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Flat band electronic modes in twisted graphene bilayers are responsible for superconducting and
other highly correlated electron-electron phases. Although some hints were known of a possible
connection between the quantum Hall effect and zero flat band modes, it was not clear how such
connection appears. Here the electronic behavior in twisted bilayer graphene is studied using the
chiral model Hamiltonian. As a result, it is proved that for high-order magic angles, the zero
flat band modes converge into coherent Landau states with a dispersion ¢ = 1/3c, where « is a
coupling parameter that incorporates the twist angle and energetic scales. Then it is proved that
the square of the hamiltonian, which is a 2 x 2 matrix operator, turns out to be equivalent in
a first approximation to a two-dimensional quantum harmonic oscillator. The interlayer currents
between graphene’s bipartite lattices are identified with the angular momentum term while the
confinement potential is an effective quadratic potential. By considering the zero mode equation,
the boundary conditions and a scaling argument, a limiting quantization rule for high-order magic
angles is obtained, i.e., &m+1 — am = 3/2 where m is the order of the angle. From there, an
equipartition and quantization of the kinetic, confinement and angular momentum contributions is

found. All these results are in very good agreement with numerical calculations.

I. INTRODUCTION

In 2018 it was found experimentally that twisted
bilayer graphene (TBG) presents strongly correlated
electron-electron quantum phases leading for example
to unconventional superconductivity and Mott insulator
states [1]. More recently, trilayer twisted graphene
has been found to be the most strongly interacting
correlated material [2, 3]. Such remarkable discoveries
presented a new paradigm in the so-called Moiré ma-
terials and unveiled the importance of two-dimensional
(2D) materials to understand unconventional supercon-
ductivity in cuprates and heavy fermions systems, as
they share similar quantum phase diagrams [1, 2, 4].
TBG advantages are i) its simplicity, as they are made
from a single chemical element, and ii) they have a high
degree of manipulation that cuprates doesn’t have. In
recent years, there has been a significant interest in
these phases of matter from a fundamental point of view
[5—13] but also because they present a lot of possible
electronic applications and quantum computing advan-
tages [13, 14]. There is also an interesting connection
between topological phases, edge states, semimetals,
and fractional quantum Hall effect (FQHE) [15-26]. A
recently paper establishes a connection between heavy
fermion models and TBG [4], opening the prospect of
using heavy fermions physics to the superconducting
physics of TBG and more strongly correlated phases.

The discovery of such phases was proceeded by the
Bistritzer-Mac Donald (BM) theoretical observation that
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twisted bilayer graphene (TBG) develops flat bands at
certain twisting angles which are called magic [27]. BM
considered a continuum Dirac model in which the moiré
periodicity between layers produces moiré Bloch s bands
[27]. The model is continuum in the sense that the inter-
layer potential between Carbon 7 orbitals is a smooth
function of the spatial separation projected onto the
graphene planes and also the hopping is local and pe-
riodic, allowing to apply the Bloch’s theorem for any
rotation angle. For TBG it was demonstrated that non-
Abelian gauge fields arise due to the coupling between
layers in the low-energy regime [28, 29].

Flat band modes that arise at magic angles, also known
as zero energy modes, have been investigated in many
recent works [30-39], and in particular, there were hints
in the mathematics for a possible connection with the
quantum Hall effect (QHE) and the lowest Landau level
[30, 33]. There are interesting properties of the zero mode
wave function [33-35], in particular, the connection with
the lowest Landau level reveals that TBG presents topo-
logical phases [33, 40].

Importantly, the wave function is reminiscent of a
quantum hall wave function because is described in
terms of Jacobi theta functions such as in the quantum
hall effect wave function [30-32]. This hidden wave
function is important to understand because leads
to particular localization properties, orbital current,
density wave function distribution, and symmetries of
the pseudo-magnetic gauge fields. Yet, exactly how
this analogy arises was not clear as no connection
between the quantum harmonic oscillator and the
TBG hamiltonian was ever found. Tarnopolsky et. al.
also found that magic angles were quantized but no
explanation was provided for this fact [30]. Thus there



were two open questions related to the same problem.
The present work shows how these two questions relate
to each other, and also answers them. Moreover, we
find that in fact, the zero flat band modes converge into
coherent Landau levels. As we will discuss, this is done
by using boundary layer differential equations theory
and squaring the Hamiltonian [29, 41], a process that
has also been used in supersymmetry [42-44].

II. CHIRAL TBG AND SQUARED TBG
HAMILTONIANS

The chiral Hamiltonian of twisted bilayer graphene is
a variant of the original Bistritzer-MacDonald Hamil-
tonian in which the AA tunneling is set to zero
[32]. Here we use as basis the wave vectors ®(r) =

T
(92(r), (), xa(r), xa(r))  where the index 1,2 rep-
resents each graphene layer and ;(r) and x;(r) are
the Wannier orbitals on each inequivalent site of the
graphene’s unit cell. The chiral Hamiltonian is given by
[30, 31, 45],

om0 @

where the zero-mode operator is defined as,

_ —id  alU(r)
D) = aU(—r) —id .
and,
) = —i0  aU*(—7r)
br=n) aU*(r) —i0 ®)

with 9 = 8, + 10y, 0 = 0, — 10y. The potential is,
U(r) = e 11T 4 ¢ite1a2'T | o—idpmiga T (4)

where the phase factor is ¢ = 27/3 and the vec-

tors are given by q1 = k¢(0,—1), g2 = ke(?,%),
qs = ]{79(—§7 %)7 the moiré modulation vector is kg =
2kp sin% with kp = ?%) is the magnitude of the Dirac

wave vector and ag is the lattice constant of monolayer
graphene. The model contains only the parameter «, de-
fined as a = vﬁ)lis where w; is the interlayer coupling of

stacking AB/BA with value w; = 110 meV and vy is the
Fermi velocity with value vy = %. The operators

0 and O are dimensionless as the Hamiltonian Eq. (1)
is written in using units where vg = 1, kg = 1. The
twist angle only enters in the dimensionless parameter a.
The combinations b; 2 = g2,3 — q1 are the moiré Bril-
louin zone (mBZ) vectors and also by = g3 — g2. Using

this basis for the reciprocal space lattice, some impor-
tant high symmetry points of the moiré Brillouin zone
are K = (0,0), K’ = —q1, and T' = q1 (see ref. [41]
for a diagram). For further use it is also convenient to
define a set of unitary vectors qi perpendicular to the

set g, and given by ¢i = (1,0).q5 = (— 3§, %), a5 =
(f %, 7@) The moiré vectors unitary cell are given by

a12 = (47/3kp)(v/3/2,1/2). Observe that g, -a12 = —¢
for p=1,2,3.

In a previous work we showed how, by taking the
square of H, it is possible to write the Hamiltonian as
a 2 x 2 matrix [29, 41],

e [P aAf(r) 5)
aA(r) —V2 4+ 2|U(r)|?

where the squared norm of the potential is an effective
trigonal confinement potential,

|U(r)|*> =3+ 2cos(by - 7 — ¢) + 2cos(by - 1 + ¢) (©)
+ 2cos(bs - T+ 2¢)

and the off-diagonal term is,
3 .
AT(r) = —4 Z e‘“’“""(Zq,f -V +1) (7)
p=1
where VI = -V with V = (0z,0y) and p=1,2,3.

III. ZERO-ENERGY MODES AS COHERENT
LANDAU STATES

Now we investigate the asymptotic limit o — oo by
numerically solving (see appendix C) the Schrodinger
equation HU(r) = E¥(r) where E is the energy. As
the potential is periodic, it satisfies Bolch’s theorem, and
thus ¥, ;(r) = e®Tug ;(r) where uy ;(r) has the peri-
odicity of the lattice (see appendix A). The rotational
C3 symmetry allows to further simplify the problem (see
appendix B). In Fig. 1 we present the zero mode wave
function, corresponding to E = 0 at the reciprocal space
point k =T for the mth magic angles (a,) with m = 8
and m = 9. The electronic maxima of the density form
hexagons which are nearly localized at r,, ~ +q,. Such
observation is detailed in Fig. 1. Moreover, the wave-
function for other k points follow the same behavior al-
though the I' point best captures the magic angle behav-
ior [41]. In the limit of «;,, — oo we have verified that
in fact, the electron density is almost localized at g,.
Notice that here we are working with adimensional units
but this suggests a connection with the QHE as solutions
seem self-dual [46], i.e., in real space are similar to those
in reciprocal space with renormalized parameters.

Although there are expressions for the wave-function
[30, 34, 47] at any k point that hinted a relationship



with the lowest Landau levels, they depend on the wave
function at the K point, i.e.,

Yk, j (1) = fre(2)VK ;(7) (8)

where z = x + iy and fi(z) is an analytic function which
satisfy the boundary condition and turns out to be a Ja-
cobi theta function. The form of the 1k ;(r) is not ana-
lytically known. Yet in Figs. 1 and 2 we see numerically
that the electron wave function reaches an asymptotic
limit almost invariant as «,, — oo. In this limit, the lo-
calization centers for the I' point wave function seem to
converge as seen in Figs. 1, 2 and 3. Such wave function
tends to be localized in certain points of space which are
not the stacking points AA; AB, and BA. In that sense,
the solutions are very different from the first magic an-
gle a fact that was explained elsewhere [41]. As seen in
Fig. 3, for other k points different from I" the situation is
quite similar, i.e., the wave functions are more localized
as a — oo and approach the same localization center.
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FIG. 1. Numerically obtained zero-mode normalized wave
function localization for some high-order magic angles at
k =T. In Panels a) and b) we present Re{t1 (v) } +Im{v2(7)}
(orange curves) and Im{1(r)} — Re{v2(r)} (purple curves)
parts of a one layer symmetrized wave function components
Y1 (r) = Y1(r) F ipath2(r) at the symmetric line (0,y) at
magic angles ag = 11.345 and a9 = 12.855 respectively. Pan-
els ¢) and d), contour plot of the global electronic density
p1(r) 4+ p2(r) for as and ag respectively. The vertical line
(vellow line) inside the real-space moire unit cell indicates
the cut along the y axis used in panels a) and b). The exter-
nal hexagon is the real-space moire unit cell, where the AB
(green), BA (yellow), and AA (red) stacking points are in-
dicated. For higher magic angles, the wave-function density
localizes in 6 high-density points, located at » = *q,, with
w=1,2,3, forming the red spots of maximal density.

To understand how this
tion arises,

limiting wave func-
let us discuss the zero-mode equation

D) (1) 0a(r)

= 0 for states in the flat-band.

Although not essential for the analysis, it is easier
to understand the I' point solution. For this case we

have that due to symmetry, o(r) = iua11(—r) where
to = =1 depending on the magic angle parity [30].
Therefore, we obtain,

OP1(r) = apaU(r)gs(—r) (9)

(=) = —apaU(=r)ih(r) (10)

To solve the equation in the limit @« — oo we use the
boundary layer theory of differential equations [48], i.e.,
whenever the gradients are small, we can neglect the
derivative in Eqns. (9)-(10) when compared to the poten-
tial term. Then our solution must satisfy ¢;(r) — 0. The
solution will be different from zero only inside the bound-
ary layer, i.e., whenever 01;(r) is of order alU (£r)1;(r).
Taken into account the boundary layer we conclude that
the solution must be strongly peaked around certain re-
gions of space. Then is natural to seek the solution
within continuous functions having a peak while keep-
ing the form of Eq. (8). We then propose a coherent
Landau state ansatz for a given layer (and thus suppress
the subindex j),

W(z,2%) = falz)e wz (11)

where fy(z) is an analytic function [49],

Lo e — Lo
Z2) = ———e202 e 402 12
) = —— (12)
The parameter A is the localization center (known as the
guiding coordinates in the QHE problem [50]) and o the
standard deviation as the electronic density is a Gaus-
sian,

1 —lz=2

- 27r02€ 2 (13)

p(r)

Notice how the Gaussian envelope in Eq. (11) ensures
the boundary layer condition, i.e., the vanishing of the
wave function whenever the gradient is small.

However, still we need to make remarks. As the equa-
tion involves v (r) and ¢ (—7), the solutions can be writ-
ten as a sum of a symmetrized and antisymmetrized
forms. Therefore, it will be a linear combination of the
symmetrized /antisymmetrized wavefunctions,

b (2, 2") e-#'*%mw i) ()

provided that ¢ — oo to avoid overlap between the Gaus-
sians centered at A and —A. A second reason to neglect
the overlap effect around z = 0 is that U(0) = 0 and
01 (2,2%)|5,2+=0 = 0.

In what follows we will use our ansatz in the zero mode
equation to prove how it satisfies the equation and to
obtain o.

Before doing so, observe that 1(r) must transform ac-
cording to the C3 symmetry group and this can be en-
sured by defining a A1 such that,



3
i (2, 2) ~ % ;eéz'z'%m ()£ fa(2)) (1)

where Ay = €"® )\ and A3 = e~“?\; and the normalization
constant was modified to account for two layers and the
three A,. Concerning the boundary conditions, i.e., the
Bloch’s theorem, we will discuss the subject after testing
the solution for a unit cell.

As the numerical simulation indicates that the elec-
tronic density is localized on +gq,,, this suggests to pro-
pose A\, = Q. = q;; +ig}, where g, and g}, are the com-
ponents of vector g, = (gj;,¢}). Finally, the parameter
o will be determined by imposing the ansatz to satisfy
Eqns. (9)-(10).

Now we test our ansatz in the zero mode equation.
Using complex numbers and that 0 = 26%*’ the zero
mode equation can be rewritten as,

9 0

82*1/]:‘:(272:*) :MaamU(Z,Z*)wi(—Z,—Z*) (16)

where a,, indicate a magic angle and U(z, z*) is the com-
plex form of the coupling layer potential U(r).

In the limit & — oo we can expand U(z,z*) locally
around (@), (see appendix C) where the boundary layer
lies, therefore,

Ule, 2" Woa (=2, —2) & g (—2, =) (17)

Next we use that the anti-holomorphic derivative of an
analytic function is zero from where

- Oy (z, 2%) z
N9 =07/ = * 18
i (z,2%) =2 o 20_21/&(272 ) (18)
Finally, we combine the left-side of the zero mode equa-
tion, Eq. (18), with the right-hand side and use Eq. (17)
to obtain,

—%1/11(2, 2*) & pa30m 2y (—2, —2") (19)

where we see that the equation imposes the need of a
symmetric or antisymmetric solution depending on the
magic angle parity, given by the sign of p,. This can
be numerically verified in Fig. 1 where we plot the
symmetrized and antisymmetrized numerically obtained
wavefunctions for finite a. Observe that for one of the
layers 1+ (r) = ¢1(r) £Y1(—7) = ¥1(r) F ipath2(r), the
other layer is obtained from s (7) & 12 (—7r). The result-
ing symmetric/antisymmetric components of ¢4 (r) are
purely real/imaginary respectively for odd/even m (see
appendix VID). Moreover, from Eq. (19) we obtain the
width of the coherent Landau state,

1
li = 20
e’ = aam (20)

To test these two results, in Fig. 2 we compare the evolu-
tion of the electronic density as av — oo for several magic
angles, in this case for the axis # = 0. The dashed line
is the asymptotic solution given by Eq. (15) which does
not contain any free parameter.

In Fig. 3 we show a log-log plot of o versus «,, as
obtained by fitting Gaussians to the numerical results.
The red line is the theoretical prediction given by Eq.
(20) giving a very good agreement with the numerical
data for higher order magic angles. In Fig. 3 b) we also
plot the maximum position of the numerically obtained
wavefunctions (|r,|), confirming the tendency for local-
ization seen in the inverse participation ratio [41]. This
is why the ansatz almost obey the Bloch s theorem, i.e.,
zero modes are akin to other confined states in which the
overlap between wave functions at different unitary cells
is almost zero [29]. In fact, the set of coherent Landau
levels is overcomplete [51].
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FIG. 2. Coherent states limit for the wave function density
along the y-axis for layer 1. The solid curves with shaded
areas are the normalized numerical solutions of the zero mode
Eqns. (9) and (10) for the indicated magic angles. The dashed
line is the normalized theoretical result using a coherent state
using the ninth-magic angle (ag). The thick vertical lines
(blue lines) indicate the limiting localization points q1 and
—q1. Notice how as the magic angle goes from the second to
the nine, the density becomes sharply peaked.

IV. MAGIC ANGLE QUANTIZATION RULE
AND QUANTUM HALL EFFECT: SQUARED
TWISTED GRAPHENE HAMILTONIAN

Let us now prove why magic angles are quantized and
the relation with the quantum harmonic oscillator. Con-
sider the zero mode Eq. (9) applied to a symmetric or
antisymmetric wave function. We can scale the equation
by setting " = ra,, and, for the time being, without
caring for the boundary conditions, we have that,

I (1) = pal(r' feu)ios (—1) (21)
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FIG. 3. a) Log-log plot showing the standard deviation o of
the zero energy modes (coherent Landau states) vs aum,. The
red solid line is the theoretical equation o = 1/v/3a while
the markers are obtained from a fit with Gaussians to the
electronic density obtained numerically from the zero mode
equation at the I’ (purple), K (black) and M (blue) points of
the Brillouin zone. The short dashed lines joining markers are
used as a guide to the eye. An excellent agreement between
the theory and the numerical results is seen for high order
magic angles. b) Log-log plot of the inverse distance from
q1 to 7,,, which is the position of the closest maximum of
the numerically obtained electronic density.The solid curves
visually show the asymptotic convergence r,, — qi for all
curves when a@ — oo. For both panels, the green vertical
dashed lines indicate magic angles from the second to the
nine, showing the aum41 — am & 3/2 rule for the magic angle
separation.

which suggests that changing «,,, is akin to scale the uni-
tary cell. However, we also need to preserve the boundary
conditions. It turns out that if,

Q= 3m (22)

the boundary conditions of the potential U(r) are pre-
served in a bigger unitary cell since for example, the ex-
ponentials in the definition of U(r) become €/4'%1.2 =
eidmarar: — o=Bmé — 1 The same situation holds
for the terms with g2 and g3. Notice that the scaling
by 3 appears due to the need to traverse three unitary
cells in order to pick a phase 27 in U(r) as for example
U(r+ay) =e @U(r) and U(r + a3) = e~*U(r). This
procedure is akin to consider a magnetic supercell as usu-
ally done in the Quantum Hall Effect and gives a possible
explanation to the numerically observed change in the ef-
fective magnetic flux between magic angles [33, 34]. The
scaling argument explains why magic angles «,, with a

given parity are separated by 3. Now if we take into
account sequences with alternate parities (u, = +1) we
have,

3

Am41 — Oy = =

- (23)

The previous results suggests some further connections
with the Quantum Hall Effect. Now consider the square
Hamiltonian H? for energy zero,

(V2 + (U (r)P)ihr(r) + aAl(r)a(r) =0 (24)

By expanding the operators up to first order in z
as detailed in Appendix VID, we show that Af(r) =~
—3iL, — 3i where L, = i(zp, — z*p%) is the angular mo-
mentum and p, = p,—ip, with p; = —ih0; is the momen-
tum operator. Then by using complex notation for H?,
the symmetry relation between layer components wave
function at the I'" point and the operators expansion up
to first order, in Appendix VID we prove that,

2
(4292292 + (3206) ‘Z|2 - 3aLz> ’(/)(Z’ Z*) = EMP(% Z*)
(25)

where Fy = 3a is a constant energy that is related to
the ground state as we will discuss. We remark a very
important fact here in the sense that the previous deriva-
tion does not need the use of the coherent states. Now
we define the creation/annihilation operator associated,

[3a 2
4h vV 3ahp

3 2
P 2% (27)
a z 1 125
i 4h V 30[h

from where we obtain an effective two-dimensional quan-
tum harmonic oscillator Hamiltonian,

H,.«(z,2%) = (hwalaz + sz) P(z,2") (28)

with w = 3a. Defining the conjugate operators a,~ and
ai* (see appendix D), it follows that the angular momen-

tum is,

h
L.=—(al.a.-

5 —ala,) (29)

where L] = L, and therefore Eq. (28) is rewritten as,
Hootp(2,27) = hw (Nzz- + 1) ¢(2,27) (30)

where N .« = %(ai*az* +ala,) in analogy to a 2D har-
monic oscillator. The constant term hAw is the zero-point
energy of the oscillator which in this case turns out to be
Ey = 3a and comes from the second term that appears

in the definition of the A" operator.



Thus, Eq. (25) implies that H? can be identified with a
quantum oscillator in which the flat band has zero quanta
as N,.~ = 0. In principle, one can argue that since the
effective Eq. (25) is radial symmetric, L, conmmutes
with H,,« and the solutions must be all eigenfunctions
of the angular momentum. There is a problem here that
we discuss later on as the rotational symmetry of H?
is C3. But for the moment and to gain insight, for a
given harmonic of the solution of Eq. (25) we must have
L. (2,2*) = mi,(z,2*) where the index m labels a
solution with a given angular momentum. However, for
the quantum harmonic oscillator m only takes values
m = 0,1,.., N,,«. Thus N,,«~ = 0 implies m = 0 and
we only obtain one possible state. Moreover, this condi-
tion for the angular momentum does not hold as is easy
to see by looking at Fig. 4, where we plot the imaginary
and real parts of the I" point wavefunction for the magic
angle with m = 8.

y[lnm]

FIG. 4. Contour plots of the a) real and b) imaginary part
of the wavefunction 1 (r) at the m = 8 magic angle (as =
11.345). The real-space unit cell is indicated as in previous
figures. The white hexagon vertexes are at the points g,
which are the localization centers as m — oo.

We can clearly see a confinement in the radial direction
but with nodes along a ring. The number of nodes indi-
cates an angular momentum different from zero. This is
not a surprise as Eq. (25) is a first-order expansion on z
and describes only a quadratic potential around the ori-
gin. How can modify this? There are many ways, as for
example by using a higher order expansion of the Hamil-
tonian. A second way is to observe that at magic angles
there is a precise energy and angular momentum balance
as in the quantum harmonic oscillator.

To understand this, first we prove in general the
equipartition of energy at magic angles. Considering that
a = a,, we can apply the operator 0 to the zero mode
Eq. (9), from where,

01 (1) = cumpa[OU (1)1 (=7) + U(r)0tr(=r)] (31)

Using 00 = V? and that D*(—7)(x1(7), x2(r))T = 0,
as well as the symmetry relations at the I" point i (r) =
trat2 (1) = i(pia)*¥1(—7), We obtain,

=V (r) = (ap[U(r)* + 00U (r)pos () (32)

By taking the expected values of the previous equation
and using the symmetry of the potential, it follows the

equipartition of kinetic and confinement energies,
(T)m = (V) = ap (U ) P)m (33)

In Fig. 5 we plot (T'— V) as a function of «, where V =
a?(|U(7)|?). We see that the equipartition is observed at
magic angles as predicted from Eq. (32).
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FIG. 5. Showing the energy equipartition. The expected
value (T'— V) is plotted as function of « at the I-point for
one layer. The red vertical lines indicate magic angles. Red
and blue points satisfy the relation (T}, = (V)n and coin-
cide with the magic angles. The insets are the total electronic
densities p(r) = p1(r) + p2(r) at the indicated . The dis-
continuities arise when the upper band touches the flat band.
Fach panel is for a different « regime.

For m — oo, the confinement is so strong that we
can replace (|[U(r)|?) by a constant (1/12) 3, (|U(g,.) |+
|U(—qu)|?) = 1, where the 12 in the denominator comes
from the normalization with six localization centers at
two layers. Therefore the expected value of the kinetic
energy is,

(T)m = _<V2>m ~ C“?n (34)

Thus we conclude that the kinetic and confinement
energies are quantized and follow an energy equipartition
as in the harmonic oscillator. Let us discuss the angular
momentum. By taking the expected values in H2, we
obtain that for magic angles,

(AT (r)[2)im + (2AT) ) = —am (35)
where,
WA = [ 1A )ards  (30)
BZ
and
2[A(r)|[L)m = . 3 (r)A(r)ea(r)dsS — (37)
with dS the surface differential and the integral is car-

ried along the Brillouin zone. Using the quantization of
Q,, we obtain,

(LAY (#)[2)m + 2A(T)[1)m = —3m (38)
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FIG. 6. Numerically found (L.),, as function of a. Magic
angles are indicated by the vertical lines. The horizontal lines
and red points indicate the values of (L.), at each magic
angle at the I'-point. Observe that the distance between hor-
izontal lines converges into one.

for a given parity. This proves that the eigenvalues of
the off diagonal part of H? are 3m. Thus the situation is
somewhat similar to Eq. (25). To see this more clearly,
we use polar coordinates where r is the radius and v the
polar angle. Af(r) is given by,

3
—iqg, T ~ ~ LI/ .
Al(r) =D e 2gy - &P+ gy - @,-0) ] (39)
p=1
where the radial operator is P, = —id, and the angular
part of the momentum is L, = —i0,. A similar equation

is obtained for A(r). As the confinement is very strong
with 7 ~ 1, and also as g, - & = 0 and g;; - &, = 1 at
the localization centers £q,,, we write,

3
Al(r) m Aj(r) + > e7'%" (2L, — i) (40)
p=1

where Ag(r) comes from the radial momentum contribu-
tion that we expect to be small. This is confirmed in
table I, as limm_)oo<1|A$|2> ~ 0.16. The only way to be
consistent with Eq. (35) is to have L 94 (r) =~ myy(r).

In Fig. 6 we do see that (L.) asymptotically grows
by one on each magic angle. We comment here that the
jumps in Fig. 6 occur whenever the ground state of H?2
hybridizes with its upper neighbor band.

There is a simple interpretation of why the previous
results are akin to have in Eq. (28) an effective N, #
0 and m # 0. The confinement centers for m — oo
are not in the origin and this automatically implies an
angular momentum different from zero when viewed from
the origin of coordinates.

Eq. (39) can be compared with the interlayer currents
between bipartite layers that were investigated in a previ-
ous work [41]. Apart from a dimensional constant, both
expressions are proportional from where we can relate
the interlayer currents with the angular momenta. The
previous results indicate that such currents are quantized
and increase with the order of m.

m (1]4][2).m Ado(m)
5 0.419 -

6 0.257 0.162

7 0.211 0.046

8 0.179 0.032

9 0.164 0.015

TABLE 1. Convergence of the operator Al(m) matrix ele-
ment as function of m. The third column is the difference
between two successive contributions A(m) = (1|Af|2)m —
(1 Af[2)m-1.

V. CONCLUSIONS

In conclusion, we showed that in the twisted bilayer
hamiltonian, zero flat band modes converge into coher-
ent Landau levels. The shape and dispersion of the zero-
mode wavefunctions as a function of the twist angles was
found and showed an excellent agreement with the nu-
merical results. Then we proved that the squared twisted
bilayer hamiltonian, up to first order, describes a quan-
tum harmonic oscillator. Thereafter it was found that
for high order magic angles, the strong confinement and
the symmetry of the potential lead to solutions with well
defined angular momentum. By using a scaling argu-
ment, this allows to obtain the 3/2 magic angle quan-
tization rule which was observed numerically [30]. An-
other important consequence is that the angular momen-
tum can be related with interlayer currents between each
graphene’s bipartite lattice which are thus quantized.

Let us add that in the chiral model, the interlayer tun-
neling in the region of A A stacking is artificially switched-
off. Nevertheless, in the full description of the contin-
uum limit for a more real twisted bilayer graphene model,
there is a persistent localization of zero-energy wavefunc-
tion in the region of AA stacking [27]. However, the re-
gion of AA stacking is much reduced than AB stacking
due to lattice relaxation in real samples with small twist
angles [30]. Consequently, in the limit & — oo the inter-
layer tunneling of AA stacking is neglected, and therefore
the chiral limit is recovered. It is also possible to improve
the presented study simply by taking into account the
hopping between AA atoms at the individual graphene
layers. This can be done in a more or less straightforward
fashion by using the AA hopping as a perturbation pa-
rameter as done with random binary alloys in the band
split regimen or in doped graphene [52-54].

Nevertheless, our work does not pretend to completely
solve the problem. Instead, we showed that a famous
TBG model can be transformed into an effective quantum
Hall effect hamiltonian once the hamiltonian is squared.
This approach is akin to a supersymmetric transforma-
tion which seems to play a role in the proposed equiva-



lence between the squared TBG electron hamiltonian and
a phonon hamiltonian for flexible systems [29]. Flat-band
modes are thus mapped into zero-frequency floppy modes
produced by a lack of mechanical constraints [55-60].

Due to the multiple mathematical and physical
properties of coherent states, this opens many exciting
technological and physical possibilities in moiré ma-
terials, as for example, the possibility of controlling
coherency by manipulation of the twisting angle or
the self-duality property of the wave functions [46]. In
particular, coherent modes and the strong electron-
electron coupling can be used in quantum computation
applications [61] or electron analogues to coherent
optical effects [62].

This work was supported by UNAM DGAPA PAPIIT
IN102620 (L.A.N.L. and G.G.N.) and CONACyT project
1564464. We thank Patrick Ledwith, Eslam Khalaf, Jie
Wang at Harvard University and F. Guinea, Pierre Pan-
taleon at IMDEA, Spain, for useful comments on this
project.

VI. APPENDIX

A. Wave-functions Fourier coefficients in reciprocal
space

Here we use as basis the wave vectors ®(r) =

T
(¢1(T),1/12(7")7X1(T')>X2(7“)) where the index 1,2 rep-
resents each graphene layer and ;(r) and x;(r) are
the Wannier orbitals on each inequivalent site of the
graphene’s unit cell.

A general Bloch’s wave function with momentum k in
the mBZ at each sublattice has the form

U, (’l") _ ’(/}k,l("") _ Z Amn

wk,Q(T) mn bmneiqrr

ez(Km,,,—i-k)'r

i) = () oy (e

Xk,Z(T) mn dmneiql.r
(42)

where @y, (byny) are the Fourier coefficients of layer 1
(layer 2) for sublattice A and ¢yp(dimn) are the Fourier
coefficients of layer 1 (layer 2) for sublattice B, and
K., = mby + nby with by » are the two moiré Brillouin
zone vectors. If we substitute Eq. (41) and Eq. (42) into
HPp(r) = E®(r) we can calculate the eigenfunctions
of H,

(K;ﬁn + ZK;g.n)amn + Oé(bmn + 6i¢bm+1,n

+ e7l¢bm,n-‘r1) = Eamn
(43)

(K;ffm + Z(Kﬁ{n + ql))bmn+a(amn + ei¢am—1,n

+ eiiqsbm,n—l) = Ebnp
(44)

(K';ifn - ZK;gn)Cmn + Ol(dmn + e_i¢dm+1,n

+ €i¢dm,n+l) = Ecmn
(45)

(K:q?;n - ’L(K;,Z{n + ql))dmn+a(cmn + e_i¢cm_17n

+ ei¢cm,n71> = Edpnn
(46)

where K/ = K, + k.

Here Eqns. (43-46) form a coupled linear system that
can be solved to find the corresponding eigenvalues. In
general, there are L = (2N + 1) x (2N + 1) coefficients
with N the range of the matrix and 2N + 1 the ele-
ments in the set, therefore, the Hamiltonian matrix has
dimension D = 4L. In a similar way we can obtain
the eigenfunctions of H? but the system is easier write
as the matrix is only of size 2 x 2. Observe that all
eigenfunctions of H are always eigenfunctions of H? but
the converse is not true. This was discussed in detail
elsewhere [29].

The system can be further reduced by using the
C3 symmetry. We denote the corresponding rota-
tional operators Ry, and Ry by the angle ¢ and 2¢
respectively.  Their matrix representations Dg, Dag
and the identity, have eigenvalues w = {1,e?, e7"?}.
Eigenfunctions of the hamiltonian are also eigenfunc-
tions of such operators, and thus we have the relation
U (Rag(r)) = e®Wg(r) and Ui(Ry(r)) = e @Wy(r),
with the property Ry(q.) - r = q, - R;l(r). One can
obtain a relationship between coeflicients using such
rotations to reduce the problem into one trigonal sector.

To perform such calculation, it is very useful to have
the moiré reciprocal basis vector transformation rules un-
der the rotations. We reproduce below such useful rules,

Ry(by) = by — by,
Ry (b2) = by,
Ry;(b1) = —by,
Ry4(b1) = —ba + b

(47)

B. Fourier coefficients in I'-point reciprocal

In the I point, using the symmetry of the Hamiltonian
it can be proved that the spinor components are related
through 9o r(7) = ipat1 r(—r). Tarnoposky et. al [30]
found that,

Ira(r) FaU(r)gra(—r) = Eryra(—z,y)  (48)



FIG. 7. moiré vectors rotational C3 rules. The operator Ry

rotate by ¢ = 2F moiré vectors by (bz) indicated by purple

(green) arrows.

Following this analysis a reduced equation for the Fourier
coefficients can be written as,

i0(Kpmn ]
|Kmn + Q1|€Z ( +q1)amn + a(amn + el¢a7m,fn+1

+eii¢a—m+1,—n) = Eramn
(49)

From the I'" = q; point the symmetry of the component
of the spinors ¥o r(r) = ipat1,r(—7r), we found the fol-
lowing relation,

E bmnez(Kmn—‘rqu)-T — Z'ua E am/nle—Z(Km/n/-‘r(h)'T
m,n

m’'n’

(50)

or simplifying,

meneiKm"'r = ifla Z Ay 1 Fontmr =80T (51)

m,n m’ n!

note that by + bo = —3q; and Eq. (51) is rewritten as,

K T . 1K ’ T
b ez mn =i Qo101 € 1-m/,1—n
mE « mn o E m’'n (52)

m’ ,n’/

changeindexm=1-m' - m'=1-mandn=1-n' —
n' =1—nin Eq. (52), therefore,

Z(bmn - iﬂaal—m,l—n)eiKmn.T =0 (53)

m,n

Finally, the relation between Fourier coefficients of each
layer in I' point is simply,

bnn = ifall—m,1-n (54)
with p, = +1 and also follows that,
Re{bmn} = —tto Im{a1_mi1-n} (55)
and

Im{bmn} = Ua Re{al_m,l_n} (56)

Using the C3 symmetry of the wave-function at the I'-
point, k = q1,

mn ) m n -r
CERSTED o) (R P

m,n

(57)

where mRy(b1) + nRy(b2) + Ry(g1) = m(by — by) +
n(—ba)+¢qo. From the rotated vectors in Eq. (57) follows
that,

§ amnel(mbl—i-an)-T

m,n

— eiqb Z amnei((—m—n+l)b1+mb2)-r
(58)

using new index m' = -m—-n+1—=n=1—-m'—n’
and n’ = m follows that,

. . . ’ !
§ amnez(mlernbz)-r _ ez¢ E an,’lim/in/ez(m bi+n'bs)r
m,n

m,n

(59)
therefore,
e = A, —m—n+1 (60)
and,
e Umn = A—m—n+1m- (61)

using this last C3 symmetry in (48) at the [ magic angle
it follows that,
V3 3
(22 = )+ 1= S+ ) F r(roman
+ A—n m+n + am+n,—m) =0

where K,,,, = mby + nby = (%2(m —n),3(m +n) — 1)
is the moiré reciprocal vector.

C. Coherent Landau level solution in the limit
a— oo

Consider a coherent state of the form,

P(z,2%) = ]S\(,z)(fﬁ‘z‘2
1 1
= €202

oV 2T

(63)

/\*ze—ﬁ)\/\*e—ﬁhﬁ

The complete form of wave function is obtained by sum-
ming over the contributions for A and —A\,

* 1 — 1 12 — 11,2
Vx(z,27) = \ﬁ(fA(Z)e el AN =
:#(eﬁ“‘ﬁw—ﬁw (64)
oV2V/2T
sl Az AN Lz
:Fe 202 402 402 )



where ) is the center of the Gaussians. Is important to
note that Eq. (64), satisfies the relation ¢ (—z, —2*) =
F£(z,2*) as we consider here the wavefunction as a
sum of symmetrized/antisymmetrized functions that can
be treated separately. We also have,

1

202(2n) (e” 7772 4 e =l

¥+ (2, ) ~

(65)

where the overlap term between Gaussian’s is neglected
in the limit @« — oco. On the other hand, the coupling
potential can be written as,

0 §(z,2") (66)

Ul(z,z ):_287:*

where 0 = 2% and,

S(z, 2" Ze‘z(Q p2tQuz")/2 (67)

pn=1
where Q,, = q; +ig},. Therefore,

3

1 O x
5 O (—iQu)e @2 (gy)

p=1

0 o
%S(Zaz )=

Finally, U(z, z*) is the complex form of the coupling
layer potential,

3
Ulr)=Ulz,z%) = Z(’LQ )e

Notice that such result can be obtained straightforward
from the definition of U (r) and z and z*, yet is illustrative
to use the function S(z,z*) as this quantity appears in
several commutators [29].

Substituting Eqns. (66)-(68) in Eq.
angles,

—i(Q;,z+Quz")/2 (69)

(48) for magic

0
o (2,2) = (=25 8(2, )b (—2,—2")

3
= iam(Z(iQ Je

_i(Q;z-i-QMz*)/Z)w:':(_Z7 —Z*)

(70)

using the fact that in the limit o — oo the wave function
is localized in ), and in other points is zero, we can
expand (70) up to first order,

0 *
2%1/) (z,2") = Lam, Z (1Qu)(1 Q 1)

p=1

+Quz") W5 (=2,=27)

and since 37, Q, = ZMQ/% =0and 37, [|Q.* = 3, it
follows that,

3o,

2vee ) = (32) oy ()
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since F1h(—2, —2*) = ¢x(z, 2*). Normalizing, the final
form of the ansatz wave function for o — oo is,

o — |22
Ya(2, 2" f\/;z (fq.(z)e (73)

pn=1

+ f-q,(2)e”wm )

D. Equivalence between H? and the Quantum
Harmonic Oscillator

From the square Hamiltonian at the zero flat band
H?Y(r) = 0 it follows that,

1)) (r) + aAt (r)a(r) =0 (T4)

which can be rewritten in complex notation and by ex-
panding |U(—)|? in the boundary layer,

(=V2 + 2 |U(

2
(4pzpz + (320(> |Z|2)¢(2, z*) + iﬂaaAT(z, z*) (75)
x(—z,—2%) =0

where Af(r) = Al (r) + A}('r), with the definitions [41],

= -2 Z e 1T qlt (76)

and

3
Py =iy et (77)
pn=1

We work first with A;(r)

3
A;(z, 2VW(—z,—2") = —2i Z e*é(QZHQuz*)(Qi—,*az*
p=1
+ Qf{az)i/’(—'% _Z*)
(78)

Now for a@ — 00, we expand the exponential up to first
order and considering that Qj = 1Q, it follows that

3 .
Ag(z, 2Vp(—z,—2") = =2 Z(l — %(Qz,z +Quz"))
p=1

X(iQ,uaz - ZQZaz* )1/1(—% _Z*)
(79)

with Zi:l Q=0 and Zizl |Q.|? = 3 we have that,

Al (z, 2" (—2, —2") = =3i(20, — 2" 0.+ )Y (—z,—2")

= 3(2pz — 2" pa- JY(—2, —2")

(80)



Making a similar procedure for A} (z,2*) we obtain,

Al(z, 2 (—2,—2") & =3iy(—2,—2") (81

Substituting Eq. (80) and Eq. (81) in Eq. (75),

N 3a)? " .
(4p.pi+ (2) |z|2)¢(z,z )+ ipaa(zp,

- Z*pz*W(—% _Z*) = —Ma304¢(—27 —Z*)
(82)

However the angular momentum in complex notation is

defined as L, = i(zp, — 2*p.~), and defining the zero-
point energy constant Ey = 3«, we have that,

2
(4p.pt + (3“) )z %) + 3aDapiath(—2, ")

2
= *HaE(ﬂ/f(*Za 72'/*)

(83)
for odd parity p, = 1 the solution is anti-symmetric
Y(—z,—2%) = —1(z,z*) and for even parity p, = —1

the solution is symmetric ¢(—z, —z*) = ¥(z, z*). There-
fore, the equation is reduced as,

2
(4dp.ps + (?) |Z|2 —3al,)Y(z,2*) = Eo(z, 2*)
(84)

On the other hand, the quantum harmonic oscillator in
complex notation is,

Hot(a2t) = (24 (B2 o) e (89

m 2

from where we identified by comparison with Eq. (84)
that m = % and w = 3a, therefore we can define a cre-
ation/annihilation operators associated as,

/3 2
4h \/Bafip

/3 2
a z 2 z
i 4h vV 3ahp

from where,

3a dp,pt . 2 /3
T _ 2 z o Ok ok
4=z 4h|z| + 3ah +z\/3ah 471(2 P: = 2p:)
(88)

multiplying both sides of Eq. (88) by 3af follows that
T 3 2 2 *
h(3a)ala, = - |2|* + 4p.p; — 3oL,

(89)
= Llypx — 3aLz

from where we obtain an effective two-dimensional quan-
tum harmonic oscillator Hamiltonian,

H, o p(z,2%) = (hwalaz + sz) ¥(z,2%) (90)

We can also define the conjugate operators,

a =122 4 271 (91)
z 4h 3ahp2
Gy =] ——7 — 1——=D,
: 4h V3ah
and it follows that the angular momentum is,
h
L. =( la.-—ala.) (93)

where LT = L, is Hermitian and therefore Eq. (90) is
rewritten as,

Heotb(,2%) = hwo (Nowe + D) (z,27) (94)

with N« = L(al.a. +ala.) = L(N, + N..) with N, =
aiaz and N« = ai*az* in analogy to a 2D harmonic
oscillator where w = 3a. The constant term hAw is the
zero-point energy of the oscillator which in this case is
exactly Ey = 3a and comes from the AJJQ operator.

[1] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi,
E. Kaxiras, and P. Jarillo-Herrero, Nature 556, 43
(2018).

[2] J. M. Park, Y. Cao, K. Watanabe, T. Taniguchi, and
P. Jarillo-Herrero, Nature 590, 249 (2021).

[3] C. Shen, P. J. Ledwith, K. Watanabe, T. Taniguchi,
E. Khalaf, A. Vishwanath, and D. K. Efetov, arXiv
e-prints , arXiv:2204.07244 (2022), arXiv:2204.07244
[cond-mat.mes-hall].

[4] Z.-D. Song and B. A. Bernevig, Phys. Rev. Lett. 129,
047601 (2022).

[5] Z. A. H. Goodwin, F. Corsetti, A. A. Mostofi, and J. Lis-
chner, Phys. Rev. B 100, 121106 (2019).

[6] Hridis, K. Pal, Stephen, Spitz, Markus, and Kindermann,
Phys. Rev. Lett. 123, 186402 (2019).

[7] A. Kerelsky, L. McGilly, and D. e. a. Kennes, Nature
572, 95 (2019).

[8] T. Wang, N. F. Q. Yuan, and L. Fu, arXiv e-prints
, arXiv:2010.09753 (2020), arXiv:2010.09753 [cond-
mat.supr-con].

[9] H. Ochoa and R. M. Fernandes, Degradation of
phonons in disordered moiré superlattices (2021),
arXiv:2108.10342 [cond-mat.mes-hall].



[10] M. Koshino and N. N. T. Nam, Phys. Rev. B 101, 195425

(2020).

[11] H. Oka and M. Koshino, Phys. Rev. B 104, 035306
(2021).

[12] M. Fujimoto and M. Koshino, Phys. Rev. B 103, 155410
(2021).

[13] K. Dante, C. Martin, X. Lede, G. Antoine, M. Andrew,
H. James, D. Cory, B. D.N., P. Abhay, and R. Angel,
Nature Physics 17, 155 (2021).

[14] F. Giustino, J. H. Lee, F. Trier, M. Bibes, S. M. Win-
ter, R. Valenti, Y.-W. Son, L. Taillefer, C. Heil, A. 1.
Figueroa, B. Plagais, Q. Wu, O. V. Yazyev, E. P. A. M.
Bakkers, J. Nygard, P. Forn-Diaz, S. D. Franceschi, J. W.
Mclver, L. E. F. F. Torres, T. Low, A. Kumar, R. Gal-
ceran, S. O. Valenzuela, M. V. Costache, A. Manchon, E.-
A. Kim, G. R. Schleder, A. Fazzio, and S. Roche, Journal
of Physics: Materials 3, 042006 (2020).

[15] B. Andrews and A. Soluyanov, Phys. Rev. B 101, 235312
(2020).

[16] S. Liu, E. Khalaf, J. Y. Lee, and A. Vishwanath, Phys.
Rev. Research 3, 013033 (2021).

[17] S. Liu, E. Khalaf, J. Y. Lee, and A. Vishwanath, Phys.
Rev. Research 3, 013033 (2021).

[18] P. J. Ledwith, A. Vishwanath, and D. E. Parker, arXiv
e-prints , arXiv:2209.15023 (2022), arXiv:2209.15023
[cond-mat.str-el].

[19] P. J. Ledwith, A. Vishwanath, and E. Khalaf, Phys. Rev.
Lett. 128, 176404 (2022).

[20] C. Xu and L. Balents, Phys. Rev. Lett. 121, 087001
(2018).

[21] F. Wu, Phys. Rev. B 99, 195114 (2019).

[22] J. Gonzélez and T. Stauber, Phys. Rev. B 102, 081118
(2020).

[23] F. Wu, A. H. MacDonald, and I. Martin, Phys. Rev. Lett.
121, 257001 (2018).

[24] T. Stauber, T. Low, and G. Gémez-Santos, Phys. Rev.
Lett. 120, 046801 (2018).

[25] P. A. Pantaleén, V. Tien Phong, G. G. Naumis, and
F. Guinea, arXiv e-prints , arXiv:2204.09619 (2022),
arXiv:2204.09619 [cond-mat.mes-hall].

[26] Y. Fu, E. J. Koénig, J. H. Wilson, Y.-Z. Chou, and
J. H. Pixley, npj Quantum Materials 5, 71 (2020),
arXiv:1809.04604 [cond-mat.str-el].

[27] R. Bistritzer and A. H. MacDonald, Proceedings of the
National Academy of Sciences 108, 12233 (2011).

[28] P. San-Jose, J. Gonzélez, and F. Guinea, Phys. Rev. Lett.
108, 216802 (2012).

[29] Gerardo, G. Naumis, L. A., Navarro-Labastida, Enrique,
Aguilar-Méndez, Abdiel, and Espinosa-Champo, Phys.
Rev. B 103, 245418 (2021).

[30] G. Tarnopolsky, A. J. Kruchkov, and A. Vishwanath,
Phys. Rev. Lett. 122, 106405 (2019).

[31] Patrick, J., Ledwith, Grigory, Tarnopolsky, Eslam, Kha-
laf, Ashvin, and Vishwanath, Phys. Rev. Research 2,
023237 (2020).

[32] P. J. Ledwith, E. Khalaf, and A. Vishwanath, Annals of
Physics , 168646 (2021).

[33] Jie, Wang, Yunqgin, Zheng, Andrew, J., Millis, and
J. Cano, Phys. Rev. Research 3, 023155 (2021).

[34] J. Wang, J. Cano, A. J. Millis, Z. Liu, and B. Yang, Phys.
Rev. Lett. 127, 246403 (2021).

12

[35] F. K. Popov and A. Milekhin, Phys. Rev. B 103, 155150
(2021).

[36] C.-C. Liu, L.-D. Zhang, W.-Q. Chen, and F. Yang, Phys.
Rev. Lett. 121, 217001 (2018).

[37] S. Onari and H. Kontani, Phys. Rev. Lett. 128, 066401
(2022).

[38] S. A. Herrera and G. G. Naumis, Phys. Rev. B 104,
115424 (2021).

[39] C. De Beule, F. Dominguez, and P. Recher, Phys. Rev.
B 104, 195410 (2021).

[40] Y. Sheffer and A. Stern, Phys. Rev. B 104, L121405
(2021).

[41] L. A. Navarro-Labastida, A. Espinosa-Champo,
E. Aguilar-Mendez, and G. G. Naumis, Phys. Rev.
B 105, 115434 (2022).

[42] D. Matsumoto, T. Mizoguchi, and Y. Hatsugai, arXiv
e-prints , arXiv:2207.14540 (2022), arXiv:2207.14540
[cond-mat.mes-hall].

[43] T. Mizoguchi, T. Yoshida, and Y. Hatsugai, Phys. Rev.
B 103, 045136 (2021).

[44] K. Roychowdhury, J. Attig, S. Trebst, and M. J.
Lawler, arXiv e-prints , arXiv:2207.09475 (2022),
arXiv:2207.09475 [cond-mat.str-el].

[45] Eslam, Khalaf, A. J., Kruchkov, Grigory, Tarnopolsky,
Ashvin, and Vishwanath, Phys. Rev. B 100, 085109
(2019).

[46] D. R. Hofstadter, Phys. Rev. B 14, 2239 (1976).

[47] J. Wang, Y. Zheng, A. J. Millis, and J. Cano, arXiv
e-prints , arXiv:2010.03589 (2020), arXiv:2010.03589
[cond-mat.mes-hall].

[48] W. Roscoe B., Asymptotic Analysis of Differential Equa-
tions (Imperial College Press, 2010).

[49] W. Greiner, Quantum Mechanics (Springer, 2001).

[50] S. M. Girvin and K. Yang, Modern Condensed Matter
Physics (Cambridge University Press, 2019).

[61] C. Cohen-Tannoudji, Quantum Mechanics (Wiley, 1991).

[62] S. Kirkpatrick and T. P. Eggarter, Phys. Rev. B 6, 3598
(1972).

[63] G. G. Naumis, C. Wang, and R. A. Barrio, Phys. Rev. B
65, 134203 (2002).

[54] J. Barrios-Vargas and G. G. Naumis, Solid State Com-
munications 162, 23 (2013).

[65] A. Huerta and G. Naumis, Physics Letters A 299, 660
(2002).

[56] A. Huerta, G. G. Naumis, D. T. Wasan, D. Henderson,
and A. Trokhymchuk, The Journal of Chemical Physics
120, 1506 (2004), https://doi.org/10.1063,/1.1632893.

[657] H. M. Flores-Ruiz, G. G. Naumis, and J. C. Phillips,
Phys. Rev. B 82, 214201 (2010).

[68] L. A. Navarro-Labastida, F. A. Dominguez-Serna, and
F. Rojas, arXiv e-prints , arXiv:2106.02756 (2021),
arXiv:2106.02756 [quant-ph].

[59] H. M. Flores-Ruiz and G. G. Naumis, Phys. Rev. B 83,
184204 (2011).

[60] C. F. Moukarzel and G. G. Naumis, Phys. Rev. E 106,
035001 (2022).

[61] N. Friis, A. A. Melnikov, G. Kirchmair, and H. J. Briegel,
Scientific Reports 5, 18036 (2015).

[62] Y. Betancur-Ocampo, F. Leyvraz, and T. Stegmann,
Nano Letters 19, 7760 (2019).



