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ABSTRACT
Colloidal suspensions made of smart core–shell structures are of current interest in many fields. Their properties come from the possibility
of varying the core and shell materials for modifying the composite particles’ chemical, biological, and optical properties. These particles
are formed with a material with a constant refractive index core and a shell with a refractive index decaying until it matches the solvent
refractive index. Poly(N-IsoPropyl AcrylaMide) (PNIPAM) is a typical example of materials forming shells. In this report, we present how
to apply Mie scattering theory to predict and understand the static light scattering of large nonhomogeneous colloidal particles with spher-
ical symmetry whose size is comparable with or larger than the light wavelength used for developing scattering experiments, where the
Rayleigh–Gans–Debye approximation is not valid. Here, the refractive index decay was approximated by a Gaussian RI profile numerically
evaluated through a multilayer sphere. We calculated the form factor functions of suspensions of PNIPAM microgels previously reported and
core–shell suspensions made of polystyrene/PNIPAM at 20 and 40 ○C synthesized by us. In all the cases, our method succeeded in providing
the scattering intensity as a function of the angle. The software for using the numerical method is fairly straightforward and is accessible as an
open-source code. The results can not only help predict and understand the photonic properties of microgels with large core–shell structures
but also for any particle with a refractive index distribution with spherical symmetry, as in the case of microgels with super chaotropic agents,
hollow microgels, or microparticles.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0216489

I. INTRODUCTION

The visible appearance of colloidal suspensions strongly
depends on how they scatter light, which depends on the colloidal
particle sizes and the ratio of refractive indexes between particles and
the solvent where they are embedded. However, colloidal particles
can be quite complex nowadays, as shown by colloidal suspensions
made of core–shell structures. Core–shell particles are made of two
or more material layers. One forms the inner core, and the oth-
ers make the outer layers or the shell. This design allows tuning
these composite materials to exhibit characteristics and properties
that are not achievable by the individual core or shell materials.
These have advantages and unique properties because adjusting
the core and shell materials affects the composite particles’ bio-
logical, chemical, magnetic, and optical properties that disclose
multiple applications.1–7 One example could be microgels, where
polymer networks can be swollen by the solvent in which they
are embedded. Their particle sizes (from tens of nanometers to
several micrometers) and shapes (spherical, anisotropic, and hol-

low) can be controlled through synthetic design. Microgels seem to
have an unlimited tunability employing countless responsive poly-
mers, making them an unrestricted range of applications, including
drug delivery systems biosensors,1,2,8 actuators,7,9 tissue engineering
scaffolds,8 and many more.3–5,10

Poly(N-IsoPropyl AcrylaMide) (PNIPAM) microgel suspen-
sions are made of stimuli-sensitive gel particles obtained dur-
ing cross-linking polymerization of NIPAM, which is ther-
mosensitive because the tunable network changes their size with
temperature.11–13 PNIPAM in water forms particles with a constant
refractive index core and a shell with a refractive index decaying
until it matches the solvent refractive index, forming a core–shell
structure.14 When their suspensions are warmed above their cloud
point, they undergo a reversible phase transition from a hydrated
state (expanded particles) to a dehydrated state (shrunk particles).
This transition presents an LCST that occurs around 32 ○C depend-
ing on the polymer concentration, the molar mass of polymer chains,
and polymer polydispersity; salts and organic compounds can alter
the cloud point temperature.11,14 The PNIPAM microgel particles
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have a non-constant density mass profile and, consequently, a non-
constant refractive index profile, generally described as a core–shell
structure with an inner constant dense region and a fuzzy shell,
where the density decreases approximately as a Gaussian function
when the temperature is below the LCST.14–17 Therefore, the PNI-
PAM microgel is an excellent candidate for a model system to get
the scattering properties of core–shell systems, dynamically tun-
able, which is of current interest.6,7,9,12,18–21 Since PNIPAM expels
its liquid content at a temperature near the human body, PNIPAM
copolymers are under research for possible applications in tissue
engineering and controlled drug delivery.2,8,22,23 In addition to the
mentioned applications involving core–shell particles, they could
provide quantitative information about the ergodic–nonergodic
transition in systems with repulsive interactions, as in crystallization
and the glass transition,24–26 where understanding their scattering
properties is desirable.

Scattering theory relates the effect of an inhomogeneous
medium on an incident electromagnetic wave, and the direct scat-
tering problem aims to determine the scattered field by knowing
the incident one, the scatterer properties, and the equations gov-
erning the wave motion. In particular, when a light beam illumi-
nates a particle, the amount and angular distribution of scattered
light and the amount of absorbed light depend on the particle’s
nature, shape, size, and material composition. In this context, the
Rayleigh–Gans–Debye (RGD) approximation is used to evaluate
the scattering form factor in scattering experiments such as small-
angle neutron scattering (SANS) or static light scattering (SLS). For
example, the RGD fuzzy sphere model is used to determine the scat-
tering properties of PNIPAM microgel suspensions, as presented by
Stieger et al.,15,27 where they evaluated the scattering form factor as
the convolution of the sphere scattering form factor with a Gaus-
sian function. Recently, Simons et al.10 used the RGD multi-sphere
approximation to evaluate the scattering form factor for PNIPAM
microgels decorated with super chaotropic nano-ions, measured
by using small-angle x-ray scattering, as the sum of spheres with
different contrast densities.10,28

However, all RGD approximations are valid for light scatter-
ing only when particles are small compared to the wavelength of
the incident laser radiation and have a slight refractive index dif-
ference from the surrounding solvent.29 A scattering theory for a
detailed description of the radiative properties of nonhomogeneous
microgels when their size is comparable with or larger than the light
wavelength is lacking,17,27 which could be helpful to study a case
of great relevance nowadays, microgels with ionic guest molecules
bound on the microgel structure (super chaotropic agents),10 which
can change their network size to be larger than the light wavelength
used to study them with light scattering, or in the case of hollow
microgel particles of ultra-low cross-linked microgels that have an
inverted density profile in contrast to conventional fuzzy micro-
gels, which show significantly higher deformability and spreading
at interfaces in comparison with conventional PNIPAM microgels.28

On the other hand, Mie scattering theory provides a general solution
to Maxwell’s equations in linear media, where it is only necessary
to know the geometrical parameters and the dielectric properties
of the scattering particles and the media where they are embed-
ded to evaluate their radiative properties. It has the advantage of
describing the light scattered from mesoscopic particles, which have
a size comparable with or larger than the wavelength of light scat-

tering off the particles. Mie scattering theory can also determine the
scattering properties for multilayered spheres.30 If the material has
continuous radial nonhomogeneous dielectric properties, multilayer
Mie scattering theory can also determine the scattering properties
if some appropriate approximation to handle the inhomogeneity is
employed. This kind of approximation has been tested successfully
with the Luneburg lens.30–32 The PNIPAM microgel radiative prop-
erties, which present a continuous radial nonhomogeneous RI index
profile, can be approximated as a multilayer scattering sphere, as
shown in the following. Recently, a multilayer Mie approximation
has been applied for describing the extinction of PNIPAM core–shell
with metallic cores in the visible spectrum, where RGD provides an
excellent description of a form factor measured with SANS; how-
ever, it does not adequately describe the radiative properties in the
visible spectrum.33

The main goal of this paper is to present how to apply the Mie
scattering theory to the light scattering of large nonhomogeneous
colloidal particles with spherical symmetry of a size comparable
with the light wavelength used for developing light scattering experi-
ments. In many examples, these particles can be described as formed
by a core and a fuzzy shell, as those present in PNIPAM microgel
suspensions or those made of a hard core and PNIPAM shell. To
show the potential of our method, we present numerical calculations
for core–shell particles of various sizes, cores with different refrac-
tive indices or hollow particles. Our results are also compared to
the experimental data reported in the literature for PNIPAM micro-
gels and with scattering experimental results for core–shell particles
that we prepared (polystyrene/PNIPAM). Our method successfully
gives the scattering intensity as a function of the angle. The method
developed here could be used for studying microgels when super
chaotropic agents are bound to the microgel structure10 or hollow
microgel particles.5,34

II. THEORETICAL MODEL AND NUMERICAL METHODS
A. Mie scattering for a multilayered sphere

The Mie scattering model solves Maxwell’s equations for a
monochromatic plane wave with wavelength λ propagating in a
medium with refractive index (RI) n0 scattered by a sphere with
linear properties, radius R, and RI = np.35 The differential scat-
tering cross section in the far field, dσ/dΩ = F(θ), provides the
angular behavior of the light scattered by the sphere, where F(θ) is
also known as the form factor function. Following the treatment of
Bohren and Huffman,35 the form factor function is given by

F(θ) = 1
2
(∣S1(θ)∣2 + ∣S2(θ)∣2), (1)

where S1(θ) and S2(θ) are the amplitude scattering coefficients
given by

S1(θ) =∑
n

2n + 1
n(n + 1)(anπn(θ) + bnτn(θ)), (2)

S2(θ) =∑
n

2n + 1
n(n + 1)(anτn(θ) + bnπn(θ)), (3)

where πn(θ) and τn(θ) are angular functions given by
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πn =
P1

n(θ)
sin θ

, τ = dP1
n(θ)
dθ

, (4)

where P1
n(θ) are the Legendre polynomials of degree n. In addition,

in Eq. (3), an and bn are the scattering coefficients determined by the
boundary conditions between the medium and the sphere. They are
related to the size parameter x = 2πn0R/λ and the relative refractive
index m = np/n0.

Aden and Kerker32,36 developed the generalization of the Mie
Scattering model to a stratified sphere in L layers. They found that
the functional form of F(θ), S1(θ), and S2(θ) are the same as
in the Mie scattering by a single homogeneous sphere, given in
Eqs. (1)–(3). Nevertheless, the scattering coefficients are now deter-
mined by the boundary conditions of the different interfaces and the
outer layer with the medium; tangential components of the elec-
tric and magnetic fields E and H must be continuous across the
boundaries. One of the most stable algorithms to efficiently find the
scattering coefficients was developed by Yang,30 who proposed to
use Bessel functions of the first kind and Hankel functions of the
first kind to describe the scattered fields in the layers instead of the
typical solution, which takes Bessel functions of the first and the sec-
ond kind.30,35 Following Yang’s algorithm, for a multilayered sphere
with L layers labeled from the inner layer or core sphere to the outer
layer, where the l layer has a size parameter xl = 2πn0rl/λ = k0rl and
a relative refractive index ml = nl/n0 (see Fig. 1), the scattering coef-
ficients at the interface between l and l + 1 layer are determined
recursively by

Al+1
n = Rn(ml+1xl)

ml+1Ha
n(mlxl) −mlD

(1)
n (ml+1xl)

ml+1Ha
n(mlxl) −mlD

(3)
n (ml+1xl)

, (5)

FIG. 1. Sketch of the geometry of a multilayered sphere labeled from the inner to
the outer sphere. The intensity of color corresponds to the density.

Bl+1
n = Rn(ml+1xl)

mlHb
n(mlxl) −ml+1D(1)n (ml+1xl)

mlHb
n(mlxl) −ml+1D(3)n (ml+1xl)

, (6)

where Ha
n(z) and Hb

n(z) are given by

Ha
n(mlxl) =

Rn(mlxl)D(1)n (mlxl) − Al
nD(3)n (mlxl)

Rn(mlxl) − Al
n

, (7)

Hb
n(mlxl) =

Rn(mlxl)D(1)n (mlxl) − Bl
nD(3)n (mlxl)

Rn(mlxl) − Bl
n

, (8)

beginning at l = 1, where A1
n = B1

n = 0. Here, D(1)n (z) = ψ′n(z)/ψn(z)
and D(3)n (z) = ζ′n(z)/ζ(z) are the logarithmical derivative of the
Bessel function of the first kind ψn(z) and the Hankel function of the
first kind ζn(z), respectively, and Rn(z) = ψn(z)/ζn(z). The recur-
sion algorithm finishes at l = L + 1, i.e., in the outer region of the
sphere where the scattering coefficients, an and bn, are given by

an = AL+1
n = [H

a
n(mLxL)/mL + n/xL]ψn(xL) − ψn−1(xL)
[Ha

n(mLxL)/mL + n/xL]ζn(xL) − ζn−1(xL)
, (9)

bn = BL+1
n =

[mLHb
n(mLxL)/mL + n/xL]ψn(xL) − ψn−1(xL)

[mLHb
n(mLxL)/mL + n/xL]ζn(xL) − ζn−1(xL)

. (10)

After computing the scattering coefficients an and bn in Eqs. (9)
and (10), the multilayered sphere’s radiative properties can be
evaluated.30,35 In an unpolarized light scattering experiment, the
angular scattering intensity by a particle is I(θ)∝ F(θ), and in
a vertical–vertical polarized light, scattering by a particle is I�(θ)
∝ ∣S1(θ)∣2.35

Yang’s algorithm was coded in Fortran and compiled with the
GNU Fortran compiler. We replicate the form factor of the Luneb-
urg lens to test our algorithm.30–32 The Luneburg lens has a contin-

uum refractive index function given by m(r) =
√

2 − (r/a)2, with

FIG. 2. Form factor function as a function of scattering angle (degrees) for a Luneb-
urg lens with the external size parameter xL = 60 and discretized with 500 layers.
Inset: the relative refractive index as a function of the size parameter of the sphere
layers. The circles were digitalized from a continuous curve from Refs. 30 and 31.
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a being the radius of the sphere, which could be approximated as a
multilayered sphere. In Fig. 2, we show the form factor function for a
Luneburg lens with a size parameter xL = 60 and L = 500 equidistant

layers with relative refractive index m(xl) =
√

2 − (xl /xa)2, where
xl = (xl−1 + xl)/2 and xa = k0a. In the inset of Fig. 2, the refractive
index profile is shown. Our results are consistent with the others
reported in the literature.30,31

B. Radial refractive index profile for microgels
of PNIPAM

PNIPAM microgels have a non-constant density mass profile,
generally described as a core–shell structure with an inner constant
dense region, also known as the core, and a fuzzy shell, where the
density decreases approximately as a Gaussian function.14–17 Some
authors suggest that in PNIPAM microgels, the RI is proportional to
its density profile, and the shell RI profile could be modeled as16

n(r) = (nc − n0) exp(−1
2
(r − Rc)2

σ2 ) + n0, Rc < r ≤ Rs, (11)

with Rc being the core radius with a constant RI, Rs is the shell radius,
and nc and n0 are the core and solvent refractive indexes, respec-
tively. To use the multilayer sphere approximation, we discretize this
RI profile with the first layer, l = 1, with x1 = k0Rc and m1 = nc/n0,
and successive L − 1 equally spaced layers with ml = n(xl )/n0, where
xl = (xl−1 + xl)/2 for l = 2, . . . , L. In the last layer, xL = k0Rs, the RI
of PNIPAM, and the medium match. The relative RI of the last layer
is defined arbitrarily as mL = (n0 + 0.0001)/n0 by numerical conve-
nience. Therefore, with the given Rc, Rs, nc, and n0, the value of σ can
be calculated.

In the inset of Fig. 3, we show the RI profile for a mesoscopic
core–shell sphere with Rc = 290 nm, Rs = 437 nm, nc = 1.45, and n0
= 1.332, discretized with three layers, 30 layers, and 500 layers. While

FIG. 3. Form factor functions (arbitrary units) for mesoscopic particles (Diam.
= 2Rs > λ), vs angle (degrees) for the three radial refractive index profiles given
in the inset. The core RI is the same in all the cases. Inset: radial refractive index
profile model for a PNIPAM microgel approximated as a multilayer sphere with
three layers (dashed blue line), 30 layers (dotted black line), and 500 layers (solid
red line).

the RI profile for 3 and 30 layers is a rough approximation, the RI
profile for 500 layers approximation is almost a smooth curve. In
Fig. 3, we present the form factors for the three cases, which are
similar despite the roughness approximations with 3 and 30 layers.
Notably, the form factors for the 30- and 500-layer approxima-
tion are essentially the same. Therefore, we will consider a 30-layer
approximation to be an excellent approximation of the continuous
case. In the following, in Sec. III C, we will go back to this issue.

C. Polydispersity model
In a static light scattering experiment in the absence of multi-

ple scattering, the total scattering intensity, IT(θ) of a monodisperse
system is IT(θ)∝ NI(θ), with N scatterers. However, the parti-
cles embedded in a fluid are rarely monodisperse, so the effect
of scatterers’ polydispersity must be considered. Polydispersity can
be evaluated considering the scattering intensity average over radii
with a size distribution ρ(R). Then, the total scattering intensity for
core–shell particles is37,38

IT(θ)∝ NI(θ) = N∫
Rs
∫

Rc

I(Rc, Rs, θ)ρ(Rc)ρ(Rs)dRcdRs⋅ (12)

Here, we consider polydispersity in the core, Rc, and shell, Rs. In
our case, the particle size distribution will follow the log-normal
distribution function in both cases; they are given by38

ρ(R) =
exp (−0.5[ln σg]2)

2R
√

2π ln (σg)
exp
⎧⎪⎪⎨⎪⎪⎩
−1

2
[

ln (R) − ln (R)
ln σg

]
2⎫⎪⎪⎬⎪⎪⎭

, (13)

where R is the mean radius and σ g is the geometric standard devia-
tion, which is a measure of polydispersity that must be greater than
1. If σ g = 1, particles are monodisperse. For sampling most of the
radii population, the integration limits are given by R = Rσ±

√

18
g .38

The numerical solution of the integral is performed by using the
Gaussian–Legendre quadrature.

III. MATERIAL AND METHODS
A. Synthesis

We synthesized PS/PNIPAM core–shell particles following the
reported protocol by Zhu et al.34 We used polystyrene (PS) spheres
with a mean diameter of 99 nm from a 10.02% w/w water suspen-
sion (Bangs Laboratories, Inc. USA) as seeds. They were cleaned
by dialysis; water was exchanged for ethanol by centrifugation;
and the suspension was dispersed by sonication. Reagents were
used as received: N-IsoproPylAcrylaMide (NIPAM) (≥99%, Sigma-
Aldrich, USA); N, N′-MethyleneBis(Acrylamide) (MBA) (99%,
Sigma-Aldrich, USA); and AzobIsisoButyroNitrile [AIBN, 2,2′-
Azobis(2-methylpropioNitrile)] (99%, Sigma-Aldrich, USA). The
ethanol suspension of 0.2792 g of PS-cleaned seeds was mixed with
0.0315 g of AIBN initiator in 38 ml of ethanol and sonicated for
30 min. This suspension was added to a three-neck flask with N2
atmosphere, mixed with 300 ml of degassed deionized water and
constant stirring. Then, 2.136 g of NIPAM and 0.292 g of MBA
were added to the solution suspension, which was heated to 76 ○C
for 4 h of polymerization. The reaction product is cooled at room
temperature with constant stirring. The solvent volume was partially
removed using a rotary evaporator. Finally, we cleaned the reaction
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product by dialysis and centrifugation, obtaining a suspension with
a concentration of 1.46% w/w measured by thermogravimetric anal-
ysis. This method makes PS/PNIPAM core–shell particles without
anchoring PNIPAM onto the PS core. Since the cross-linking and
growing process of the PNIPAM shell are driven just by the AIBN
initiator, it was unnecessary to use another control agent. Therefore,
our PS/PNIPAM particles are not significantly charged. The hydro-
dynamic radius of our PS/PNIPAM core–shell particles at 20 ○C
(swollen state) is 298.5 nm, and at 40 ○C (shrunk state), the radius
is 159.5 nm.

B. Light scattering
Hydrodynamic radius (Rh) was measured by dynamic light

scattering (DLS), and the angular scattering intensity by static light
scattering (SLS) using a multi-angle light scattering setup (LS Instru-
ments AG, Switzerland) with λ = 632.8 nm in a vertical–vertical
polarization configuration. In addition, 0.005% w/w particle sus-
pensions were placed in NMR glass tubes (Diam. 5 mm) for DLS
and SLS measurements. The DLS measurements were made at
scattering angles from 60○ to 120○ with a step of 5○ for 60 s;
the results were analyzed by cumulants to obtain the mean Rh
of particles. The SLS measurements were made at a scattering
angle from 30○ to 135○ with a step of 1○, taking 50 measure-
ments of 1 s for each angle. The SLS average results for our
suspension, Is(θ), were analyzed considering the toluene and
the water scattering line, ITol(θ) and Iw(θ), using the following
formula: I(θ) = (nw/nTol)2RTol(Is(θ) − Iw(θ))/ITol(θ), where nw

= 1.332 and nTol = 1.494 are water and toluene refractive indices,
respectively; RTol = 1.020 74 × 10−5 cm−1 is the toluene Rayleigh
ratio.

C. Numerical method
To assess the Mie scattering model using the multilayer sphere

approximation to describe the PNIPAM light scattering intensities,
we fit them to the experimental scattering intensity data as a func-
tion of the scattering angle using the least-squared minimization.
Our numerical method needs eight parameters: λ, n0, Rh, Rc, nc, σ gc,
Rs, and σ gs. Here, σ gc and σ gs are the geometric standard deviations
of the core and shell radius, respectively. However, n0, Rh, and λ are
fixed parameters defined by the scattering experiment.

The numerical method makes the following steps: (a) Reading
input experimental variables: λ, n0, Rh, and other variables depend-
ing on the known parameters of the system under study, namely, Rc
and nc; variables used for the fitting as the number of layers to make
up the multilayer sphere, L, are described in Sec. II A. The number L
of layers dictates how the RI profile is discretized. So, we considered
two criteria for choosing L. (i) The accuracy between the scattering
intensity curves generated by RI profiles discretized with a large L
number of layers (as many layers as the discrete RI profile and the
continuous RI profile are essentially indistinguishable) and that dis-
cretized with few layers. (ii) The use of a practical computing time,
which is a function of L. In the supplementary material, we dis-
cuss the details of the dependence of the scattering form factor
curves on L. (b) Reading the experimental intensity data, which con-
sists of a table with three columns: angle in degrees, θi, intensity in
arbitrary units (a.u.), I(θi), and the experimental standard error of
I(θi), αi. (c) Development of the fitting numerical scheme. In this

procedure, we will calculate the scattering intensities denoted by
Î(θi) for different sets of fitting parameters (circumflexed variables
are calculated using fitting parameters). To that end, we calculate
a form factor F̂(θi) using the theoretical model described above
for each angle θi. First, we calculate σ of Eq. (11) to make a table
for the refractive index profile with L rows. Then, the scattering
coefficients an and bn of Eqs. (9) and (10) as well as the angular func-
tions πn(θ) and τn(θ) of Eq. (4) are calculated, truncating the series
index, n, using the Wiscombe criterion.30,35,39 Finally, F̂(θi) is cal-
culated using Eqs. (1)–(3). The same procedure is used for each set
of parameters for the polydisperse case; see Eq. (12). From here, the
numerical fitting process described in Subsection III D ensues.

It is important to mention that the Mie scattering theory
numerical method applied to a nonhomogeneous spherical colloid
implemented in this work, excluding the way of approximating the
particle inhomogeneity, corresponds to the exact solution for the
scattered field as given by the electromagnetic theory that relates the
incident electromagnetic wave on a scatterer particle with the scat-
tered field as given in Ref. 35. In contrast, RGD is an approximation
that applies for very weak scatterers, i.e., the presence of the par-
ticles does not alter the field and is identical to the incident wave.
The particle must reflect very little (∣np/no − 1∣≪ 1), and it must
introduce negligible phase shift 4πn0R∣m − 1∣/λ≪ 1; the refractive
indexes’ imaginary part is negligible in all the cases.29 Despite the
mathematical complexity of Mie scattering theory, our procedure
is customizable for specific requirements depending on the avail-
able information about the scatterer particles. The whole numerical
method used in this study can be found in a public repository
(https://github.com/Complex-Fluids-IFUNAM/Mie-Scattering).

D. Fitting numerical scheme
We use the iterative grid search method, implemented through

iterative nested loops, to minimize the Chi-square goodness of fit
parameter, χ2 = ∑i(yi − ŷ i)2/α2

i , where yi and ŷi are the experimen-
tal and calculated data using the fitting parameters, respectively, and
αi is the uncertainty of the experimental data.40 The minimum χ2

will determine the best-fitting parameters. The grid search method
may converge very slowly toward the minimum χ2, so we must
consider previously known system information, such as the hydro-
dynamic radius or PNIPAM’s bulk refractive index, to set the most
appropriate search intervals for the fitting parameters; otherwise,
computing time increases considerably. We can reduce the comput-
ing time by considering a minimum χ2 threshold or by increasing
the search step on the fitting parameters. Our grid search procedure
begins at the lower limit in an upward search along the Rc interval,
and for all Rc, an upward iterative search starts along the Rs interval.
For all Rc and Rs, a downward iterative search starts along nc. For
all Rc, Rs, and nc combinations of this grid search, the form factor
function for a monodisperse system and χ2 are then calculated. If
χ2 is near an initial minimum threshold, χ2

min, i.e., χ2 ≤ χ2
min + δ, we

start an iterative upward search along the polydispersity parameters
σ gc and σ gs. If χ2 < χ2

min, then a new minimum threshold was found,
and now χ2

min = χ2. Always, we update χ2
min until no new smaller χ2

is found. In any other case, the iterative process continues when the
search along the nc interval ends and then until the search along the
Rs interval for all nc values end, stopping the search when all the
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values of the Rc interval ended. To avoid losing any set of parameters
that minimizes χ2, an arbitrary δ is selected that permits an efficient
search. In our case, we select δ = 10 χ2

min.

IV. RESULTS AND DISCUSSION
A. Predictions for the multilayer Mie approximation

To get some physical insight into how the different values of
the involved parameters affect the features of the form factor, in the
supplementary material, we describe the resulting form factors with
the method described above for several core–shell particles with a
non-constant RI profile, i.e., core–shell structures with an inner core
of constant RI and a fuzzy shell, where the RI decays as a Gaussian
function.

In the following discussion, we describe the calculation of form
factors for more interesting core–shell particles, which have a refrac-
tive index distribution with spherical symmetry. However, nc is

FIG. 4. (a) Form factors for core–shell particles in the cases where RI varies
from low to large RI. However, the RI profile of the shell at the boundary with
the core always starts at nc = 1.45; Rc = 100 nm, Rs = 450 nm, no = 1.33, and
λ = 632.8 nm. (b) The same as panel (a), but here, an RI plateau in the shell
(RI = 1.45) is included. Rc = 100 nm, Rs = 450 nm, and the RI plateau in the shell
= 50 nm, no = 1.33, and λ = 632.8 nm.

varied to be similar to the surrounding liquid, or they have an addi-
tional RI plateau in the shell (a layer with a constant RI). These
examples could be interesting models for describing microgels with
super chaotropic agents bound to the microgel structure, hollow
microgels, or microparticles. Figure 4(a) shows the form factors for
core–shell particles with Rc = 100 nm and Rs = 450 nm, where the
index of refraction of the core goes from nc = 1.35, a value close
to that of the outer fluid, no = 1.33, up to nc = 1.60. However, the
RI profile of the shell at the boundary with the core always starts at
1.45 (see the inset). It should be noted that the case of nc = 1.35 cor-
responds to a hollow particle. Here, the scattering is relatively low,
and the scattering intensity increases as the refraction index contrast
between the core and the index as the shell boundary increases; how-
ever, the form factors present a low structure due to the small core
size. Figure 4(b) is similar to Fig. 4(a), but we included an RI plateau
of 1.45 on the shell, as shown in the inset. This situation is similar to
what occurs with PNIPAM core–shell particles, where, in addition
to the core, there is some kind of additional denser PNIPAM layer
in the shell. The RI decays with a Gaussian profile after the PNIPAM
RI plateau. In all the cases, the scattering significantly increases with
the inclusion of this RI plateau in the shell.

B. PNIPAM microgels
As mentioned earlier, some authors suggest that the PNIPAM

RI profile is well modeled by Eq. (11). However, although it was
tested by comparing it to actual refractive index measurements with
good results,16 this profile needs an assessment to give form fac-
tor functions for PNIPAM microgels. It is a common practice that
the form factor function of PNIPAM microgels is obtained by fit-
ting the fuzzy sphere model to the experimental SLS data.15–17,27

Reufer et al.17 studied PNIPAM microgel form factors using unpo-
larized SLS (λ = 680.4 nm) over a temperature range of 10 ○C ≤ T
≤ 40 ○C. Their PNIPAM microgels were synthesized by free radical
cross-linking polymerization of NIPAM with N, N′-Methylene-BiS-
Acrylamide (BIS) using potassium persulfate (KPS) as the polymer-
ization initiator. They measured Rh, and their particles ranged from
468 nm at 10 ○C (swollen state) to 271 nm at 40 ○C (shrunk state).
The sizes of their particles are typically in the Mie scattering regime.
However, they used the RGD approximation to fit the experimental
scattering intensities to obtain their parameters. Figure 5 shows their
experimental scattering intensity vs scattering angle given for differ-
ent temperatures. In this figure, we included the calculated scattering
intensities using the method we proposed in Subsection III C and
those of Reufer et al.17 using the RGD approximation. The scat-
tering intensity in a diluted suspension is proportional to the form
factor because the structural information, given by the static struc-
ture function, is essentially one. We can observe in Fig. 5 that the
RGD approximation fits the experimental data with an acceptable
agreement for temperatures below LCST because the microgel is in a
swollen state where its effective refractive index is sufficiently low to
satisfy the RGD conditions. The RGD approximation fit reproduces
the first form factor minimum. However, this does not occur for the
second one at high scattering angles. For temperatures above LCST,
the RGD approximation fit is far from the experimental scattering
intensities because the microgel, in a shrunk state, is like a homo-
geneous sphere with a high refractive index. The authors estimated
the maximum RI of their microgel as np = 1.46 at the maximum
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FIG. 5. Scattering intensity (arbitrary units) vs scattering angle (degrees). Experimental temperature-dependent scattering intensities as a function of scattering angle (circles,
from Reufer et al.17). The best fit for MSA1 and MSA2 are represented by the solid red lines and blue dashed lines, respectively, up to 40 ○C. At 35 and 40 ○C, SSPH is
indicated by the dark green dashed–dotted lines. RGD approximation fits with a polydispersity of 9.5% indicated by the solid green lines, according to the work by Reufer
et al.17

collapsed state, whereas if the water RI nw = 1.332, then the RGD
conditions are not fully met (∣np/nw − 1∣≪ 1). Reufer et al.17 made
their calculations considering a polydispersity of 9.5% in all cases.
The parameters obtained from the fitting to their experimental data
using the RGD approximation are presented in Table I.

Our results, also shown in Fig. 5, fit the same experimen-
tal data Reufer et al.17 gave. To make these fits, we need for
each case the proportional constant, κ, which involves the device’s
experimental details. Because we do not know κ, we run two
different fitting routines to match our calculated form factors
to the experimental data; we will name these routines as multi-
layer sphere approximations (MSAs). In the first MSA fit routine
1 (MSA1), we calculate κ as an average of the following ratios:
κ = 0.5[I(θ1)/F̂(θ1) + I(θN)/F̂(θN)], where the angles θ1 and θN

are the first and the last experimental points; F̂(θi) and I(θi)
are the calculated form factor with the parameters to be fit and
the experimental intensities, respectively. In the second MSA fit

routine 2 (MSA2), we calculate κ as the average for all experi-
mental point ratios and calculated the form factor values, i.e., κ
= (1/N)∑N

i=1[I(θi)/F̂(θi)]. In both cases, the predicted scattering
intensity for our model would be Î(θi) = κF̂(θi). It is important
to note that the MSA1 routine calculation is a relaxed version of
the MSA2 routine, which we employed for noisy experimental data.
Then, we minimized the goodness of the fit parameter, χ2, to deter-
mine the best-fit parameters of our model in the two described
versions, MSA1 or MSA2. We set the range of the core RI fit vari-
able between 1.332 (water RI) and 1.46, which is the maximum
RI expected at the collapsed state. For the core and shell radius fit
variables, we set a maximum at the hydrodynamic radius reported
by Reufer et al.17 The polydispersity fit variables have only a non-
overlapping condition to avoid values where Rc ≥ Rs. In all cases,
for the core and shell’s radius, the searching steps are ΔRc = ΔRs
= 1.0 nm, for the core’s refractive index, Δnc = 0.01, and for the
core and shell’s polydispersity parameter, the searching steps are

TABLE I. Parameters obtained using different approximations parameters for the best-fit values using MSA1 and MSA2, as well as the results by Reufer et al.17 for a hydrody-
namic radius Rh as a function of temperature T and their best-fit parameters using the RGD approximation. All the radius values are in nanometers, the temperature in ○C, and
κ in arbitrary units.

RGD MSA1 MSA2

T Rh R Rc nc σc Rs σs κ Rc nc σc Rs σs κ

10 468 335 292 1.44 1.13 432 1.01 33.09 255 1.44 1.13 468 1.01 42.46
20 433 321 257 1.46 1.13 433 1.00 42.10 242 1.45 1.15 440 1.00 51.29
25 416 308 229 1.46 1.15 415 1.00 69.02 229 1.46 1.15 416 1.00 61.39
30 383 290 242 1.46 1.09 349 1.00 118.04 242 1.46 1.09 349 1.00 131.5
35 299 262 243 1.46 1.05 299 1.00 203.42 242 1.46 1.05 298 1.00 270.6
40 271 257 249 1.46 1.02 271 1.00 623.35 246 146 1.02 268 1.00 380.5

J. Chem. Phys. 161, 084903 (2024); doi: 10.1063/5.0216489 161, 084903-7

Published under an exclusive license by AIP Publishing

 30 August 2024 16:48:27

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

Δσc = Δσs = 0.01. In all the cases, the total computing times
employed in the fit routines are presented in Tables SMX1 and
SMX2 in the supplementary material. The parameters obtained from
fitting the experimental data using MSA1 and MSA2 are presented
in Table I. Figure 5 shows the results for both MSA1 fit and MSA2 fit
from 10 to 40 ○C. MSA1 and MSA2 present an excellent agreement
up to 30 ○C. MSA1 at 10 and 20 ○C slightly shifts the first form factor
minimum to small angles, whereas MSA2 replicates the first form
factor minimum very well but not the second minimum. This may
be due to a deficient weighted error evaluation of the experimental
points at high scattering angles with smaller intensity values. MSA1
and MSA2 produce better fits than RGD approximation because
RGD cannot replicate the second form factor minimum. MSA1
and MSA2 fit at 25 ○C are very similar and give a better descrip-
tion of the experimental data than RGD approximation. At 30 ○C,
MSA1, MSA2, and RGD approximation fits are practically the same.
Reufer et al.17 mentioned that this is a limit case because even a

FIG. 6. (a) Radial refractive index profile of MSA1 fitted for the microgel in the
swollen state. (b) Comparison of particle hydrodynamics radius (experimental ■)
as a function of the temperature with our model predictions. We included the RGD
fits from the work by Reufer et al.17 and the particle radius from the solid sphere
model at 35 and 40 ○C.

single sphere fit can describe the experimental data well but under-
estimate the microgel radius. On the other hand, at 35 and 40 ○C,
the multilayered sphere fails as expected because the microgel in a
shrinking state is like a solid homogeneous sphere. The PNIPAM
microgel cannot be described as a core–shell sphere with a fuzzy shell
above LCST. The Mie scattering theory for a homogenous sphere
is the best model that describes this microgel’s scattering behavior,
although it presents deviations from the experimental data, as shown
in Fig. 5.14,17 We use Bohren and Huffman’s single homogeneous
SPHere algorithm (SSPH) to make these fittings.35

Figure 6(a) shows the radial RI profiles from the MSA1 fits on
Table I, and Fig. 6(b) shows a comparative graph for measured and
fitted particle radius using different theoretical methods. The RI fit
values of the microgel core at 10 ○C give nc = 1.44 and for temper-
atures >10 ○C, an almost constant value, which is nc = 1.46. This
last value also coincides with the maximum estimated RI given by
Reufer et al.17 This could reveal that the core of the PNIPAM micro-
gel contains the same amount of water in the swollen state when
the suspension is close to the LCST. Figure 6(b) shows that MSA1
slightly underestimates particle radius at 10 and 30 ○C. At other
temperatures, the MSA1 fits agree with the hydrodynamic radius
measured by Reufer et al., even at microgeles in the shrunk state.
There is an important observation shown in Fig. 6(b), despite the
RGD fit presents an excellent agreement at 30 ○C, it leads to an error
in evaluating the microgels’ expanded to shrunk transition tempera-
ture (∼32 ○C) with a percentage deviation of 21.7% from Rh, whereas
for the MSA1 fitted radius at 30 ○C, the percentage deviation is 8.9%
from Rh. On the other hand, at 35 and 40 ○C, SSPH underestimates
the hydrodynamic particle radius despite its better description than
the Gaussian RI profile model. This fact could reveal that the radial
refractive index profile in the collapsed state is more complex than
homogeneous or Gaussian profiles. As far as we know, this is the first
time that the form factor of PNIPAM microgel in the swollen state is
described in the Mie scattering regime using a radial refractive index
profile.

C. PS/PNIPAM core shell particles
Figure 7(a) shows our experimental scattering intensities vs

scattering angles for PS plain standard particles with mean diameter
= 100 nm (Bangs Laboratories, Inc. USA) (black squares), showing
that the calibration of our SLS device is correct, and PS/PNIPAM
core–shell particles at 20 ○C (red circles) and 40 ○C (blue triangles)
synthesized by us. At small scattering angles, we can observe that
PS/PNIPAM core–shell particles scatter around one order of mag-
nitude more than PS plain standard particles, even though PS plain
standard particles and the core of PS/PNIPAM particles have a very
close size. To fit the experimental scattering data shown in Fig. 7(a),
we use a similar procedure to MSA2 because it presents a low exper-
imental noise. This allows us to estimate κ rigorously without any
data masking. Considering that scattering intensities are measured
in vertical polarization setup, the proportionally constant κ is calcu-
lated as an average of all the experimental point ratios with ∣Ŝ 1(θ)∣

2,

i.e., κ = (1/N)
N
∑
i=1
[I(θi)/∣Ŝ 1(θi)∣

2], where the scattering amplitude,

∣Ŝ 1(θ)∣
2, is given in Eq. (2) and is calculated with single sphere Mie

or multilayer sphere Mie approximation, as appropriate. Therefore,
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FIG. 7. (a) Experimental temperature-dependent scattering intensity (arbitrary
units) as a function of the scattering angle (degrees) of PS plain standard parti-
cles with 100 nm of mean diameter (black squares) and of PS/PNIPAM at 20 ○C
(red circles) and 40 ○C (blue triangles). Models: single sphere for PS plain stan-
dard particles (black line); MSA2 for core–shell particles are indicated by the red
dashed and blue dashed–dotted lines at 20 and 40 ○C, respectively. The inset
presents a cartoon of the core–shell particle structure. Panel (b) presents the RI
profiles from fits to the experimental data of PS/PNIPAM particles at 20 and 40 ○C;
the dashed rectangle represents the PS core. The inset presents the form factor
fits for the PS plain and core–shell particles.

in both cases, the predicted scattering intensity for our model would
be Î(θi) = κ∣Ŝ 1(θi)∣

2, and we will name these routines SSPH and
MSA3, respectively. We considered that the PS/PNIPAM particles
have a monodisperse PS core with homogeneous RI, nPSC = 1.59. We
take as the nominal size of PS cores, RPSC, those reported by the man-
ufacturer, RPSC = 49.5 nm. We approximate the RI of the PNIPAM
shell as a Gaussian RI profile given by Eq. (11). Therefore, in the
multilayered sphere approximation, the parameters obtained from
the best fit are the thickness and RI of the PNIPAM RI plateau in the
shell, TPP and nPP, respectively, as well as the shell radius, Rs, and the
polydispersity of the PNIPAM RI plateau in the shell, σPS, and shell
σS [see the inset in Fig. 7(a)].

TABLE II. Parameters for the MSA3 best fit from the experimental data of our
PS/PNIPAM particles at 20 and 40 ○C and the hydrodynamic radius measured by
DLS. The radius and thickness values are in nanometers, the temperature is in ○C,
and κ is in arbitrary units.

MSA3

T Rh TPP nPP σPP Rs σS κ

20 298 42.5 1.34 1.15 298 1.14 3.80
40 159.5 92.5 1.36 1.00 144 1.00 2.88

To fit the experimental data of PS plain standard particles,
we used the SSPH routine. We set the hydrodynamics radius pro-
vided by DLS as an upper search limit value for the particle radius.
For PS/PNIPAM particles, to save computing time, we first fit the
PS/PNIPAM experimental data for 40 ○C, whose results allow us to
set the search limits for PS/PNIPAM at 20 ○C because at 40 ○C, the
PNIPAM shell is shrunk, and a large amount of water is expelled.
Hence, at 40 ○C, the PNIPAM RI plateau must be at maximum, set-
ting an upper search limit value for the PNIPAM RI plateau for
20 ○C. Then, we first fit the data corresponding to 40 ○C, setting the
range of the PNIPAM RI plateau between the water RI and 1.46,
where 1.46 is the RI plateau value fitted for the PNIPAM microgels
(see Sec. III A 2). The thickness search range is set between the core
and hydrodynamic radius. The upper search limit for the particle
radius at 20 and 40 ○C is the hydrodynamics radius provided by DLS
(see Table II). To end this fit, we determine the PS/PNIPAM search
ranges at 20 ○C. We set the same search steps for the size, refractive
index, and polydispersity parameters used in the MSA1 and MSA2
routines. The total computing time employed in the fit routines is
presented in Table SMX3 in the supplementary material.

The best-fit value for the PS standard plain particles is
R = 51.3 nm with a monodisperse distribution. The best-fit values
for PS/PNIPAM particles are presented in Table II. In all cases, the
scattering intensities fitted agree well with the experimental data,
and these results could show that the shell grew with a uniform
size in our PS/PNIPAM synthesis, and the structural differences of
the shell due to the synthesis process can be observed below LCST,
where the size of PNIPAM RI plateau in the shell and the size of the
shell are not monodisperse. The best-fit parameter of MSA3 for our
PS/PNIPAM particles at 20 and 40 ○C is presented in Table II.

Figure 7(b) shows the radial RI profile for the MSA3 calcu-
lation obtained by the best fit to the experimental data. Here, we
can observe that the coating is not very dense, but despite this, the
scattering properties of the PS/PNIPAM particles are dominated by
the optical and geometrical parameters of the shell. In the inset of
Fig. 7(b), we show the form factor function, calculated using Eq. (1),
corresponding to the best-fit scattering intensity of Fig. 7(a). The PS
plain standard particles scatter in the Rayleigh scattering regime due
to its small size.35 As we observe from our calculations, the shell is
responsible for losing the Rayleigh scattering behavior. As far as we
know, our results are the first attempt to describe the form factor and
the RI profile of this kind of composite particle in the Mie scattering
regime.

Before ending this section, we would like to mention that
we tried to describe core–shell particle suspensions with a PS
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spherical core coated with PNIPAM cross-linked with acrylic acid
(PS/PNIPAM-co-AAc)18 using a PS core with homogeneous RI, a
PNIPAM plateau, and a Gaussian RI decay as a refractive index
profile model. The fitted scattering intensities vs angle agree pretty
well with the experimental data [Fig. SM4(a) in the supplementary
material]. However, the radial RI profiles obtained from the fitted
scattering intensities at 25 and 35 ○C produced the best-calculated
shell radii that significantly underestimated the experimental hydro-
dynamic measured radius [Fig. SM4(a) in the supplementary
material]. Therefore, the RI profile of the PNIPAM-co-AAc is
probably not well described by the proposed model for n(r), and
several profiles must produce the same experimental scattering
intensities.

V. CONCLUSION
This work presented how to apply Mie scattering theory to

predict and understand the static light scattering of large nonho-
mogeneous colloidal particles of a size comparable with the light
wavelength used for developing light scattering experiments. The
colloidal particles used in this study form scatterers with a constant
refractive index core and a shell with a refractive index decaying until
it matches the solvent refractive index, forming a core–shell struc-
ture, which was approximated by a Gaussian RI profile numerically
evaluated through a multilayer sphere. We calculated the form fac-
tor functions of suspensions of PNIPAM and PS/PNIPAM. For the
PNIPAM case presented in Ref. 17, the scattering intensity is very
well predicted in the swollen state, as shown by their excellent fit with
the experimental scattering intensities. In the shrunk state, the Gaus-
sian RI profile cannot describe the radiative properties as expected
because the microgel is like a solid homogeneous sphere; we must
use the standard Mie scattering theory. As far as we know, this is the
first time that the form factor of PNIPAM microgel in the swollen
state is described in the Mie scattering regime using a radial refrac-
tive index profile. We also successfully described the light intensity
form factors of PS/PNIPAM microgel particles synthesized by us. In
the future, our next step would be to study more core–shell systems
to determine the limits of the model and to improve the compu-
tational algorithms used for these calculations, as to introduce a
numerical procedure for selecting L intelligently considering inde-
pendent criteria of the particle’s size and refractive index profile to
use less computing time, and to implement numerical routines to
calculate the uncertainties of calculated physical quantities and more
efficient methods for χ2 minimization.

Mie scattering theory is an improvement of RGD. As men-
tioned in Subsection III C, RGD has to be used for small scatterers,
compared to the wavelength of the incident laser radiation, with a
slight refractive index difference from the surrounding solvent. Mie
scattering theory corresponds to the exact solution for the scattered
field, as given by the electromagnetic theory, which relates the inci-
dent electromagnetic wave on a scatterer particle to the scattered
field. Although mathematically involved, the computational algo-
rithm we developed can be found in a public repository and can be
freely used.

Our results could help in the study of microgels with large parti-
cles, as in the case of super chaotropic agents bound on the microgel
structure,10 or hollow microgel particles,5,34 and also in developing

numerical tools for light scattering for core–shell particles with
a fuzzy shell to design optical switches.18 In addition, knowing
the light scattering of suspensions made of mesoscopic core–shell
particles makes it possible to predict their photonic properties as
the transport mean-free path of light,17,41 more experimental data
in this direction are being developed by us with suspensions of
PS/PNIPAM core–shell particles of different sizes, concentrations,
and temperatures, where SLS data and transport mean-free path of
light in these suspensions are evaluated and compared to experi-
ments; these results would be presented shortly. Our Mie scattering
multilayer model could be extended to better understand the radia-
tive properties of fuzzy materials’ core–shell particles with a metallic
core. Since our method can include imaginary refractive indices, it
could be an alternative to the RGD approximation and Monte Carlo
simulations to describe the absorption spectra of core–shell gold
particles coated with PNIPAM as made by Ponomareva et al.27,33

On the other hand, since the extinction cross section is related to
the scattered light and, consequently, to the amplitude scattering
coefficients, the Mie scattering can be related to light extinction
spectroscopy, which looks for a nonintrusive characterization of
submicron particles. The influence of the internal structure of inho-
mogeneous particles on their radiative properties is an open issue
in many fields of science and technology.42,43 Our model for mul-
tilayered spheres could be a starting point for studying particles
with spherical symmetry. Furthermore, video holographic micro-
scopy characterization of colloidal spheres has been developed by
a fit of their measured hologram normalized images to a theoreti-
cal expression of these normalized images, which involves the Mie
scattering coefficients where its radius and its refractive index are
used as free parameters.44 A natural extension of this experimental
technique could be using the Mie scattering model for multilayered
spheres to characterize more complex colloidal particles.

SUPPLEMENTARY MATERIAL

The supplementary material encompasses discussion on pre-
dictions of the form factor for core–shell structures; dependence of
scattering form factor curves on L; computing time tables of MSA1,
MSA2, and MSA3 routines, and on PS/PNIPAM-co-AAc core–shell
particles.
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