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Abstract

An analysis of the electron localization properties in doped graphene is per-
formed by carrying out a numerical multifractal analysis for finite systems of a
size smaller than the possible localization length. By obtaining the singularity
spectrum of a tight-binding model, it is found that the electron wave functions
present a multifractal behavior for systems up to 20 nm. Such multifractality is
preserved even for next-to-nearest neighbor hopping interaction, which needs to
be taken into account if a comparison with experimental results is desired. States
close to the Dirac point have a wider multifractal character than those far from
this point as the impurity concentration is increased. The analysis of the results
allows one to conclude that in the split-band limit, where impurities act as
vacancies, the system can be described well by a chiral orthogonal symmetry
class.

Keywords: graphene, electron mobility, localized states

Ever since its discovery [1, 2], graphene has been considered an ideal candidate to replace
silicon in electronics [3], since this first truly two-dimensional crystal has the highest known
electrical and thermal conductivity [4]. However, graphene per se is not a semiconductor.
Several proposals have been made to solve this issue [5]. Experimentally, it has been found that
doped graphene presents a metal-to-insulator transition [6] when doped with H, producing a
kind of narrow band gap semiconductor. The increase in localization around the Dirac point
was roughly predicted from an electron wavefunction frustration analysis in the graphene’s
underlying triangular lattice [7-9]. Such theoretical results were made under the supposition
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that hydrogen bonds to the 2p carbon orbital, and thus impurities act as vacancies [10, 11]. This

case corresponds to the split-band limit. This approach has been useful for predicting a pseudo
localization transition and the pseudogap size, i.e., the region in which the inverse participation
ratio increases by one order of magnitude [7] in very good agreement with experiments [6],
although vacancies and impurities are indeed different [12—14]. However, there is a theoretical
nuance to the idea of having a metal-insulator transition in two dimensions (2D). According to
the well known Abraham er al scaling analysis, in 1D and 2D all states are localized for any
amount of disorder, excluding the possibility of a mobility edge [15]. In spite of this, for 2D the
situation is not completly clear yet since the community seems to be split into two groups [16],
one denies the existence of non-exponential localized states [17, 18], while the other reports
such states [16, 19, 20]. For example, a highly efficient expansion technique coupled with a
huge finite-size scaling analysis showed non-localized states [16] with a multifractal behavior
[21] in a square lattice with sustitutional disorder, akin to the one considered in this letter. Such
theoretical debate has heated-up by the discovery of graphene, since some experimental and
numerical results show that not all states are localized [6, 22-24], and there exists a kind of
mobility edge associated with a pseudogap around the Fermi energy [7, 9, 25-27]. Other groups
claim that all states are localized for disorder with intervalley mixing [28].

Thus, there is a debate that has not yet been settled. It is worth mentioning here that part of
the problem is that general conclusions are made without taking care of the different kinds of
disorder. For example, the Anderson type of disorder is not the same as the binary sustitutional
one. However, there are three possibilities concerning delocalization in graphene: (i) either
electron—electron interaction produces delocalization [29], (i1) the analysis by Abraham et al
does not completely apply to some cases or (ii1) the computations made are always smaller than
the localization length of some states. In graphene, electron—electron interaction is very weak
[30], so in principle, the first option can be ruled out, leaving (ii) and (iii) as the source of the
discrepancies. This subject has been explored partially in previous publications, where critical
states, i.e. states decaying as a power law, have been observed in finite lattices [26, 31, 32]. In
addition, such a possibility has been considered in previous studies concerning quantum
percolation in 2D [33-35], since the model presented in this letter is in the limit of very different
self-energy impurities reduces the problem to site percolation (see below).

Notice that the scenario posed by (iii1) does not rule out the observation of critical states for
lattices with a size smaller than the localization length. As is well known, in this situation the
exponent spectrum looks multifractal [29]. For graphene, this can be predicted by a symmetry
breaking analysis [29], since the extra symmetries of the graphene’s lattice makes the problem
different from a generic 2D Fermi gas [26]. The idea behind this is to make a random matrix
analysis of broken symmetries in the Dirac Hamiltonian when disorder is introduced [29]. In
this analysis, a classification of the symmetries leads to different universality classes in the
transition. Although all these points have been around for a while, few numerical results are
available that analyze such questions [36, 37]. Here we provide such an analysis, showing that
multifractal states are present in doped graphene for finite systems, in which the size is smaller
than the possible localization length. Our results imply that the conductance of doped graphene
will have an anomalous dependence upon the system length and applied electric field. In
particular, experiments in graphene doped with adatoms from group I are ideal for measuring
such effects [6].
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Let us consider doped graphene as a honeycomb lattice with substitutional impurities
placed at random with a uniform distribution. The corresponding z orbital one electron tight-
binding Hamiltonian is [38],

M= - f%m UlreX]oie] M

The first sum is over nearest neighbors, with r = 2.79 eV the hopping energy [39]. The
second sum is carried over next-to-nearest neighbors. Here we will consider two cases,
t" = 0 eV which is the most studied Hamiltonian, and ¢ = 0.68 eV, which gives a much better
approximation to real graphene [39], although other parametrizations with a lower value of ¢’
are available [40]. Here we analyze the worst case scenario, i.e., a large value for #'. As we will
see, our results are robust for such a large value. The idea is to study the effects of including
next-to-nearest neighbor hopping interaction in the problem of localization. The third sum is
over impurity sites with self-energy &. The number of impurities sites, N, , is determined by the

concentration C = N,

imp/Np» Where Ny is the total number of sites on the honeycomb lattice.

Close to the Dirac energy E = E, = 0, the model described by equation (1) presents
exponentially localized wavefunctions, as has been documented in a previous publication by
our group [26], and can even support strictly confined states [27] at E = E,,. Such
wavefunctions are in agreement with the Abrahams efal theorem [15]. Here, we will
concentrate on wavefunctions that are above the pseudomobility edge, which has been proven
to have a size given by A = z\/@ [7, 26].

In figure 1 we present a sample of the observed wavefunctions y (r) which solve the

Schrodinger equation Hy (r) = Ey (r) for an energy close to the Dirac energy, E, but outside
the region where the participation ratio begins to decrease [7]. As can be seen, there is a
progressive change of the localization as C or € increases. However, although disorder increases
up to a concentration of C = 0.1, no evident localization center appears. This suggests that one
should perform a multifractal analysis to confirm this hypothesis. To do this, we will select
some representative states, as shown in figure 2 on top of the density of states (DOS) for pure
and doped graphene, considering ¢ = 0 and ' # O.

The multifractal analysis can be performed as follows [41]. The system with area
A = N x N, where N is a number of primitive cells per side?, is divided into B = N*/L* boxes
of linear size L. On a given box b, the probability of finding the electron is given by

pw L)= Y |w(r)| 2

r €box b

A measure is built by normalizing the moments of this probability,

_[m v 0]

u, (g, w. L) P(ap L)’

3)

% Then, the number of total sites in the sample is N, = 2N°.
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Figure 1. Electron wavefunction amplitude close to the Dirac point, but outside the
region where the participation ratio begins to decrease, corresponding to
E = E, — 0.6t, for different concentrations of disorder (C = 0.001, C = 0.01 and
C = 0.1) and different impurity self-energ (¢ = —2¢, ¢ = —6¢ and ¢ = —12¢), using a
lattice of N; = 18432 sites.

where P (g, y, L) is,

B
Py, L)= X [n, (g w L)] )
b=1
The mass exponent of the wave function can be obtained using
. Plg, y, L
7, (v) = lm(T5) (5)

where 6 is the ratio L/N. The fractal dimensions D is introduced via [29] D=1 / (q — 1). In an
insulator Dq = 0 while for a metal Dq = d. In multifractal cases, D is a function of gq.
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Figure 2. Density of states (DOS) for pure and doped graphene. The color bands
indicate the energies used to study f (a). The left panel corresponds to the case ' = 0
while the other to ¢’ # 0. In both graphs, the parameters are N, = 28 800, C = 0.05 and
e = —6t.

Using the previous equation (3), it is possible to find the singularity spectrum f (aq),
which is basically the fractal dimension of the set of points where the wavefunction behaves as

‘q/ (r) ‘2 ~ L™ [42]. For a finite system, the number of such points scales as L’(%). This

singularity spectrum f (aq) is obtained by observing that,

. Algw L)
a,(y) = lim—=—— ©)
where A (g, y, L) s,
Alg.w. L <Zﬂ,, gy, L)Iny (1, y, L)>~ (7)

Here < > denotes the arithmetic average over many realizations of disorder. In figure 3,

the typical behavior of A (q, v, L) is plotted as a function of 6 for several g. For each ¢, a
straight line can be fitted in order to obtain the slope and from there obtain a . The singularity

spectrum f ( ) is obtained as,
f(a,) = lim——"—"—, (8)
where F (q, v, L) is a kind of entropy information,

F(q.y. L <Zub g.y. L)Iny, (g, v, L)>, 9)

where F (g, w, L) can be calculated as done with A (g, w, L), since all points fall in a straight
line as a function of 6 (figure 3).
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Figure 3. Left panel: typical behavior of A (q, v, L). Right panel: typical behavior of

F(g,w,L). In both graphs, the parameters are E = E,— 02, ¢ =—6¢ and
C = 0.0001.

As a control of the involved analysis, we have verified that for pure graphene ¢ = 0, the
singularity spectrum converges to the point f (2) = 2, which is exactly the expected value for
Bloch states in 2 dimensions. In figure 4 we present the singularity spectrum for three states at
E=FE,—- 02t E, — 0.6t, E, — 0.8¢, chosen to represent states near and far from the Dirac
energy. The criterion used to define such energies was in proximity with the energy for the
appereance of frustration, determined from a variational procedure [7] and given by A = -/6C.
For example, for values around C = 0.01, A =~ 0.25¢. At A, the inverse participation ratio
presents a well documented increase [7]. Notice that it is possible to analyze states closer to zero
than the one studied here and even at E = 0, however, such states are localized and strictly
localized [27].

Figure 4 was made considering € = —6¢ for an average of 30 lattices of N, = 28 000 sites,

which correponds to a size 20 nm. The behavior with the system size of f (a) is presented in

figure 6. It will be discussed after analyzing some properties of f (a).

First of all, a convex parabola is observed in figure 4, showing a typical weak multifractal
behavior. This proves that multifractal states are present, which was the main hypothesis of this
work. We have verified that the multifractal behavior is observed for many other states, as well
as for a different set of disorder parameters C and ¢ (see below). Also, the figure shows the
tendency for states near the Dirac point to have a wider multifractal distribution, while states far
from E}, tend to have a more pronounced mono-fractal character, as expected from a frustration
analysis of the underlying triangular symmetry of the lattice [9]. In fact, it is interesting to
compare with the 2D limit of a strongly disordered system, in which exponentially localized
states are observed with a spectrum that converges to the points f (0) = 0 and f (o) = 2. This
tendency for states near the Dirac point was also confirmed in this work as disorder was
increased, since the parabola f (a) tends to reach the origin, and at the same time spreads over

bigger values of a, indicating a tendency for localization. Such spreading can be quantified
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Figure 4. Singularity spectrum for three representative states. A state near the Dirac
energy E,, — 0.2t (red squares), E;, — 0.4¢ (gold circles), and far from E, at E;; — 0.8¢
(blue triangles). Here &€ = —6¢. The first row corresponds to the nearest-neighbor
interaction ' = (0, while the second corresponds to the next-to-nearest neighbor hopping
interaction t # 0. The solid lines were obtained by fitting the data with a parabola.
Notice how the state far from the Dirac point always has a more pure fractal behavior
than its counterparts. The plot was made using an average over 30 lattices of
N, = 18432 sites.

Figure 5. Evolution of the roots of f (a) (a_ open symbols and q, filled symbols)
as a function of the impurity concentration for the states at £ = E; — 0.2¢, E, — 0.6¢,
E,, — 0.8¢, using different values of ¢ for nearest-neighbor hopping.
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by looking at the roots of f (a), denoted by a_ and o, with a_ < a,; as shown in figure 5.
In this figure, one can observe how for small disorder, the roots tend to merge, as expected for
states which are closer to a Bloch behavior. The spreading becomes bigger for high C and e.
Another important feature is the value ¢, for which f (0‘0) = 2, corresponding to the maximal

value of f (a). Due to this property, in the limit N — oo, for almost all points the amplitudes

scale as ‘1// (r) |2 ~ L™, where a, > 2. This confirms that eigenfunctions follow a power law
decay, a point that was already discussed in great detail in a previous publication [26].

For real graphene, the next-to-nearest neighbor hopping interaction is important. In
figure 4 we present f (a) for the same three states and parameters including #'. Notice how
states close to the Dirac point are more localized, while the state far from the Dirac point is
nearly equal to its counterpart in figure 4. The appearance of this more pronounced behavior is
still an open question since ¢ # O breaks the bipartite nature of the network.

Taking into account the debate on metal-insulator transitions in 2D [16], an important issue
concerning our observations is how the results are scaled with the system size. Although such
detailed analysis has been done before for the generalized inverse participation ratio [26], in
figure 6 we present the scaling of f (a) as a function of the system size. It is possible to see how
multifractal states far from the Dirac energy show a good convergence. Excluding the state
close to the Fermi energy at E = E; — 0.2¢, all others show a tendency to display an extended
nature in this scale. This can be seen in figure 6 by observing that bigger sizes tend to sharpen
the distribution and collapse the points close to the value for extended states. Localized states
show the opposite behavior as has been explained previously, i.e., the spectrum converges to
the points f (0) =0 and f (oo) = 2. Thus, the scaling of f (a) shows no evidence for
localization for the system sizes considered here.

In figure 7, the evolution of I) is presented for the same three states using & = —6¢ at
different C. The reduced dispersion of [) for E = E}, — 0.8¢ again indicates a less dispersed

mono-fractal character of states far from E,. An interesting quantity to look for is the
anomalous dimension A defined as,

A,=17-2(q-1), (10)

which separates the normal part in such a way that distinguishs the metallic phase from the
critical point and determines the scale dependence of the wave function correlations. In figure 8
we present the corresponding result for A, using the same set of parameters used in previous
equations. The most important feature to remark in the plot is the absence of symmetry around
q = 0. As we will see below, this allows one to discuss the type of the broken symmetries when
disorder is included. It is worth mentioning that the value A, gives the decaying exponent of the
wave function amplitude correlations [43], i.e.,

N[y (r)y* ()]) ~ (" ]_v"/')_ﬂ, (11)

with A, = —#. This confirms again that wave functions close to the Dirac point decay faster,

since from figure 8,

Az‘ is bigger than the corresponding values for states far from E.
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Figure 6. Singularity spectrum for three representative system sizes. A Ny = 9800
sample (blue triangles), N; = 18432 sample (gold circles), and N; = 28 800 sample
(red squares). In this panel e = —6¢ and C = 0.01. The top left panel corresponds to a
state near the Dirac energy E, — 0.2¢, the top right panel to the energy E, — 0.4¢, the
bottom left panel to a energy far from the Dirac energy E, — 0.6¢ and the bottom right
panel to a energy near to the Van Hove singularity. The figure illustrates the slight
dependence of the singularity spectrum as the sample size is increased, except for the
energy near the E .
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averaging over 30 lattices of N; = 18432 sites.
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to-nearest neighbor hopping interaction ¢ # 0.
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Figure 9. Values of f () at a = 0 for different states as a function of C for & = —121.

One can extract more information on the nature of the singularity spectrum when disorder
is included by calculating the behavior of f (a - O) as a function of the impurity concentration.

Three kinds of behaviors are known [29], (a) no singularity when lim__f (a) = —00, (b)

termination when lim,_, f () = constant and (c) freezing when lim,_,f (a) = 0. In figure 9

10
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we present the results obtained from our simulation, where f (O) was obtained by looking at

each f (a) fitting. From figure 9, the results indicate that all plots correspond to case b), with a

tendency to reach freezing as the disorder increases.

According to the random matrix ensemble symmetry analysis in the context of graphene
[44], multifractality arises due to a breaking of the Dirac Hamiltonian symmetries. Such a
Hamiltonian contains a bipartite symmetry which is inherited from the fact that two atoms are
present in the graphene’s unitary cell. Each kind of perturbation leads to different broken
symmetries. In the case of vacancies, which is akin to our split band limit case €/t — oo, the
chiral, temporal and isospin symmetries are preserved but are active only at the band center. The
resulting Hamiltonian belongs to the chiral ortogonal symmetry (BDI class), resulting in a
Gade—Wegner-type theory, characterized by lines of fixed points for the renormalization group
and non-universal conductivity [29]. In this class, the localization transition corresponds to the
case of termination for weak disorder and freezing for strong disorder, a tendency that seems to

be confirmed by our plots of 4 (figure 8) and f (a = 0) (figure 9). However, the absence of
symmetry in 4, with respect to g in figure 8 for finite £/7 seems to suggest that the results do not

belong to the Wigner—Dyson class.

In fact, note that for finite ¢/¢, the disorder introduced by us does not correspond to the
BDI class, since chirality is not preserved, basically because there are elements in the diagonal
of the Hamiltonian matrix which leads to a non symmetric spectrum around the Dirac point, as
shown in figure 2. Theoretically, the corresponding class is Al, which is inside the
Wigner—Dyson class, for any finite value of the on-site energy. However, in the limit € > ¢, the
symmetry is reestablished in the carbon band [7, 45], leading to a chiral BDI symmetry. In other
words, impurities with € >> ¢ can be also treated by setting all bonds connected to an impurity
with a hopping parameter ¢ = 0. Thus, our model reduces to the analysis made by Ostrovsky
et al [44] in the case € > t, where the orthogonal symmetry class implies strong localization.

Thus, since the theoretical model for finite e/t implies a Wigner-Dyson class with a
symmetrical 4 , while our numerical results suggest a non-symmetrical one, several scenarios

are possible. Either the observed universality class is not embedded in the class of the
Hamiltonian, leading to a very slow renormalization group flow not seen by the small sizes
treated here, or statistical fluctuations are too strong. In future work we will discuss this issue,
which is beyond the scope of this letter.

Finally, it is worth mentioning that the model given by equation (1) for a binary
distribution of self-energies in the split-band limit € > ¢ reduces to the problem of quantum site
percolation in a hexagonal lattice. Thus, our results can be extended in a natural way to the same
problem.

In conclusion, we have given numerical evidence of the multifractal nature of wave
functions in doped graphene for system sizes smaller than the possible localization length. This
is important to understand the conductance of small system sizes, since according to our results,
it will depend on the system length. Such an effect can appear in graphene with H adatoms [6]
or doped nanoribbons. Also, this effect can be tested in doped polycrystalline graphene [46]
with sizes lower than 20 nm.

11
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