0A0 0 ’Uok+ mo’l}g
acting on the same spinor basis, W =

(Yr,A,VK.B, —VK'.B, WK, A).  The parameter ty is
the hopping integral defining the energy scale, A intro-
duces a valley coupling and mg, an effective mass, breaks
the sublattice symmetry. The low energy dispersion for
this Hamiltonian is

Ef, = BAmgu3 + ay/v3k? + (mo + BAmo)2d,  (4)

with o, 8 = £ and after scaling the coupling parameter
as A = tgA¢/mov3 for convenience. Taking Ag,mg — 0
leads to the case of no modulation (pristine graphene).
In the following we refer to this as the Kek-M phase.
The corresponding energy dispersion [Eq. ] is shown
in Fig. [Id. For more details on the Hamiltonians see
Appendix [A]

From the energy dispersions in Egs. and it is
easy to see that the index « distinguishes between con-
duction (a« = +) and valence (o« = —) bands, as in the
case of pristine graphene (A — 0). Due to the valley
degeneracy in the A — 0 case, the description is usually
reduced to that of a single-valley Hamiltonian, requir-
ing a single index o = =+ to label the eigenstates. On
the other hand, when the Kekulé order introduces the
valley-coupling A > 0, the states of both valleys K, K’
are considered, and an additional index [ must to be in-
troduced. Notice however, that the index 5 does not label
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FIG. 1.  Superlattices hosting different species of carriers

and their low-energy dispersions. (a) Superlattice associated
with Hrx (Kek-Y phase). All on-site energies are equal but
there are two different bond strengths. The optical response
of this superlattice reveals quasiparticles with velocities v
and v_. (b) Superlattice associated with Hg (Kek-M phase).
All bond strengths are equal but there are three different on-
site energies. The optical response of this superlattice reveals
quasiparticles with effective masses my and m—_. In (c) and
(d) the low-energy dispersions of the Kek-Y, Kek-O and Kek-
M phases are shown for different values of the parameters.

K- and K'-polarized states. Instead, it distinguishes be-
tween energy dispersions with different Fermi velocities
vg = vg + BAv (in the the Kek-Y phase) or effective
masses mg = mg + SAmy (in the Kek-M phase). This is
already apparent in Eqs. and .

In the following section we show that, indeed, the
optoelectronic response of these phases (within linear
response theory) is that of two species of Dirac quasi-
particles with different Fermi velocities vy or effective
masses m4 plus a term producing an “interference”
signature, and that such response can be written in
terms of single-valley polarizabilities. This shows that,
at least in the context of the optoelectronic response, the
Dirac quasiparticle behavior is not completely destroyed
by the Kekulé order. This is a non-trivial result, since
the Dirac quasiparticle picture in graphene is based on
a single-valley definition and, in general, a modulation
that couples or folds the valleys could destroy such
picture.
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Optoelectronic signatures of Kekulé phases
Kekulé phase Kek-Y Kek-O Kek-M
Gapped spectrum No Yes Yes/No
Resonance at wys shifted by u | Yes Yes Yes
Resonance at wys is electron- | Yes Yes No
hole symmetric
Estimated wy; for Ag ~0.1eV | ~0.1eV | ~0eV ~0.9eV

FIG. 2. Optical conductivity of Kekulé superlattices, show-
ing fingerprints of different species of carriers originating from
different types of Kekulé patterning. (a) Optical conductiv-
ity of the Kek-Y phase for a coupling of A = 0.1. The in-
set shows different activation frequencies for massless carri-
ers with velocities v+ (b) Optical conductivity of the Kek-M
phase for the parameters Ag = 0.2 and movd /to = 0.3. The
inset shows different activation frequencies for carriers with
effective masses m+. The conductivity is shown in units of
4e?/h. (c) Summary of the signatures of each phase (estima-
tions of wys correspond to movg/to ~ 0.2 and u ~ 0.5 eV).

III. OPTICAL CONDUCTIVITY

The optoelectronic response, within linear response
theory, is given by the dynamical polarizability , which
can be written as [56H58],

d2k‘ fﬁ - fﬁ// ’ BB’
o) = —0. 3 [ ottt R k)
aa’ BB’ Am E]foc - Ef’a’ +w+ (
5)

where f,fa = [eXp(E,fa — p)/kpT + 1]71 is the Fermi-
Dirac distribution, g; = 2 is the spin degeneracy and
wT = w + ing is the frequency with an infinitesimally
small imaginary part added for convergence. The
scattering probability is given by the form factor

FU5 e, k) = (W), W), )2 with k' = K+ q.

In the following we discuss the signatures in the
optical conductivity, which can be obtained directly
from Eq. in the limit of ¢ — 0 [39, (56]. In Fig.
[2] we plot the optical conductivities obtained for the
Kek-Y and the Kek-M phases using the low-energy
models introduced above. Two interesting features are



seen to appear in the optical conductivities of both
superlattices: (1) Whereas the interband conductivity of
pristine graphene starts at an onset frequency of wy = 2u
(due to Pauli blocking), for the two Kekulé superlattices
two onset frequencies wy = 2u(1 + A) are seen instead.
(2) An absorption peak arises at low frequencies in
the optical conductivity of both superlattices. The
resonance occurs at a frequency given by

wy = Y= (6)
2

Interestingly, this last relation coincides with the expres-
sion for the frequency of a pattern arising from the inter-
ference of two slightly-mismatching spatial or temporal
scales defined by frequencies w; and w_. In fact, the
periodicity of the large-scale moiré patterns that arise in
moiré superlattices are given by analogous expressions.
Because of this, we refer to the resonance at wy; as an
“inteference” signature. We make the remark that the
relation in Eq. @ holds for both models regardless of
the fact that Hx and Hg describe modulations with dif-
ferent physical origins, have different energy dispersions,
and that the expressions for wy and wy; as a function
of the valley coupling are different in each case. This
points to the signature being originated from the sym-
metry alone. In terms of coupling parameters, the reso-
nance peak for the Kek-M phase is given by wys ~ 2A¢tg
(at high doping). For the case of the Kek-Y phase, the
peak occurs at wy; ~ 2Au. The resonance at wy; cor-
responds to optical transitions between the upper bands
(assuming g > 0), which in pristine graphene correspond
to different valleys. Since in pristine graphene these tran-
sitions are completely absent, its observation would pro-
vide evidence for the predicted valley-momentum locking
[37, [47].

Remarkably, the features at w. in the optical conduc-
tivity belong to the response of two species of quasipar-
ticles in each superlattice: massless Dirac fermions with
Fermi velocities v+ = vy & Avg in the Kek-Y phase and
Dirac fermions with masses m+ = mqo=+Amg for the Kek-
M phase. We refer to the Dirac quasiparticles with veloc-
ities v and v_ in the Kek-Y phase as “fast” and “slow”
fermions and to the Dirac quasiparticles with masses m
and m_ in the Kek-M as “heavy” and “light” fermions,
respectively.

To better illustrate that the optoelectronic response
corresponds to two species of Dirac quasiparticles in each
Kekulé phase, we show that the full polarizability can
be expressed in terms of the same response functions
that correspond to Dirac fermions in pristine graphene.
Specifically, the polarizability is given by the sum of the
responses of two species of Dirac fermions plus a term
describing transitions between their energy dispersions,
which produces the interference signature at wy;. In or-
der to see this, we use the fact that the full scattering
probability Fggl for Kekulé-patterned graphene can be
written in terms of the single-valley scattering probabil-
ity Fao used in the calculation [57, B8] of the (single-

), while the terms I1Y

4

valley) polarizability of pristine graphene (for details see

Appendix :

/ sin 2

Ff{f’ (k’q) = 65»5’Faa’(k,q) _6ﬁ/(ﬁ> . (7)
For the superlattices introduced above, this property al-
lows us to separate II(w, ¢) into three contributions when
summing over the 3, 8" indices.

For pristine graphene, the valleys are degenerated and
separated in momentum space. Therefore, the total po-
larizability for low-energy carriers in graphene is simply
given by two times (accounting for valley degeneracy) the
single-valley polarizability, ITJ (w,q) [56-58]. That is,

M(w, q) =2 x I (w,q) (graphene), (8)
where the subscript stands for a Fermi velocity vy in
the energy dispersion £ = wvgk of graphene. Equiva-
lently, ITJ (w,q) can be understood as the polarizability
for massless Dirac fermions with Fermi velocity vg. When
a spatial modulation that couples the valleys is intro-
duced Eq. no longer holds, since new terms account-
ing for electronic transitions between bands that corre-
sponded to different valleys are now possible. Further-
more, the coupling could destroy the Dirac quasiparticle
picture and then the polarizability would not be given
solely, or even partially, by I1J (w,q). It can be shown,
however, by using Egs. and @ (see Appendix that
the total polarizability of the Kek-Y phase, Iy (w, ¢), can
be written as

Iy (w,q) =T, (w,q) + 11 _(w,q) +11}] (w,q), (9)

where the first two terms on the right side correspond
to the same polarizabilities for massless Dirac fermions
19 (w,q), only with the original Fermi velocity v re-
placed by a different velocity v+ = vg + Avg in each
term, indicating thus that the Kekulé order not only
preserves the Dirac quasiparticle picture but also leads
to two species of carriers with different Fermi velocities.
On the other hand, the last term accounts for transitions
between the upper bands (which in pristine graphene cor-
respond to bands in different valleys, and therefore such
transitions are forbidden) and is responsible for the inter-
ference signature at wys in the optical conductivity (Fig.
9, produce the features at wy,
which are the activation frequencies for the quasiparti-
cles with Fermi velocities vy (see Appendix .

For the Kek-M phase, although the physical origin of
the modulation and the energy spectrum are different,
a completely analogous result is obtained. We find that
the total polarizability can be written as

Ho(w,q) =109, (w,q) + 105, _(w,q) + L), (w,q). (10)

where the first two terms on the right side of the last
equation correspond to the single-valley polarizabilities
for massive (rather than massless) Dirac fermions with
an effective mass mo, 119, (w,q), only with the original



effective mass mg replaced by a different mass my =
mo + Amyg in each term (one has to consider 119, (w, q)
instead of I1J (w, q) when a gap is induced in the disper-
sion of graphene by a broken sublattice symmetry [59]).
In this case too, the last term accounts for transitions
between the upper bands and is responsible for the reso-
nance at wys in the optical conductivity (Fig. ), while
the terms II7, . produce the features at w., which can be
interpreted as the activation frequencies for the quasipar-
ticles with effective masses m4 (see Appendix [C]).

Therefore, even though the Kekulé order couples and
folds the valleys through different types of spatial mod-
ulations in the Kek-Y and Kek-M phases, in both cases
the full polarizability can be separated into the response
of two species of Dirac quasiparticles plus an additional
term that describes the electronic transitions between
their energy dispersions and produces an interference sig-
nature.

Although the interference signature at wy; = %(er —
w_) is determined by the activation frequencies wy for
the two species of quasiparticles, it should be noted that
this signature does not arise from the interference of the
simultaneous responses of each specie of quasiparticle.
Consider, for example, probing the material with an in-
cident field of frequency w = wy;. Because wy; < w4, this
would produce the resonance even when the response of
each quasiparticle (which occurs at the higher frequencies
wy) is absent.

In summary, the valley coupling introduced by the
Kekulé order preserves the Dirac quasiparticle picture,
while also introducing a splitting of a dynamical property
o (here, it can be the Fermi velocity vy or the effective
mass mg) which splits as pg — p+ = po = Apg when the
valley coupling A is introduced. This leads to the total
polarizability being given by the sum of the polarizabil-
ities for two species of carriers 1If ~plus an additional

M .
term I/ as,

M

Har?

A>0
g g g
2x 1 —— Hu+ + 107,
where the last term introduces an interference signature
at a frequency wyy, which is determined by the activation
frequencies of the new species of quasiparticles.

IV. MULTIFOLD FERMIONS

Some of the signatures discussed so far, namely, differ-
ent coexisting quasiparticles characterized by different
activation frequencies, low-frequency sharp absorption
peaks and (in the case of the Kek-Y phase) a multi-step
conductivity with a dependence o ~ w2 (where d
is the spatial dimension), are quite similar to those
found in the optical conductivity of multifold fermions
[60, [6T]. Multifold fermions are the generalization of
Weyl fermions to a higher effective spin representation

that exhibit a remarkable optoelectronic response,
including exotic circular photogalvanic effects [61H65]. A
number of crystals have recently been shown to exhibit
multiple species of these quasiparticles coexisting at low
energies and, particularly, the study of their optical con-
ductivity has been the focus of multiple theoretical and
experimental works [61] [64, 66H72]. It has been noted
in previous works [39, 41} 54] that, due to the folding
of the K and K’ valleys into the I'-point, the resulting
low-energy band structure in some Kekulé-modulated
superlattices can be described by higher pseudospin
representations of the Dirac equation [73]. As can be
seen in Fig. [1} the dispersion of the Kek-Y is very similar
to that of a pseudospin-3/2 system [39], while the dis-
persion of Kek-M phase resembles that of a pseudospin-1
system [41, 54] (notice the threefold crossing shown
in Fig. [Id). Therefore, it could be expected that the
optical signatures of the superlattices studied here would
share some similarities with those found in systems
hosting multifold fermions. Indeed, in systems hosting
multifold fermions the optical conductivity exhibits
multiple linear steps (characteristic of linearly-dispersive
bands o ~ w?2?), with different activation frequencies
for each type of multifold fermion [68] 69, [71]. Here,
similarly, we find for both the Kek-Y and Kek-M phase
different species of carriers exhibiting distinct activation
frequencies (features at wy in Fig. 7b). Furthermore,
the optical conductivity of materials hosting multifold
fermions like CoSi [69], RhSi [7I] and other Weyl
semimetals like NbP [74] exhibit low-frequency narrow
peaks originating from transitions between SOC-split
bands and the position of such peaks is a measure of the
SOC strength [68, [69]. Also, the SOC is responsible for
introducing multiple species of quasiparticles (e.g. by
splitting a threefold node into a spin-3/2 fermion and
a twofold Weyl fermion [69]). Similarly, we find that
very similar sharp peaks appear (around wy; ~ A) in
the conductivity of the Kek-Y and Kek-M phases at low
frequencies due to transitions between bands that are
split by the valley coupling A introduced by the Kekulé
modulation, which also introduces the different species
of quasiparticles. In both cases the frequency of the
sharp peak is given by the coupling amplitude. This
suggests that the Kekulé modulation in these systems
might play a role in the optical response similar to
that played by the SOC in systems hosting multifold
fermions.  These remarks might lead to interesting
connections to multifold fermions and deserve further
study.

V. KEKULE SUPERLATTICE WITH MERGING
DIRAC CONES

The discoveries on twisted bilayer graphene (TBG)
have greatly motivated the study of the rich physics re-



(a) Superlattice with
merging Dirac cones

FIG. 3. Merging of the Dirac cones in a /3 x v/3 graphene
superlattice, reminiscent of the qualitative description for in-
tervalley hybridization in magic angle TBG. (a) Graphene
superlattice exhibiting merging Dirac cones. The atoms have
been labeled in analogy to the special points in TBG, with
respective onsite energies Vaa and Vap,pa (see text). (b)
Low-energy spectrum of H exhibits two Dirac cones at K,
K>. (c) As U4 is increased over U_ the cones start to hy-
bridize. (d) As Uy is further increased (leading to localiza-
tion in the “AA” sites), cone hybridization further flattens the
bands, decreasing the Fermi velocity.

lated to weakly-dispersive or “flat” bands [8], [7T5H77] and,
more recently, there has been an ongoing search for al-
ternative routes to induce a phenomenology analogous
to that of TBG in spatially-modulated single graphene
sheets [50} [78], [(9] and other types of honeycomb struc-
tures [80,[81]. In order to induce flat bands, some propos-
als have focused on engineering the graphene superlat-
tices by buckling [79] 82], or by introducing a tailored pe-
riodic potential [50, [78] B3] which leads to a momentum-
space description in a reduced Brillouin zone, also called
Brillouin zone folding.

In this section we discuss a Kekulé superlattice in
which the Brillouin zone folding leads to the electronic
dispersion exhibiting two close Dirac cones that hybridize
or “merge” as the onsite potential is tuned to induce lo-
calization in a triangular sublattice. We show that the
Hamiltonian for this model resembles a version of the
chiral model for TBG where the long-range moiré mod-

ulation has been substituted by a two-parameter Kekulé
coupling, and also highlight some qualitative similarities
to the band evolution in TBG that occurs as interlayer
tunneling is turned on at a magic angle. In the follow-
ing, we introduce the model and then discuss its rele-
vance in the context of recent related works, mainly Refs.
[, 50, 7).

We focus on a more general form of the Hamiltonian
previously introduced in Eq. . As discussed before,
it describes a graphene superlattice where a periodic
potential triples the size of the unit cell (ag X a9 —
V3ag x V/3ag) by altering the on-site atomic energies,
leading to a unit cell of six (rather than two) carbon
atoms (for more details see Appendix E[) The general
Hamiltonian has the following form,

mo’Ug Uok‘_ 0 toAA
o ’UQ]€+ —mo’l)g —toA}; 0
HQ o 0 —toAB —mo’U% Uok, ’ (11)
toAY 0 voky mov3

acting in the same basis as in Eq. (3)), which is a
particular case of this Hamiltonian. We take mg — 0
and rewrite tgA% = aU_ and tgAp = —alU,. Therefore,
a = to defines the energy scale and UL is a two-parameter
field (given in terms of the onsite energies of the lattice)
that couples the Dirac cones. After re-shuffling the third
and fourth elements of the basis, one gets

0 Dr _ (20 aU,
= <D+ 0 > » Dr= (aU_T —2@3) o 1Y
where 7 = + and we have used k; — —i0,, so ky —

—i(0; +10,) = —2i0. This Hamiltonian resembles a ver-
sion of chiral model for TBG [8] where the field U(+£r)
(which couples the top and bottom layers) has been re-
placed by two coupling amplitudes UL, which are deter-
mined by the onsite energies of the lattice. In Fig. [Bh we
show the v/3 x v/3 graphene superlattice with the atomic
sites labeled in correspondence to the special points AA,
AB/BA in TBG to highlight this analogy.

Recently, there has been a number of proposals for de-
scribing TBG by emergent honeycomb lattices [84HS7]
lacking the long-range modulations but retaining the ap-
propriate symmetries. However, the Hamiltonian in Eq.
describes a system that is quite different to (and
much simpler than) TBG. The main differences rely not
only on the removal of the long-range spatial dependence
of the field U(r) that couples the layers, but also in the
absence of crucial symmetries [88] (e.g., in TBG the cou-
pling occurs between Dirac cones with the same chirality,
while in the present model they possess opposite chiral-
ity). Therefore, we do not consider this system as a model
for TBG. Despite this, within the context of engineered
graphene monolayers exhibiting a phenomenology anal-
ogous to that of TBG [50, [78] [79], it is interesting to
consider the evolution of the band dispersion of ‘H as Uy
and U_ are varied. We take a look at the evolution of
the band structure when tuning the values of the onsite



energies Vaa and Vyp/pa in such a way that the local-
ization in the lattice mimics the wavefunction of TBG at
the first magic angle. In such condition, the wavefunc-
tion heavily localizes in the AA sites and presents nodes
on the AB/BA sites, as AA stacking disfavors tunneling
between layers [8]. We therefore take V44 — —oo and
Vap/pa — +00. Since the parameters U are defined in
terms of the onsite energies, this choice leads to the con-
dition Uy — oo. Notice that such limit is not as trivial
as simply favoring the localization in the AA sites. Such
limit is not possible because the condition my — 0 im-
posed in Eq. requires the localization in the AB/BA
sites to be proportionally disfavored (see Appendix A).
As Uy increases over U_ (we assume U_ to be constant),
the localization in the AA sites leads to the hybridization
of the Dirac cones. The dispersion is shown in Fig. [3p-d.
When Uy > U_ the Fermi velocity approaches zero as
vp &~ 24/U_/Uy. Importantly, in addition to the flat-
tened bands concentrating its spectral weight around the
Fermi level, they are also separated from the other bands
in the spectrum. This band evolution is reminiscent of
the qualitative description that has been used to describe
the process of band flattening and localization in TBG
at a magic angle [89]. Beginning with two uncoupled ro-
tated layers, the low-energy band structure consists of
the Dirac cones from each layer rotated about the center
of the Brillouin zone and forming pairs. As the layers get
closer and become coupled, the pairs of cones start to
hybridize. The first experimentally verified consequences
of this process were the opening of energy gaps at the
intersection of the Dirac cones, and a renormalization of
the Fermi velocity [§9H92], which lead to the flattening of
the bands and to localization in a triangular superlattice
formed by the moiré pattern.

The ongoing search for systems with electronic prop-
erties similar to those of TBG, has recently lead to
novel proposals based on single graphene sheets with
engineered spatial modulations [50, [78]. We highlight
Ref. [78], where flat bands with nontrivial topology
where shown to arise in the dispersion of single graphene
sheets with a periodic potential induced by adatoms.
The system studied therein is highly related to the model
discussed in this section and in fact, a similar technique
involving the periodic arrangement of adatoms was re-
cently employed to induce Kekulé ordering in graphene
[48]. Crucially, the periodic potential proposed in Ref.
[78] folds the K and K’ points of graphene to the T'-point
like a Kekulé modulation. Such folding allows for the
hybridization of the graphene with the adatom bands,
leading to the flat bands. The periodic potential leading
to such configuration is given by the lattice vector
v1 = nuy + (3m+n)us and its 60-degree rotation, where
n,m € Z and wu; are the lattice vectors of graphene.
The superlattice studied in Ref. [78] corresponds to the
case with (n,m) = (—1,2), which leads to a supercell
with 42 atoms. We point out that a Kekulé superlattice
corresponds to the case with (n,m) = (1,—1), which
leads to the smallest supercell configuration for such a

potential. We also point out that experimental evidence
was recently reported [50] for the formation of flat bands
in a related system consisting of a graphene sheet with
a 2 x 2 superlattice potential (analogous to the v/3 x v/3
potential in Kekulé-modulated graphene) induced by
layers of cesium atoms.

Because Kekulé-modulated graphene belongs to the
class of superlattices predicted to exhibit topologically
nontrivial flat bands in Ref. [78], and because its
synthesis via a periodic arrangement of adatoms was
recently demonstrated [48|, it might provide a potential
platform to explore electronic behavior analogous to that
of TBG in periodically-modulated graphene monolayers.
Although the cone hybridization and band flattening in
the model discussed in this section are induced solely
via the tuning of the onsite energies of the lattice, a
more sophisticated version of the model considering
the hybridization of the graphene with the adatom
bands might potentially lead to topologically nontrivial
flat bands like those found in Ref. [78]. We hope
that the discussion in this section further motivates its
exploration.

VI. CONCLUSION

We studied graphene superlattices with a tripled unit
cell and folded Dirac cones, some of which were visualized
in recent experiments. We used linear response theory to
find signatures that could aid in the experimental confir-
mation of recent theoretical predictions as, for example,
the valley-momentum locking. We analyzed the robust-
ness of such signatures and their origin. The optical re-
sponse suggests two species of carriers with signatures
similar to those of multifold fermions. Finally, we in-
troduced a model for a Kekulé superlattice that exhibits
a dispersion with hybridizing Dirac cones and discussed
some of its features in the context of recent proposals for
periodically-modulated graphene monolayers exhibiting
a phenomenology similar to that of twisted graphene bi-
layers. Since two of the graphene superlattices we studied
have been recently visualized in experiments (the Kek-Y
and Kek-O phases) [47, 48|, we hope that some of the sig-
natures discussed here can serve to further validate the
predicted electronic properties of these systems.
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Appendix A: Low-energy models

In this appendix we describe with more detail how the
Hamiltonians discussed in the main text have been ob-
tained. Two different Hamiltonians were used in this
work. Both are based on low-energy approximations of
tight-binding models describing a graphene superlattice
with a modulation that triples the size of the unit cell
(aox ag — v/3ag xV/3ag), also generically called a Kekulé
distortion [43], leading to a cell of six carbon atoms.

The Hamiltonian Hg in Eq. describing the Kek-O
and Kek-Y phases (for v = 0 and |v| = 1, respectively)
was derived in Ref. [37]. It is based on the otherwise
usual tight binding model for a graphene lattice,

3
=3 tridlbpys +He.,
r =1

with the exception that the nearest neighbor (NN) hop-
ping amplitude ¢, ; describes the bond-density wave that
forms the Kek-Y or Kek-O textures. The vectors s; are
the usual vectors connecting the NNs with bond-lengths
ag, and the fermionic operator a, (I;r) annihilates an elec-
tron at position 7 in the A (B) sublattice of graphene.
The hopping amplitude is given by

(A1)

tri/to = 1+ R[Ae! PR Tak)ortiGr), (A2)
where t is the hopping amplitude of pristine graphene
and the Kekulé wave vector G = K, — K_ couples
the Dirac points at Ki. The velocity vg = 3|tg|ao/2
in the main text is defined as usual (with 2 = 1) and
the coupling parameter A has been chosen to be real
(A — 0 leads to the model for pristine graphene).
The parameter v = 1 + ¢ — p mod 3 distinguishes be-
tween the Kek-Y and Kek-O phases. The low-energy
Hamiltonian is obtained after linearizing near k = 0
and projecting out two high-energy bands leading to
a 4 x 4 Hamiltonian. The basis used in Ref. [37] is
U = (=Yg B VK4, VK, 4, VK,B)" , known as the valley-
isotropic representation. Here, we have interchanged the
order of the valleys to keep consistency with the other
models, leading to ¥ = (¢ 4, VK, B, —k,B: YK,4)"

The Hamiltonian Hg, used to describe the Kek-M
phase in Eq. (3]) and the superlattice with merging Dirac
cones in Eq. (11)), was derived in Ref. [54]. It consists of
a tight binding model for a graphene superlattice where
a substrate-induced potential triples the size of the unit
cell by altering the on-site atomic energies, leading to a
unit cell of six carbon atoms labeled by A, B,, with
a =1,2,3. The tight binding model is,

H=— " toal;bs; + He.
(ai,B3)

(A3)

3
0N (Va il + Ve, nl),
a=1 1

where in the first term ¢y is the NN hopping ampli-
tude, the fermionic operator dg; (IA)M') annihilates an
electron at the cell ¢ in the sublattice A, (B,), and
(i, B7) denotes the sum over all the NN. In the second

term the V4 _ are the onsite energies and ﬁgi = &Li&ah
with the same for B,. The onsite energies are modeled
by a superlattice potential with triangular symmetry,
V(r) = Yo Vee!®T. A first set of Vectors introduce

a triangular lattice G/G = {+£1,0},{% cos 7§, = sin 3}
(G = 47 /3+/3ag) of three times the size of the unit cell,
while a second set G/v/3G = {0, +1}, {= cos 5, Esing}
breaks the sublattice symmetry. In the main text we
have used the same basis as for the Hgx Hamiltonian,
U = (Yk,a,VK,B, KB, YK7,4)", following Ref. [93].
In this basis, the parameters of Eq. (l1) as a function
of the on-site energies are given as 6movg = >, (Van —
Vin), 6toAa = 2Va, — Va, — Va, + iv3(Va, — Vay),
6tgAp = 2V31 — V32 - V53 + i\/g(VBz — VB3) [93]
There is an additional shift in the diagonal terms given
by Vo = >.,,(Van + VBy)/6, but the zero of energy
can always be shifted such that V5 = 0. Eq. is
the particular case with Ag = 0 and Ay = 2Ag. In
Fig. Bp and the discussion after Eq. (12) the onsite
energies Vp,, Vg, and Vp, have been referred to as
Vaa, Vap and Vpa in analogy to the special points in
TBG and the Uy have been assumed real (by taking
Va, = Va,, VB, = Vp,) for simplicity. After this, one
has Uy = [-2Vaa +Vap +VBa — i\/g(VAB —VBa)l/6a.
Notice that the condition mg — 0 restricts the values
of the onsite energies and therefore Vaa, Vap/pa can
not be chosen arbitrarily. Although we have considered
the simplest case of coupling amplitudes Uy without a
spatial dependence, in general one might define coupling
amplitudes Uy (r) that vary slowly in space. Such field
could be chosen to have the same spatial dependence as
the interlayer coupling field U(r) in TBG. An alternative
approach to introduce a spatial dependence is to consider
a piece-wise coupling Uy [93]. We leave such exploration
for further work.

Appendix B: Separation of the polarizability

In this appendix we show how to arrive at Eq. @ and
the expression for Iy (w, q) in Eq. @ The expression
for T1g(w, ¢) is obtained in a completely analogous way.

We begin with the single-valley polarizability of pris-
tine graphene, IIJ (w,q). Since the valleys in pristine
graphene are decoupled, its total polarizability is given
by two times (accounting for valley degeneracy) the sin-
gle valley-polarizability [Eq. (8)], which is then given by,

I (w - Z/d% e (k)
Vo q 9s A2 Eka — Ek’a’ T oot aa ) s
(B1)

with k¥ = k + q. Notice that in contrast with Eq.
(5), when considering a single valley the energy dis-




persions Fi, = awvok only have one index « and the
scattering probability Faa (k, k') = [(Vgar|Vka)|? is
calculated from the single-valley eigenvectors |Uy,) =
%(1,&67i9’“)T, with 6, = tan~!(k,/k;). One obtains,
Foor(k,K') = 3[1 + ad/ cos(0y — 0))] and in order to
leave the expression in terms of ¢ we use cos(0x — Oy/) =
(k+gcose)/|k + q|, with ¢ = 6, — 0, leading to

(B2)

1 k
Foor (k.0) = (1 N aa/HCOW>

|k + q

This is the single-valley scattering probability.

The single-valley polarizability I (w,q) in Eq.
has a well-known analytical solution, but the expres-
sion is quite complicated [56-58]. The calculation of the
single-valley polarizability for massive (rather than mass-
less) Dirac Fermions, I1J, (w,q), is completely analogous
and also has a well-known solution [59].

The eigenvectors of Hg for the Kek-Y phase are
|‘I’fa> = %(ﬂ,aﬂew’“,ae’ie’“,l)T [39]. The scattering

probability F7% (k, q) = (¥, [P )12, with k' = k + q
is thus given by

(B3)
Using again cos(fy — 0i) = (k+ qcosp)/|k + g leads to

1 k . 2
cha/(k’q) _ 2<1+OLQIW) o ( qsm e > ,

[k +4q 2|k + q
(B4)
gsinp 2
Fo(kq) = —2) . B5
i) = (5255) "9

We identify the first term on the right side of Eq. (B4))
as the single-valley polarizability of Eq. (B2). We can
therefore resume Egs. (B4) and (BF) as in Eq. (7).
Substituting Eq. into Eq. and summing over
the 3,4’ indices allows to separate the polarizability of

Fﬁﬁ’(k:7 q) = %[1—4—010/ cos(0x—0 )] [1+ac’ BB cos(0—0k)].

the Kek-Y phase as

2k L -0,
HY(w7q>:_gsZ/4ﬂ_2Ek+ k_aElj,liinrFaa’(kaq)

d2k f;f - fkﬂ// /
— gs _ 8 (63 F , k7
’ §/4W2E;Q—E,;a/+w+ o)

+g z:l/d% Fiw = Foras (q$n¢
Sao/ﬁﬁ’ Am? Elfa - Elf/lo/ +wt |k+q|

). o)
with Elfa = awgk [given by Eq. ] The first two terms
are identified with the single-valley polarizability of Eq.
(B1) for velocities v+ = vy &+ Avy and expressed as
119, (w, q) in Eq. @ while the last term, which produces

the signature at wyy, is expressed as H%M (w,q).

Appendix C: Optical conductivity and activation
frequencies

The optical conductivity 6(w) in a single valley can be
obtained from the polarizability as [56],

(C1)

For the Kek-Y phase, the signatures at wy in the opti-
cal conductivity (shown in Fig. [2h) can be traced to the
117, (w, g) terms in the polarizability, and thus identified
as the activation frequencies of each specie of quasipar-
ticle. A simple way to see this is by considering first
that, in pristine graphene, the activation frequency for
the Dirac fermions with Fermi velocity vy is w = 2u,
and this leads the optical conductivity to be given by
a step function 6(w) ~ O(w — 2u) [B6]. On the other
hand, in the Kek-Y phase [see Eq. (9)] the first two
terms, 11§ , are given by the same single-valley polariz-
ability of Eq. , only with a shift in the Fermi velocity
vg = v+ = v9(1£A). Note that u = vokr, and therefore
scaling vg — vo(1+A) also scales p as p — p(1+A). This
then shifts the activation frequency as w — 2u(1 + A),
which indeed coincides with the activation frequencies w4
in Fig. 2h. An analogous analysis can be done for the
signatures in Fig. 2p corresponding to the Kek-M phase.
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