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We develop a coherent-scattering model for the reflection of light from a monolayer of large particles and
low surface coverage. The model takes into account multiple scattering between particles of the mono-
layer and with the substrate, and it can be used around the critical angle in an internal reflection
configuration. We compare the results of the model with our own reflectivity data taken with latex
particles adsorbed on a glass–water interface and with a simpler effective-medium model. © 2006
Optical Society of America
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1. Introduction

Several papers have been published in the past years
related to the optical reflectance of a monolayer of
small particles absorbed on a flat interface. When
particles are very small compared to the wavelength,
the particles may be treated in the dipole (or higher
multipoles) approximation, and an effective-medium
approach may be appropriate.1,2 However, when par-
ticles are not small, light is scattered away from the
specular direction and one may split the reflected
optical fields in a diffuse component and a coherent
component. The coherent component corresponds to
the average of the optical fields and remains in the
specular direction, whereas the diffuse component is
related to the fluctuation of the optical fields from its
average and is distributed over a wide range of re-
flection angles.3 In experiments it is not difficult to
extract the coherent component from the whole scat-

tered light. In this case one sometimes refers to the
coherent reflectance of a well collimated beam of light
as the reflectivity. It is also not difficult to measure
the diffuse component of the scattered light. When
particles are large, the effective-medium approach
may no longer be valid and a scattering theory ap-
proach should be pursued.4 By large particles we
mean particles with radii such that the size param-
eter, �2���� a, is comparable to or larger than 1. Here
a is the particle radius and � is the wavelength of
radiation.

There are previous experimental studies on the
adsorption of electrically charged latex particles on a
flat surface based on measurements of the reflectance
of TM (transverse magnetic or “p”) polarized light
around the Brewster angle, defined by the
refractive index of the substrate (glass) and of the
continuous medium (water) where particles were sus-
pended. The reflectance of TM polarized light at this
angle is no longer zero when particles are adsorbed,
and the minimum of the reflectance curve increases
and slightly shifts to other angles.5–8 In these works
it was shown that by fitting a theoretical model to the
experimental curves it was possible to retrieve accu-
rately some physical properties of the adsorbed par-
ticles and the kinetics of adsorption. On the other
hand, in Ref. 9 it was shown that the reflectance of a
laser beam near the critical angle, in an internal-
reflection configuration of a glass–water interface,
changed strongly when electrically charged latex par-
ticles were adsorbed on the glass surface. The sensi-
tivity of these measurements to the presence of the
adsorbed colloidal particles was found to be much
larger than when measuring the reflectance of TM
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polarized light close to the Brewster angle. This
showed the potentiality of the internal-reflection ex-
perimental configuration as a sensitive tool to study
the kinetics of the adsorption process, and to deter-
mine also the optical parameters of the adsorbed par-
ticles. The purpose of our work here is to perform
these types of experiments and to develop a reliable
theoretical model for the quantitative interpretation
of the experimental results.

A simple theoretical model for the reflectance of light
from a monolayer of large particles adsorbed on glass
surface was proposed already in Refs. 5 and 6. The
model takes into account the Mie scattering from the
spherical particles and it is suitable for particles with
large radii. Basically, the model in Refs. 5 and 6 ap-
proximates the coherent reflected wave as the super-
position of the coherent reflected wave from an isolated
monolayer and the reflected wave from the clean glass
interface. It does not take into account, for example,
the multiple reflections between the monolayer and
the glass interface. Therefore the model is valid only
for TM polarization near the Brewster angle since only
then the reflection coefficient of the clean glass inter-
face is practically null. Also in this model the coherent
reflection amplitude from the isolated monolayer is
calculated in the single-scattering approximation,
which is valid only for small angles of incidence and
low surface coverage (on the order of a few percent or
less, depending on the particle’s size and refractive
index). In Ref. 5 the validity of the model for latex
particles of refractive index 1.591 and for angles of
incidence around the Brewster angle was checked
against exact numerical calculations of the full electro-
magnetic problem. It was found that, although differ-
ences between the exact calculations and the app-
roximate model could be large in some cases, estimat-
ing the particle size from fitting the approximate
model to the experimental data gave accurate results
for low values of the surface coverage and the particle’s
radii of up to about 1000 nm. Although exact numer-
ical calculations are possible, considering the time
these elaborate calculations take, it is necessary in
practice to have an approximate model to implement
a fitting routine for experimental data analysis. For
experiments in an internal-reflection configuration
and near the critical angle, the reflection coefficient of
the clean glass interface is not small and the single-
scattering approximation of the coherent reflection
from the monolayer is not valid. Thus, to have an
approximate model in these experiments; it is neces-
sary to introduce multiple-scattering effects within
the monolayer and with the glass interface.

One of the objectives of this work is to include these
multiple-scattering effects by extending the model
proposed in Refs. 5 and 6 to the treatment of the
reflection of light from a monolayer of particles ad-
sorbed on a glass–water interface, in an internal-
reflection configuration. We will limit ourselves to
monodisperse systems of spheres, all with the same
refractive index. We will refer to our model as the
“coherent-scattering model.”

The paper is organized as follows: In Section 2 we

derive in the single-scattering approximation the co-
herent reflection from a monolayer of spherical par-
ticles. Then we improve this approximation by taking
partially into account multiple scattering between
particles within the monolayer, and construct the
compound reflection coefficient that accounts for mul-
tiple reflections between the glass interface and the
monolayer. We also take into account corrections to
the reflectance due to the finite collimation of the
incident optical beam. In Section 3 we compare the
coherent-scattering model with the results of our own
measurements. In Section 4 we compare the results
of the coherent-scattering model with the ones ob-
tained with an effective-medium model. Finally, in
Section 5 we present our conclusions.

2. Theory

In Ref. 4 the coherent reflection and transmission of
light from a dilute ensemble of identical spherical
particles of radius a, whose centers are located at
random within a slab of width d, was addressed. The
geometry considered is shown here in Fig. 1(a). An
incident plane wave, E0 exp�iki · r�êi, is assumed.
The coherent scattered waves to the right and to the
left of the slab are plane waves, Es

� exp�iki · r�êi, and
Es

� exp�ikr · r�êr, respectively. In the single-scattering
approximation, and ignoring any correlation in the po-
sition of particles, the amplitudes Es

� and Es
� were

found to be given by

Es
� � �E0

�

cos �i
S�0�, (1)

Es
� � �E0

�

cos �i

sin�kz
id�

dkz
i Sn�� � 2�i�, (2)

where � � kd�3f�2x3�, n is 1 or 2 for TE or TM polar-
ization, respectively, S1��� and S2��� are the non-
zero elements of the amplitude scattering matrix,10

Fig. 1. (a) Geometry considered in the coherent reflection and
transmission of a plane wave from a thin slab of a dilute random
system of spherical particles; (b) geometry of the internal reflection
configuration for reflectivity measurements from an adsorbed frac-
tional monolayer of particles.
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S1�� � 0� � S2�� � 0� � S�0�, f is the volume fraction
occupied by the spheres, �i is the angle of incidence,
kz

i � k cos �i, k is the wavenumber in the medium
surrounding the spheres, which we will call the
“matrix” medium, and x � ka, where a is the radius of
the particles. The coherent reflection and transmis-
sion coefficients from a slab of randomly placed par-
ticles of thickness d �� 1�k follow from these
expressions:

ts � 1 �
�

cos �i
S�0�, (3)

rs � �
�

cos �i
Sn�� � 2�i�, (4)

The derivation leading to Eqs. (3) and (4) assumes
that the center of the spheres is contained within a
slab between z � 0 and z � d. This means that half
a sphere may lay outside the slab from either side. We
can obtain the reflection and transmission coeffi-
cients of the coherent wave from a monolayer of par-
ticles from the previous expressions in the following
manner. Consider N particles inside a slab of volume
Ad, where A is the area of the slab in the x–y plane
and d is the thickness of the slab along the z axis,
recalling that f � �N�V��4�3��a3, we have that

� �
3
2

f

x3 kd �
2�

x2 ,

where � � �N�A��a2. Since the right-hand side of the
equation does not depend on d, we can take the limits
d → 0 and N, A → 	 while keeping the surface num-
ber density N�A � 
s constant. In this limit, � is the
surface coverage and the plane passing through the
center of all the particles contained in the (partially
covered) monolayer is the plane z � 0. This may be
called the plane of the monolayer.

Now, we propose an approximation that includes,
in an average way, multiple-scattering effects among
the particles, by considering that the field driving the
scattering process is the transmitted wave rather
than the incident one. Then we can write

tsE
i � Ei �

�S�0�
cos �i

tsE
i, (5)

rsE
i � �

�Sn�� � 2�i�
cos �i

tsE
i. (6)

Solving this pair of equations we obtain the following
transmission and reflection coefficients for the coher-
ent wave:

ts �
cos �i

cos �i � �S�0�
, (7)

rs � �
�Sn�� � 2�i�

cos �i � �S�0�
. (8)

Note that these coefficients behave correctly at graz-
ing incidence. Therefore, as long as the surface cov-
erage of the spheres is small, that is, � �� 1, one can
expect that the previous formulas provide a good ap-
proximation at any angle of incidence, including graz-
ing incidence. Now, if we assume that the plane of the
monolayer is at z � z0, then the reflection coefficient
is multiplied by the phase factor exp�2ikz

iz0�.
Let us now consider the case of interest in this

paper, where the base of a glass prism of index of
refraction n1 coincides with the plane z � 0 and is
immersed in a matrix of index of refraction nm. Then
let us suppose that a monolayer of spherical particles
of radius a is adsorbed on the base of the prism, as
depicted in Fig. 1(b). The plane of the monolayer, as
defined above, is now at z � a. If a plane wave is now
incident from the prism side to the interface at an
angle �i (from the normal), a plane wave will be trans-
mitted outside the prism into the matrix, making an
angle �m. Both angles are related through Snell’s law,
n1 sin �i � nm sin �m. The transmitted wave is re-
flected back and forth between the monolayer and the
base of the prism; thus the reflected coherent wave
from the base of the prism contains the superposition
of all the coherent waves reflected from the mono-
layer and transmitted back into the prism. This is
analogous to the multiple reflections within a homo-
geneous slab between two homogeneous mediums.
The resulting compound reflection coefficient for the
coherent wave is given by

rCSM �
r12��i� � rs��m�

1 � r12��i�rs��m�
, (9)

where r12 is the Fresnel reflection coefficient between
the prism and the matrix medium without particles,
and rs is given by

rs��m� � �
�Sn�� � 2�m�

cos �m � �S�0�
exp�2ikz

ma�, (10)

with kz
m � k0nm cos �m � k0�nm

2 � n1
2 sin �m, S�0� and

Sn�� � 2�m� are evaluated for the particles sur-
rounded by the liquid of index of refraction nm, and
�m � sin�1��n1�nm� sin �i�. Thus Eq. (9) is the plane-
wave reflection coefficient for the prism–liquid inter-
face when a fraction of a monolayer is adsorbed on it,
at the liquid interface. When the angle of incidence is
larger than the critical angle of the prism–matrix in-
terface, �c � sin�1�n1�nm�, �m becomes complex. There-
fore the average field exciting the particles is actually
an evanescent wave. This poses no problem in our
formulation in terms of the elements of the amplitude
scattering matrix because the mathematical proce-
dure remains valid for an exciting field with a com-
plex wave vector.

However, in the experiment one is not using a
plane wave. Instead one uses a well-collimated beam.
Most laser beams have a Gaussian intensity profile.
The reflectance of a Gaussian beam can be calculated
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from the plane-wave reflection coefficient, r, as11

R��i� �
�0k1

�2�
�

0

��2

�r����2 exp	�
��0k1�2

2 �� � �i�2
 d�,

(11)

where �0 is the beam’s waist radius and k1 is the
wavenumber of light in the incident medium (in this
case the prism). For well-collimated beams, the limits
of this integral can be extended to 	 with negligible
errors. The effect of a finite �0 is stronger where the
derivative of |r���|2 is largest. In general, this is near
the critical angle between the prism and the external
medium. In our experiments a semicylindrical prism
is used. The laser beam is focused upon the entrance
to the prism due to the curvature of its surface. Then
the cross section of the laser beam actually becomes
elliptical. The value of �0 that should be used with
Eq. (11) is the semiaxis of the ellipse along the plane
of incidence. From geometrical considerations we may
approximate �0 inside the prism as ��n1Y���0

out,
where Y is the radius of the semicylindrical prism
and �0

out is radius of the beam outside the prism. In
our experiments �0 is smaller than �0

out
, which

means that the laser beam is less collimated, thus
using Eq. (11) to calculate accurately the reflectance
becomes essential.

3. Measurements

To test our model against experimental data we mea-
sured the coherent reflectance of a laser beam, at
different angles of incidence, from the base of a semi-
cylindrical prism with a monolayer of latex particles
adsorbed onto it. Our experimental setup is shown in
Fig. 2. The half-cylinder prism �n1 � 1.51� is inserted
laterally on the cylindrical container and mounted on
top of a high-precision goniometer to measure and
control the angle of incidence. A linearly polarized
He–Ne laser beam �� � 0.6328 �m� of Gaussian cross
section with a diameter of approximately 0.81 mm is
reflected from the base of the prism. Then the angle
of incidence is adjusted by rotating the goniometer,
and the reflected optical power is collected by a silicon
photodetector and a digital voltmeter. First, the con-
tainer was filled with de-ionized water and a plot of
the reflectance as a function of the angle of incidence
about the critical angle, �c � sin�1�nm�n1�, was regis-
tered. This curve was used to adjust the value of �0
and correct any systematic error in the angle of inci-
dence �i. Then the water was replaced by a dilute
colloidal suspension of electrically charged latex par-
ticles. The particles adsorbed gradually over time on
the base of the prism. After approximately 10–15
min, the colloidal suspension was replaced by de-
ionized water, stopping the adsorption process. A sec-
ond reflectance plot over the same angular range as
the previous one for water was registered. The con-
tribution of diffuse light to the reflectivity signal was
checked to be negligible. After each experiment the
prism was dismounted from the container and its

base was inspected with an optical microscope to en-
sure that a monolayer had been formed.

In Figs. 3(a)–3(c) we show plots of the measure-
ments of the reflectivity as a function of the angle of
incidence around the critical angle for both a clean
prism surface in water and after the monolayer of par-
ticles had been adsorbed. The particle sizes in the ex-
periments corresponding to Figs. 3(a), 3(b), and 3(c)
were 137, 256, and 344 nm, respectively. In these fig-
ures we also show micrographs taken from the base of
the prism after the experiments. An estimation of the
surface coverage from the micrographs proved to be
unreliable. The reason is that an unknown amount of
particles was desorbed from the prism surface when
exposed to air while the prism was taken to the op-
tical microscope. Therefore, to compare theory with
experiment, we left � as an adjustable parameter. In
the figures we also plot a reflectance curve calculated
with our coherent-scattering model. The refractive
indices used for the prism, for water, and for the
particles are 1.515, 1.331, and 1.59, respectively.
Also, for the three graphs in Fig. 3 we used �0
� 18.6 �m and � � 0.6328 �m. The value of � was
adjusted to best fit the experimental data. We see in
the figures that the theoretical curves reproduce
fairly well the experimental data, although some dis-
crepancies between theory and experiment can be
appreciated. These discrepancies may be due to the
formation of particle aggregates on the surface that
are not accounted for in the model. The formation of
aggregates on the prism surface can be appreciated in
the micrographs taken after the optical measure-
ments.

Fig. 2. Schematic of the experimental setup.
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Fig. 3. Experimental data of the reflectance of a TM polarized He–Ne laser beam from a clean glass–water interface (open circles) and
with an adsorbed monolayer of latex particles (full circles). The radii of the particles are (a) 137, (b) 256, (c) 344 nm. The refractive index
of the glass, water, and particles is 1.515, 1.331, and 1.59, respectively. Theoretical curves with the coherent-scattering model (full curve)
and with the effective-medium model (dotted curve) are also plotted. The values of the surface coverage used to adjust the scattering-theory
model to the experimental data are (a) 0.08, (b) 0.03, and (c) 0.016. Microscopic images from the base of the prism after the experiments
are also shown.
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4. Comparison with an Effective-Medium Model

It is instructive to compare the results for the reflec-
tance obtained with the coherent-scattering model
with the one obtained with an effective-medium
model. Effective-medium models (EMM) have been
used for monolayers of particles on a flat substrate
when particles are small compared to the wavelength
of radiation;1,2,8 however, there have been attempts to
use them when particles are not small (see, for ex-
ample, Ref. 12). We may think of replacing the ran-
dom monolayer of particles by an artificial film with
effective properties. A simple model may be to con-
sider a film of thickness equal to the diameter of the
particles, 2a, and an effective refractive index. In a
bulk, dilute colloidal system and when the colloidal
particles are not necessarily small with respect to the
wavelength of the incident beam, a well-validated
effective index of refraction is the one first derived by
van de Hulst,13 and given by ñeff � nm�1 � i�S�0��,
where � � 3f�2x3.4,13 We have added a tilde on top of
neff just to remark that it is a complex quantity. In
the case of a monolayer one might (daringly) assume
that the effective index of refraction is the same as in
the bulk, thus one should simply replace in the ex-
pression for neff the volume fraction of particles f in
the effective film by �2�3��, where � is the surface co-
verage. Therefore the reflectance in this effective-
medium model is calculated using the well-known
expression for reflection coefficient in a three-layered
media,

rEMM �
r12 � r23 exp�2ikz2d�

1 � r12 r23 exp�2ikz2d�
. (12)

Here r12 and r23 are the Fresnel reflection coefficients
for the glass–film interface and the film–water inter-
face, respectively, kz2 � k0�ñeff

2 � n2 sin2 �i�1�2 , and
d � 2a. Evaluation of the Fresnel reflection coeffi-
cients is done using the van de Hulst’s effective re-
fractive index, ñeff. In Figs. 3(a)–3(c) we also plot the
reflectance curve predicted by the effective-medium
model just described, assuming the same value of �
used to adjust the coherent-scattering model. We can
see that the effective-medium model also reproduces
the experimental data relatively well. The differences
between the experimental data and the effective-
medium model are similar to those with the coherent-
scattering model, even though both models do not
coincide exactly. For larger surface coverage, larger
particle radii, or larger refractive-index contrast than
those in our experiments, the reflectance curves
around the critical angle predicted by the effective-
medium model differ more noticeably from those pre-
dicted by the coherent-scattering model.

Also numerical evaluation of the reflectance using
Eqs. (9) and (12) show that the coherent-scattering
model and the effective-medium model predict quite
different contributions of the colloidal particles to the
reflectance at other angles of incidence. To illustrate
this, we consider two examples: (i) Latex particles
with refractive index np � 1.6, radius a � 350 nm,

and assuming a surface coverage fraction � � 0.05
and (ii) TiO2 (rutile) particles with refractive index
np � 2.73, radius a � 200 nm, and assuming � �
0.02. Both examples were considered in an internal
reflection configuration with a glass–water interface
and with TE (transverse electric or “s”) polarized light
of wavelength � � 632.8 nm. In Fig. 4 we plot the
relative difference in TE reflectance due to the
adsorbed particles predicted by both models in
�R � �Rmodel � Rs��Rs, where Rmodel is calculated
with either the coherent-scattering or the effective-
medium model, and Rs is the reflectance of the clean
glass–water interface. It can be appreciated in Fig. 4
that both models predict quite different values of �R
at most angles of incidence. These differences in-
crease for larger surface coverage. In the inset of the
figures we plot the difference of �R predicted by both
models. For angles of incidence just before the critical
angle of the glass–water interface, and for higher
angles of incidence, the curves of �R versus �i have
similar shapes although different magnitudes. This

Fig. 4. Plots of the change in reflectance, �R � (Rmodel � Rs)�Rs,
of a glass–water interface (refractive indices 1.515 and 1.331, re-
spectively) due to the adsorption of (a) latex and (b) TiO2 (rutile)
particles of radii 500 and 200 nm, respectively. A wavelength of
632.8 nm was assumed. The surface coverage fraction was as-
sumed to be (a) 5% and (b) 2%. The full curve is with the coherent-
scattering model and the dashed curve is with the effective-
medium model.
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was found to be true also for TM polarization. This
means that the reflectance using the effective-
medium model may be adjusted reasonably well to
the reflectance predicted by the coherent-scattering
model in an internal-reflection configuration and
around the critical angle, but it would be necessary to
use a smaller value of the surface coverage in the
effective-medium model. Further experiments are
necessary to see whether the coherent-scattering
model remains accurate in these cases.

Even though the effective-medium model proposed
here seems to predict consistently the reflectance
curves around the critical angle for small enough
surface coverage, we must point out its heuristic
character. In particular, the thickness of the effective
film was chosen to be 2a, without a clear physical
justification. We have checked that other choices of
this “effective” thickness will weaken the accuracy of
the effective film model around the critical angle, at
least in the case of the experiments presented here.
Therefore, in general, we could not advise with con-
fidence the use of an effective film model to estimate
the surface coverage factor, or any other parameter of
the particles for that matter. At other angles of inci-
dence the effective-medium model simply should not
be used.

5. Conclusions

We developed a simple coherent-scattering model for
light reflection from a monolayer of large particles
adsorbed on a flat interface. The model is valid for all
angles of incidence in an internal or external reflec-
tion configuration as long as the surface coverage is
small compared to one. By large we mean particles
with radii comparable to the wavelength of the inci-
dent radiation. We performed experimental measure-
ments of the optical reflectance from a glass–water
interface in an internal reflection configuration aro-
und the critical angle. Electrically charged latex par-
ticles were adsorbed on the glass–water interface,
forming a monolayer with small values of the surface
coverage. The coherent-scattering model could repro-
duce well the experimental data. Only the value of
the surface coverage was adjusted to best fit the ex-
perimental curve.

Additionally, we compared the coherent-scattering
theory model with an heuristic effective-medium
model and found that, in general, they predict quite
different contributions to the reflectance from the
presence of an adsorbed monolayer of large particles.
However, around the critical angle in an internal-
reflection configuration, both models predict similar
results at low enough values of the surface coverage.
At other angles of incidence, and for large particles,
the effective-medium model should not be used at all.
For larger surface coverage more experiments are

necessary to check the predictions presented in this
work.
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