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The circular dichroism �CD� spectra of single-wall carbon nanotubes are calculated using a dipole approxi-
mation. The calculated CD spectra show features that allow us to distinguish between nanotubes with different
angles of chirality, and diameters. These results provide theoretical support for the quantification of chirality
and its measurement, using the CD line shapes of chiral nanotubes. It is expected that this information would
be useful to motivate further experimental studies.
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I. INTRODUCTION

A century ago Lord Kelvin stated, “I call any geometrical
figure, or group of points, chiral, and say that it has chirality,
if its image in a plane mirror, ideally realized, cannot be
brought to coincide with itself.” According to Kelvin’s defi-
nition, one could say only whether an object is chiral or not
�achiral�, and inferring that chirality is a purely geometrical
property, there is no reason to relate it to chemistry, physics,
or biology. Decades before, Louis Pasteur had discovered a
connection between optical activity and molecular chirality,
and found that substances with the same elementary compo-
sition have different physical properties; thus, that led him to
suppose that forces of nature are not mirror symmetric. To-
day, we know that chirality plays an important role in chem-
istry, physics, and biology, and that left amino acids and left
peptides are predominant in the living world.1,2 Despite the
simplicity of Kelvin’s definition, there is not an algorithm for
such a criterion to diagnostic chirality.3–5 For more than a
century, there has been a vast amount of works that have
attempted to quantify chirality; however, they have not suc-
ceeded yet in finding a universal approach that gives unam-
biguous results.6–14 Furthermore, a drawback of many of
these attempts is that they do not provide a way to directly
compare the theory to experimental observations.

Among nanostructures, carbon nanotubes are known to be
chiral. The atomic structure of single-wall carbon nanotubes
�SWNTs� resembles the wrapping of a sheet of carbons lo-
cated in a two-dimensional hexagonal lattice to form a cyl-
inder. The sheet can be rolled up in different ways, such that
nanotubes with similar diameters have different chirality. De-
spite the fact that the atomic structure of SWNTs is simple,
their properties depend dramatically on chirality.15 SWNTs

can be described with a chiral vector C� h given by the unit

vectors of the hexagonal lattice a�1 and a�2, as C� h=na�1+ma�2,
where n and m are integers �see Fig. 1�. SWNTs are fre-
quently denoted using these integers as the nanotube �n ,m�.
The diameter of the nanotube is d=s /�, where s is the cir-

cumferential length of the nanotube, s= �C� h�=a�n2+m2+nm,
with a the lattice constant of the hexagons. Now, we can
define the chiral angle �c as the tilt angle of the hexagons

with respect to the direction of the SWNTs axis

cos �c =
C� h · a�1

�C� h��a�1�
=

2n + m

2�n2 + m2 + nm
. �1�

There are only two classes of achiral SWNTs: the armchair
with n=m and �c=30°, and the zigzag nanotube with n�m,
m=0, and �c=0°. SWNTs with 0° ��c�30° are all chiral.

It has been shown that linear and circular dichroism �CD�
can be useful techniques to study SWNTs.16 Quantum-
mechanical calculations have been performed to study the
influence of chirality on the optical properties of
SWNTs.17–20 Tasaki et al.17 calculated the optical properties
of nonrelaxed SWNTs using a tight-binding approach. They
found that chiral nanotubes are optically active to circularly
polarized light, the CD spectra oscillates and decreases as the
diameter of the nanotubes increases. In this work, the authors
attribute the origin of the oscillations in the CD spectra to
electron transitions among adjacent bands. However, they
did not find a relation between the chiral angle and the
strength of CD. Recently, Samsonidze et al.18 also employed
a tight-binding approach to calculate the electronic transi-
tions for chiral SWNTs and circularly polarized light propa-
gating along the nanotube axis. They found selection rules of

FIG. 1. Model of the atomic geometry of a hexagonal two-
dimensional lattice with unit vectors a�1 and a�2.
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the electronic transitions depending on the handedness of
SWNTs, which gives rise to optical activity when the time-
reversal symmetry is broken, yielding to CD. They calcu-
lated the optical absorption for the nonrelaxed �20,10�
SWNT for left- and right-circularly polarized light. From
their spectra, it is not possible to infer the behavior of CD,
since it is difficult to find differences among them. In both
calculations, the tight-binding approximation only accounts
for �-band electrons, and other important interactions and
effects, such as �-electrons, many body, and local field, are
not included. In fact, it has been found from ab initio calcu-
lations that �-electrons, many-body, and local field19,20 ef-
fects play important roles to determine the optical properties
of nanotubes. For example, Marinopoulus et al.20 found for
small SWNTs of about 4 Å diam, that local field effects dra-
matically change the response when the electric field is trans-
versal to the symmetry axis. On the other hand, they found
that local field effects are insignificant for the parallel polar-
ization. More recently, Chang et al.19 calculated, including
excitons, the optical transitions of the �4,2� nanotube for cir-
cularly polarized light. They did not find differences between
left and right polarizations and concluded that this is a con-
sequence of the system symmetry. However, this result is
unlikely because the �4,2� nanotube is chiral and then the
system lacks of symmetry.18 We believe that they did not find
differences because they employed a very high-level ap-
proach that compromises the numerical accuracy. In fact,
quantum-mechanical approaches are still unable to handle
these effects for systems with several tens, hundreds, and
thousands of atoms due to the huge computational effort that
is involved in these sophisticated calculations.

Our goal in this work is to obtain a way to quantify chiral-
ity for SWNTs by finding a relation between the chiral angle
of SWNTs and their circular dichroism spectra. It is expected
that this information would be useful to motivate further ex-
perimental studies to correlate distinctive features of the CD
spectra with the different angles of chirality and diameters of
SWNTs. To explore the capability of the circular dichroism
�CD� tool to detect different angles of chirality existing in
nanotubes, it would be useful to have a theoretical estimation
of their CD behavior. Since the unit cell of SWNTs usually
contains hundreds or thousands of atoms, we employ a clas-
sical electromagnetic theory, which includes many-body and
local field effects in an approximated way to simulate the CD
spectra. This classical approximation has been successfully
used to study the influence of many-body and local field
effects on the optical response at surfaces of covalent semi-
conductors with cubic symmetry. It was found that the local
field at the surface, where the symmetry of the system is
broken, is responsible for the observed optical
anisotropy.21–23 More recently, this classical approach has
also been used to study the electron energy-loss spectra of
SWNTs.24 Within this classical approximation, the nanotubes
are considered as systems composed of coupled-point di-
poles, where the polarizability of the dipolar entities are ob-
tained from the dielectric function of bulk graphite. The clas-
sical theory employs an ansatz in which a localized
polarizable unit in the system responds to the external field
plus the local field due to all other induced dipole moments
at the other sites. This theoretical method can treat systems

of thousands of atoms at a relatively low cost.

II. DIPOLE APPROXIMATION

To study the optical response of nanotubes we employ the
point-dipole approximation. This approximation has recently
been used to study the optical response of chiral gold
nanoclusters,25 as well as the electron energy loss spectra of
SWNTs24,26 and fullerenes.27

Let us assume that the SWNTs of interest are composed
of N carbon atoms represented by a polarizable point dipole
located at the position of the atom. We assume that the dipole
located at ri, with i=1,2 , . . . ,N, is characterized by a polar-
izability �i���, where � denotes the angular frequency. The
SWNT is excited by an incident circular polarized wave with
wave vector parallel to the axis of the nanotube. Each dipole
is subjected to a total electric field that can be divided into
two contributions: �i� Ei,inc, the incident radiation field, plus
�ii� Ei,dip, the radiation field resulting from all of the other
induced dipoles. The sum of both fields is the so-called local
field given by

Ei,loc = Ei,inc + Ei,dip = Ei,inc − �
i�j

Tij · p j , �2�

where pi is the dipole moment of the atom located at ri, and
Tij is an off-diagonal matrix, which couples the interaction
between dipoles.28,29 On the other hand, the induced dipole
moment at each atom is given by

pi = �i · Ei,loc,

such that 3N-coupled complex linear equations are obtained
from Eq. �2�. These equations can be rewritten as

�
j

��� j�−1�ij + Tij�1 − �ij�� · p j = Mij · p j = Ei,inc, �3�

where the matrix M is composed by a diagonal part given by
�� j�−1�ij and by an off-diagonal part given by the interaction
matrix

Tij · p j =
eikrij

rij
3 �k2rij � �rij � p j� +

�1 − ikrij�
rij

2

�rij
2 p j − 3rij�rij · p j��	 . �4�

Here, rij =ri−r j, rij = �rij� and k is the magnitude of the wave
vector of the incident electromagnetic field.

The diagonal part in Eq. �3� is related to the polarizability
of each dipolar entity �i.e., to the material properties of the
system�, while the off-diagonal part depends only on the
atomic positions �i.e., on the geometrical properties�. Once
we solve the complex-linear equations shown in Eq. �3�, the
dipole moment on each atom in the nanotube can be deter-
mined, and then we can calculate the extinction cross section
Cext of the SWNT. In terms of the dipole moments,28,29

Cext =
4�k

E0
2 �

i=1

N

Im�Ei,inc
* · pi� , �5�

where ��� means complex conjugate.
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Circular dichroism is defined as the differential absorption
of left �L� and right �R� hand circularly polarized light,
which is obtained by subtracting the corresponding extinc-
tion efficiencies, Qext, as

CD = Qext
R − Qext

L . �6�

Here, the extinction efficiency is defined as Qext=Cext /A,
where A=�sL and L is the length of the unit cell of the
nanotube. Edge effects due to the finite length of the nano-
tube are removed by using periodic boundary conditions. If
the handedness of the nanotube is changed according to defi-
nition of Ref. 18, we have, Qext

R →Qext
L , and Qext

L →Qext
R , such

that CD will change just in sign. This is also observed in Fig.
3 of Ref. 18.

Because chirality is a geometrical property, the CD spec-
trum will be more sensitive to the second term inside the
bracket in Eq. �3�, which depends on the atomic geometry,
than to the first one related to the polarizability. Therefore,
the simulated CD spectra will include the geometrical infor-
mation about the chiral SWNTs. We find that is crucial for
the simulated CD spectra to have “realistic” atomic positions
to obtain the right curvature and helicity of each SWNTs
studied here. We will see in Sec. IV that the differences
among the extinction efficiencies for left- and right-circularly
polarized light are of the order of 10−6. If nonrelaxed atomic
positions are used to calculate CD, the intensity of the spec-
tra is very small, such that the accuracy of our numerical
calculations becomes compromised. On the other hand, when
relaxed atomic positions are considered, the curvature and
helicity are improved up to 5% with respect to the nonre-
laxed positions, the CD spectra are more intense, and nu-
merical errors become negligible. Note that if we only cal-
culate the extinction or absorption efficiencies, we do not
find visible differences among the spectra obtained using
nonrelaxed or relaxed atomic positions. In conclusion, it will
be important to obtain relaxed atomic positions of SWNTs
only if we want to do a systematic study of their CD.

In this work, we assume that the polarizability for each
entity �i is isotropic and is the same for all the point dipoles
in the nanotube ��i=�i
��. We obtain this polarizability
from the Clausius-Mossotti relation, from which the dielec-
tric function of the system was taken from the experimental
data for graphite.30 We shall point out that the dielectric
function of graphite does not contain the information due to
quantum confinement and excitonic effects observed in
SWNTs.32–34 However, the dipole model is still appropriated
if one is interested in knowing the general behavior of CD.
Of course, if one is able to include those effects, maybe
using experimental measurements or realistic calculations of
the dielectric functions, quantum confinement, and exciton-
ics will play an important role, even more if the selection
rules of the electron transitions are determined by chirality.
Note that this polarizability cannot be associated with the
corresponding atomic polarizability because, to find a rela-
tionship between them, it is necessary to consider the con-
finement of each atom by the rest of the atoms, multipolar,
van der Waals, and other interactions.21 However, this ap-
proximation has been successfully employed to study the
influence of the breaking of the symmetry on the optical

properties at surfaces of cubic covalent semiconductors.21–23

For these cubic covalent crystals, it has been found that the
best location of the polarizable entities are along the bonds,
and the polarizabilities are anisotropic.22,23 In our case, we
find that the simplest and best representation corresponds to
the dipolar entities located at the atomic positions.31 This
representation has been used before to study optical proper-
ties of carbon nanotubes and fullerenes, providing good
qualitative agreement with experimental data.24,26,27 We be-
lieve that the symmetry of the crystal is important to choose
the location of the point dipoles.

III. ATOMIC STRUCTURES

We obtained the atomic structures of the SWNTs within
the density-functional theory �DFT� using the SIESTA com-
puter code.35 This code has been widely employed to study
the atomic relaxation and electronic properties of small
SWNTs.36–39 We used Perdew-Burke-Erznerhof exchange-
correlation functional40 within the generalized gradient ap-
proximation �GGA�. To take into account the interaction be-
tween valence electrons and ionic cores, we employed fully
nonlocal norm-conserving pseudopotentials proposed by
Troullier and Martins.41 A double 	 polarized �DZP� basis set
was used with cutoff radii of 5.12 and 6.25 atomic units for
the 2s and 2p orbitals, respectively. In this work, we consider
that SWNTs are infinitely long by repeating the unit cell of
length L along the nanotube axis. More details of the theo-
retical model employed here can be find elsewhere.36–39

In Table I, we summarized the geometrical parameters
obtained in this work using SIESTA, as labeled in Fig. 1. For
comparison, we also include the corresponding parameters of
the nonrelaxed SWNTs. The geometries were relaxed until
remanent forces were �0.01 eV/Å. After relaxation, we
found that the chiral vector and diameter of the nanotubes
increase by �2% with respect to their corresponding nonre-
laxed �n.r.� values. The bond length in the radial direction,
denoted by a in Fig. 1, changes more than the bond lengths
in the directions parallel to the axis of SWNTs. These bonds
are denoted by b and c in Fig. 1. For SWNTs with diameters
of �1 nm, the bond lengths a and c are similar and always
larger than b. For SWNTs with larger diameters, the bond
lengths a, b, and c become almost equal. The unit cell length
L is also deviated from its nonrelaxed value, increasing �1%
in all cases. Then, the bond angles �see Fig. 1� are also modi-
fied upon relaxation, such that the � angle is larger, while the

 and � angles tend to be reduced. Our results of the atomic
geometry of SWNTs are in excellent agreement with previ-
ous DFT calculations for SWNTs with small diameters,36–39

and with tight-binding results for large nanotubes.42,43 We
also performed DFT calculations within the local density ap-
proximation using the same approximations as in Ref. 36,
and the only difference with the atomic parameters is a con-
stant difference in the bond length, which is about 1%
smaller. This difference does not change the results of the
CD spectra, as we will discuss later.

IV. CIRCULAR DICHROISM SPECTRA

We present results for the extinction efficiency and circu-
lar dichroism spectrum of different SWNTs. The spectra
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were calculated using the dipole approximation introduced in
Sec. II, and the atomic positions of SWNTs as obtained in
Sec. III. We first present results for the extinction efficiency
of SWNTs as a function of the frequency. Then, we discuss
the CD spectra for different SWNTs with the same diameter
but different chirality, and finally, the CD spectra for SWNTs
with the same chirality but different diameter.

In Fig. 2, we show the extinction efficiency Qext in
arbitrary units for the SWNT �13,1�, as a function of the
photon energy of the incident light from
2 eV �620 nm� to 8 eV �155 nm�. We observe that Qext has
a maximum at 6.2 eV, where absorption effects are domi-
nant, while the asymmetry of the peak is due to scattering
effects because the SWNTs considered here are infinitely
long. Therefore, a chiral SWNT will show dichroism around
these energies. We only show the Qext for one SWNT; how-
ever, the same behavior is observed for the rest of the nano-
tubes studied here.

Samsonidze et al.18 recently calculated the absorption
spectrum of the �20,10� nanotube within a tight-binding ap-
proach and using a small basis of atomic orbitals, where only

pz electrons were considered. They found a sharp peak at
around 2.6 eV. However, since they used such a small basis
set, it is expected that conduction bands are not well de-
scribed and electron transitions could be at different energies
that they must be. We also note that the peak is very sharp
because they did not consider interactions between different

TABLE I. Geometrical parameters as defined in Fig. 1 for relaxed and nonrelaxed �n.r.� SWNTs. �c, �, 
,
and � are given in degrees.

�n ,m�
�n.r.� �c

�Ch�
�Å�

a
�Å�

b
�Å�

c
�Å� � 
 �

�13,1� 3.6 34.46 1.46 1.45 1.46 118.8 120.0 119.9

33.74 1.44 1.44 1.44 118.6 120.1 120.0

�26,2� 3.6 10.87 1.45 1.45 1.46 119.7 120.0 120.0

10.74 1.44 1.44 1.44 119.6 120.0 120.0

�11,2� 8.5 30.76 1.46 1.45 1.46 118.5 120.0 119.8

30.24 1.44 1.44 1.44 118.3 119.9 120.1

�12,3� 10.9 34.80 1.46 1.46 1.46 118.9 119.9 119.8

34.29 1.44 1.44 1.44 118.7 120.1 119.9

�20,5� 10.9 57.84 1.46 1.45 1.46 119.6 120.0 119.9

57.11 1.44 1.44 1.44 119.5 120.0 119.5

�36,9� 10.9 103.95 1.45 1.45 1.46 119.9 120.0 120.0

102.87 1.44 1.44 1.44 119.8 120.0 120.0

�10,4� 16.1 31.67 1.46 1.45 1.46 118.8 119.8 119.7

31.15 1.44 1.43 1.44 118.6 120.1 119.7

�20,8� 16.1 63.05 1.46 1.45 1.46 119.7 120.0 119.9

62.30 1.44 1.44 1.44 119.7 120.0 119.9

�30,12� 16.1 94.71 1.47 1.47 1.47 119.9 120.0 120.0

93.45 1.44 1.44 1.44 119.8 120.0 120.0

�10,5� 19.1 33.52 1.46 1.45 1.46 119.0 119.8 119.7

32.99 1.44 1.43 1.44 118.9 120.1 119.7

�20,10� 19.1 66.76 1.46 1.46 1.46 119.8 120.0 119.9

65.97 1.44 1.44 1.44 119.7 120.0 119.9

�30,15� 19.1 100.03 1.45 1.45 1.46 119.9 120.0 120.0

98.96 1.44 1.44 1.44 119.9 120.0 120.0

�8,5� 22.4 28.84 1.46 1.45 1.46 118.9 119.6 119.5

28.33 1.44 1.43 1.44 118.6 119.4 120.0

�8,6� 25.3 30.85 1.46 1.45 1.46 119.1 119.6 119.6

30.34 1.44 1.43 1.44 118.9 119.4 120.0

FIG. 2. Extinction efficiency of the SWNT �13,1�.
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kind of orbitals, and many-body and local field effects are
completely ignored. Chang et al.19 calculated the optical
transitions including excitonic effects of the �4,2� nanotube
for circularly-polarized light. As mentioned before, they did
not find differences between the absorption from left and
right polarizations, and concluded that this is because of the
symmetry of the system. But this result is unlikely because
the �4,2� nanotube is chiral and then the system lacks of
symmetry.18 We believe that they did not find differences
because they employed a very high-level approach such that
its numerical accuracy might be of the same order of the
differences. In such a case, errors due to numerical rounding
could hide the chirality effects. In conclusion, a comparison
of our calculations to previous results cannot be done in a
direct way.

We calculate the CD spectra for all the nanotubes listed in
Table I. We found that the differences of the extinction effi-
ciencies between left- and right-polarized light are of the
order of 10−6. Since these differences are quite small, we
found that the spectra are sensitive to the details on the
atomic positions. For example, if we use the nonrelaxed
structures, the CD spectra are less intense and we do not find
any relation with the chiral angle. We also test some nano-
tubes that were relaxed using DFT within the local-density
approximation. In this case, we obtain essentially the same
curvature and helicity for the nanotubes but with bond
lengths slightly smaller �differences of �1%�. In this case,
CD spectra do not differ from GGA results, and we find the
same tendency as we will discuss below. For achiral nano-
tubes, armchair ��c=30° � and zigzag ��c=0° �, the CD spec-
tra is always null, being the differences between left- and
right-polarized light four orders of magnitude smaller than
for chiral SWNTs. In Fig. 3, we compare the CD spectra of
the �4,2� nanotube for nonrelaxed and relaxed atomic coor-
dinates within DFT-GGA. The intensity of CD is one order
of magnitude smaller for the nonrelaxed structure.

In Fig. 4, we present the CD spectra for SWNTs of about
the same diameter, d=1 nm, but different chiral angle �c. We
show the CD in arbitrary units as a function of the photon
energy of the incident light from 2 to 8 eV. All the spectra
show a minimum at 5.2 eV �238 nm�, and a maximum at
6.1 eV �203 nm�, where light absorption of graphite is more
intense.30 From Fig. 4�a�, we observe that the CD spectrum
is more intense as the chiral angle increases, while in Fig.

4�b� the contrary is observed. We found that the maximum
intensity of the CD spectra is reached when the helicity of
the nanotubes is also a maximum, i.e., when �c is close to
15°, as shown in the nanotube structures in Fig. 5. For all
diameters of SWNTs, we find the same behavior of the CD
spectrum as a function of the chiral angle. In summary, we
obtain that the intensity of the CD spectrum is directly re-
lated to the chiral angle of the SWNT. Therefore, we can
conclude that CD measurements can be useful to quantify
chirality in these nanostructures.

Now, we analyze the CD spectra for nanotubes of differ-
ent diameter but the same chiral angle. In Fig. 6, we show
the CD spectra for nanotubes with �a� �c=10.9° and diam-
eters d=1.1, 1.8, and 3.3 nm; with �b� �c=16.1° and diam-
eters d=1.0, 2.0, and 3.0 nm, and with �c� �c=19.1° and
diameters d=1.1, 2.1, and 3.1 nm. For the three cases, we

FIG. 3. CD spectra of �4,2� nanotube using nonrelaxed and re-
laxed atomic positions.

FIG. 4. CD spectra of SWNTs with the same diameter d
=1 nm and �a� 0° ��c�15°, and �b� 15° ��c�30°.

FIG. 5. Structure of single-wall SWNTs with different chiral
angles between 0° and 30°.
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found that the intensity of the CD spectrum is always larger
for smaller diameters. We observe that the maximum of the
CD spectra is about half �one-third� when the diameters is
twice �three times� larger. This is due to the fact that wider
nanotubes with the same helicity have a larger surface, such
that the chiral effect is less intense. In the limit case, when
the diameter goes to infinity and we recover the hexagonal
sheet, the CD will be zero even when �c will remain un-
changed. These observations were also reported by Tasaki et

al.,17 where they found that the intensity of the CD spectra
diminishes as the diameter of the nanotubes increases. In
summary, we found that there is a relation between the in-
tensity of the CD spectra with the diameter of the nanotube.
From these results, we can conclude that CD measurements
can be also useful to quantify the diameter of chiral SWNTs.
Unfortunately, we have not found a way to disentangle the
CD variations due to the changes of both chiral angle and
diameter. However, the present results can be useful when
the nanotubes are fabricated with a well-defined diameter, as,
for example, those grown using templates and porous
matrices.44 Taking into account that in such templates
SWNTs are not completely aligned, it would be possible to
observe the effect, since the intensity is affected in about
30%, when the axes of nanotubes are off-aligned in average
30°.

V. CONCLUSIONS

Using the computer code called SIESTA, within the
density-functional theory, we obtained the atomic positions
of 14 different single-wall carbon nanotubes, chosen such
that most of them were not reported before in the literature.
Our DFT results are in excellent agreement with previous
calculations of smaller single-wall carbon nanotubes. Fur-
thermore, we have studied the circular dichroism optical
spectra of these single-wall carbon nanotubes of different
diameters and chirality within a dipole approximation. We
found that, for nanotubes with a given diameter, the intensity
of circular dichroism spectra increases as the helicity of the
nanotube also does. We also found that the intensity of the
circular dichroism spectra of single-wall nanotubes, for a
given chiral angle, depends on the diameter of the nanotube,
such that wider nanotubes show a less intense spectra. From
these results, we can conclude that circular dichroism mea-
surements can be useful to quantify chirality as well the di-
ameters of chiral SWNTs. It is expected that this information
would be useful to motivate further experimental studies in
this direction.
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