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Abstract

In this Letter, we consider a two-dimensional Hubbard model that includes a second-neighbor correlated hopping interac
and we find a tripletp-wave superconducting ground state within the BCS formalism. A small distortion of the square-lattic
right angles is introduced in order to break the degeneracy ofkx ± ky orientedp-wave pairing states. For the strong coupli
limit, analytical results are obtained. An analysis of the superconducting critical temperature reveals the existence of an optim
electron density and the gap ratio exhibits a non-BCS behavior. Finally, the particular case of strontium ruthenate is e
 2005 Elsevier B.V. All rights reserved.
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The Hubbard model is perhaps the most used s
ing point to study many correlated electronic pheno
ena, such as magnetism in solids[1], superconduc
tivity [2], charge and spin density waves[3]. In par-
ticular, the negative-U Hubbard model only leads t
s-symmetry superconductivity, and the introduction
a negative-V term, i.e., an attractive interaction b
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E-mail address: chumin@servidor.unam.mx(C. Wang).
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tween nearest neighbors, can produce anisotropic
perconducting states. However, this later model ha
intrinsic defect in favouring phase separation, wh
inhibits the formation of the superconducting grou
state as the strength of the attraction grows[4]. On
the other hand, it has been shown[5] that the corre-
lated first-neighbor hopping interaction can induce
extendeds-wave superconducting ground state wi
out attractive density–density interactions. Recen
we have found that a small correlated second-neigh
interaction can lead to ad-wave superconductivit
.
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in square lattices[6]. However, it has been state
that triplet p-wave pairing never occurs in the tw
dimensional Hubbard model[7]. In this Letter, we
report for the first time ap-wave superconductin
ground state induced by a small distortion of t
square-lattice right angles within the Hubbard mod
It would be worth mentioning that a structural disto
tion has been observed at the surface of the Sr2RuO4
[8], ap-wave superconducting material, although i
not clear its occurrence in the bulk.

The d-wave superconductivity has also been o
tained by using the spin fluctuation technique with
the standard Hubbard model[9–11]. Nevertheless
the picture that strong ferromagnetic spin fluctuatio
mainly induce thep-wave superconductivity may no
be appropriate[12,13], since the spin fluctuations hav
turned out to be more like antiferromagnetic than f
romagnetic[14]. Indeed, the spin-triplet supercondu
tivity in Sr2RuO4 can rather be considered as a natu
result of electron correlations[15]. In this sense, the
present work represents an alternative way to ob
p-wave superconduction by considering the correla
hopping interactions.

During the last years, the experimental evidence
vors a spin-triplet superconducting state in Sr2RuO4
[16]. More recently, phase sensitive measureme
seems to indicate an odd parity superconducting s
most likely of thep-wave type[17]. In Sr2RuO4, elec-
trons in the RuO2 planes are expected to play the m
important role for its electronic properties[16]. In gen-
eral, thekx ± ky orientedp-wave superconductin
states are doubly degenerated in a square lattice a
small distortion in its right angles breaks this degen
acy, favouring one of thep-wave states in competitio
with s- andd-wave superconducting states. A sing
band Hubbard model has been considered to des
the electron dynamics on the RuO2 planes[13], which
is often calledγ band that plays the dominant role
the superconducting transition, and the pairing on
other two bands,α andβ , is induced passively throug
the inter-orbit couplings. The band structure obtain
from the density functional theory can be reasona
well described in the vicinity of the Fermi level by
square-lattice singleγ -band tight-binding model with
first- and second-neighbor hoppingst0 = 0.4 eV and
t ′0 = −0.12 eV, respectively[19].

In order to analyzep-wave superconducting state
we consider a minimal two-dimensional interacti
electron system, where a second-neighbor correla
hopping interaction(�t3) is thought as the relevan
term, besides the on-site Coulomb interaction(U), the
first- and second-neighbor single-electron hoppin
as appear in the standard Hubbard model. This g
eralized Hubbard Hamiltonian can be written as[6]

H = t0
∑

〈i,j〉,σ
c

†
i,σ cj,σ + t ′0

∑
〈〈i,j〉〉,σ

c
†
i,σ cj,σ

+ U
∑

i

ni,↑ni,↓

(1)+ �t3
∑

〈i,l〉,〈j,l〉,〈〈i,j〉〉,σ
c

†
i,σ cj,σ nl,

wherec
†
i,σ (ci,σ ) is the creation (annihilation) ope

ator with spinσ =↓ or ↑ at site i, ni,σ = c
†
i,σ ci,σ ,

ni = ni,↑ + ni,↓, 〈i, j 〉 and〈〈i, j 〉〉 denote respectivel
the nearest-neighbor and the second-neighbor site
is worth mentioning that the second-neighbor dens
density interaction(V ) could be negative if attractiv
indirect interactions through phonons or other boso
excitations are included, as discussed in Refs.[2,20].
However, a negativeV may cause a phase-separat
ground state[4,6] and then, in this Letter we tak
V = 0. Moreover, the models that include the neare
neighbor correlated-hopping interaction(�t) and�t3
can respectively lead tos- and d-wave hole super
conducting ground states without negativeV [6,21].
Therefore,�t = 0 and small�t3 are considered in thi
study to analyze onlyp-wave superconducting state

In addition, we consider a small distortion of th
right angles in the square lattice, which leads
changes int ′0 and�t3 terms of Eq.(1). The new val-
ues of these parameters aret ′± = t ′0 ± δ and �t±3 =
�t3 ± δ3, where± refers to thex ± y direction. Doing
a Fourier transform,

(2)ck,σ = 1√
Ns

∑
j

eik·Rj cj,σ ,

and

(3)c
†
k,σ

= 1√
Ns

∑
j

eik·Rj c
†
j,σ ,

the Hamiltonian (Eq.(1)) in the momentum space b
comes
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H =
∑
k,σ

ε0(k)c
†
k,σ

ck,σ

+ 1

Ns

∑
k,k′,q

Vkk′qc
†
k+q,↑c

†
−k+q,↓c−k′+q,↓ck′+q,↑

(4)

+ 1

Ns

∑
k,k′,
q,σ

Wkk′qc
†
k+q,σ c

†
−k+q,σ c−k′+q,σ ck′+q,σ ,

whereNs is the total number of sites,

(5)

ε0(k) = 2t0
[
cos(kxa) + cos(kya)

]
+ 2t ′+ cos(kx + ky) + 2t ′− cos(kx − ky),

(6)

Vkk′q = U + �t+3
[
γ (k + q,k′ + q)

+ γ (−k + q,−k′ + q)
]

+ �t−3
[
ζ(k + q,k′ + q)

+ ζ(−k + q,−k′ + q)
]
,

and

(7)

Wkk′q = �t+3 γ (k + q,k′ + q)

+ �t−3 ζ(k + q,k′ + q),

being

(8)

γ (k,k′) = 2 cos
[
a(kx + k′

y)
]

+ 2 cos
[
a(k′

x + ky)
]
,

(9)

ζ(k,k′) = 2 cos
[
a(kx − k′

y)
]

+ 2 cos
[
a(k′

x − ky)
]
,

and 2q is the wave vector of the pair center of ma
Notice thatVkk′q andWkk′q respectively contribute to
antiparallel and parallel spin pairings, and their m
contributions come fromq = 0 terms.

Within the standard Bardeen–Cooper–Schrie
(BCS) formalism, a normal Hartree–Fock decoupl
of the interaction terms in Eq.(4) leads to the follow-
ing reduced Hamiltonian for parallel spins[22],

H − µN

=
∑
k,σ

(
ε(k) − µ

)
c

†
k,σ ck,σ

(10)+ 1

Ns

∑
k,k′,σ

Wkk′0c
†
k,σ c

†
−k,σ c−k′,σ ck′,σ ,

whereµ is the chemical potential,N is the number of
electrons, and
ε(k) = U

2
n + 2t0

[
cos(kxa) + cos(kya)

]
+ 2

(
t ′+ + 2n�t+3

)
cos(kx + ky)

(11)+ 2
(
t ′− + 2n�t−3

)
cos(kx − ky),

beingn the density of electrons per site. Notice that
single-electron dispersion relationε(k) is now modi-
fied by adding termsU2 n and 2n�t±3 to the self-energy
and the second neighbor hoppings, respectively.

At finite temperatureT , the equations that dete
mine the superconducting gap(∆k) and the chemica
potential(µ) for the case of parallel spins are simil
to the singlet one[6], and they are

(12)∆k = − 1

Ns

∑
k′

Wkk′0
∆k′

2Ek′
tanh

(
Ek′

2kBT

)
,

and

(13)n − 1 = − 1

Ns

∑
k′

ε(k′) − µ

Ek′
tanh

(
Ek′

2kBT

)
,

where the single-excitation energy(Ek) is given by

(14)Ek =
√

(ε(k) − µ)2 + ∆2
k.

It is worth mentioning that for the pairs with sp
function (|↑↓〉 ± |↓↑〉)/√2, corresponding to triple
(+) and singlet(−), the same equations(12) and (13)
are obtained except thatVkk′0 replacesWkk′0. In this
work, the p-wave superconducting gap is given
∆k = ∆p[sin(kxa) ± sin(kya)], and Eq.(12) can be
written as

1 = ±4δ3

Ns

(15)

×
∑

k

sin2 akx ± sinakx sinaky

Ek
tanh

(
Ek

2kBT

)
,

whereδ3 = (�t+3 − �t−3 )/2. Notice that givenn and
T , Eqs.(13) and (15)have to be solved together fo
µ and∆p. In particular, the critical temperature (Tc)
is determined by∆p(Tc) = 0. For the case of triplet
with (|↑↓〉 + |↓↑〉)/√2 and q = 0, the termU in
Eq. (6) is an even function in thek′ space and∆k =
∆p[sin(kxa)±sin(kya)] is odd, and then the sum ov
the first Brillouin zone of the product of them is zer
Furthermore, the terms�t±3 reduce to those ofWkk′0,
except for a factor of 2. However, due to the sum o
σ in the third term of Eq.(4), it turns out that triplets
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Fig. 1. Critical temperature(Tc) versus electron density(n) ob-
tained with a mean-field chemical potential approximation
�t3 = δ = 0, t ′0 = −0.3|t0|, δ3 = 0.5|t0| (open squares), 0.375|t0|
(open circles), 0.25|t0| (open up triangles), 0.2|t0| (open down tri-
angles), 0.125|t0| (open rhombus) and arbitraryU . The solid lines
indicate the self-consistent solutions of equations(13) and(15). In-
set:Tc versus�t3 for p- andd-channel superconducting states w
n = 0.61 (n = 0.5) respectively presented as open and solid bl
(gray) circles forδ3 = 0.375|t0|, as well as open and solid blac
(gray) down triangles forδ3 = 0.2|t0|.

with antiparallel spins obey the same equations(13)
and (15), in consequence the three types of tripl
with different total spin projections have the same
perconducting behavior[23].

In order to reach very lowTc , instead of solving
two coupled integral equations(13) and (15), we have
calculatedµ directly from the mean-field density o
states, obtained from Eq.(11). The results of this cal
culation are shown inFig. 1 for δ3 = 0.5|t0| (open
squares), 0.375|t0| (open circles), 0.25|t0| (open up
triangles), 0.2|t0| (open down triangles) and 0.125|t0|
(open rhombus) for�t3 = δ = 0, t ′0 = −0.3|t0|, in
comparison with the solutions of self-consistent eq
tions (13) and (15)indicated by solid lines for the
cases ofδ3 = 0.5|t0| and 0.375|t0|. This agreement is
somewhat expected since it has been shown tha
Fermi energy calculated from the correlated den
of states coincides with the chemical potential o
tained from Eq.(13) [24]. Also, notice that there ar
changes ofTc up to 4 orders of magnitude in a narro
range of electronic density. In the inset ofFig. 1 the
Tc of p- and d-channel superconducting states w
Fig. 2. The variations of (a) maximum critical temperature(T max
c )

and (b) optimal density(nop) as functions ofδ3.

n = 0.61 (n = 0.5) as a function of�t3 are respec
tively exhibited as open and solid black (gray) circ
for δ3 = 0.375|t0|, as well as open and solid blac
(gray) down triangles forδ3 = 0.2|t0|. Observe tha
for large �t3 the p-wave superconductivity is sup
pressed byd-channel superconducting states, wh
the latter depend slightly on the values ofδ3 (see solid
circles and solid down triangles in the inset) beca
δ3 only modifiesε(k) in Eq. (10) of Ref.[6]. In fact,
for n � 1, thed-wave superconductivity is suppress
and thenp-channel superconducting states become
ground state even forδ3 � �t3. In addition, the results
show the existence of a maximum critical tempe
ture (T max

c ) at an optimal electron density (nop), which
are respectively plotted inFig. 2(a) and (b), both as
functions ofδ3. Notice thatT max

c increases andnop de-
creases whenδ3 grows, where the limit whenδ3 → 0
corresponds tonop 
 1.3, very close to the expecte
γ -band filling of Sr2RuO4 [25,26].

Moreover, thep-wave superconducting states a
analyzed by looking at their gap strength (∆p) and
the single-excitation energy gap (∆0), which is de-
fined as the minimum value ofEk given by Eq.(14),
with ∆k = ∆p[sin(kxa) + sin(kya)] evaluated at the
antinode[6]. In the limit t0, t

′
0,�t3, δ → 0, analyti-

cal solutions have been obtained for the low den
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Fig. 3. Numerical results (open circles) of (a) thep-channel super-
conducting gap(∆p), (b) critical temperature(Tc), and (c) gap ratio
[2∆0/(kBTc)] versus the electron concentration(n), for δ3 �= 0 and
the other parameters equal to zero, in comparison with the analy
solutions (dashed lines) valid forn → 0.

regime (n → 0) and they are

(16)∆p = 2δ3
√

2n

(
1− 9n

4

)
,

(17)kBTc = (1− n)δ3

tanh−1(1− n)
,

and

(18)
2∆0

kBTc
= 2 ln(2−n

n
)

(1− n)

(
1− 9n

4

)
.

In Fig. 3(a)–(c), numerical results of∆p/δ3, Tc/δ3,
and the gap ratio (2∆0/kBTc) versusn are respectively
shown with the rest of parameters equal to zero, wh
the universal analytical solutions (Eqs.(16)–(18)) are
indicated by dashed lines. Note that the gap ratio in
dilute limit is independent of the interaction param
ters, as found in Refs.[6,21]. Furthermore, inFig. 3(c)
it is observed that at the low density limit the gap ra
reaches very high values in comparison with the va
Fig. 4. Temperature dependence of the gap ratio[2∆0/(kBTc)] for
the p-wave case (open circles) with�t3 = δ = 0, t ′0 = −0.3|t0|,
δ3 = 0.375|t0| andn = 0.61, and thes-wave case (solid line) with
U = −2.5|t0|, andt ′0 = −0.3|t0|.

of 3.57 predicted by the BCS theory and it decrea
as the electron density grows. It is important to m
tion that inFig. 3the unique parameter taken differe
to zero isδ3 and in this case the real strong-coupli
limit is obtained only whenn → 0, since the kinetic
energy (Eq.(11)) is proportional tonδ3.

The temperature dependence of the gap ratio(2∆0/

kBTc) for one of the systems inFig. 1, with δ3 =
0.375|t0| (open circles) andn = 0.61, is shown in
Fig. 4in comparison with thes-wave superconductin
state obtained from a negative-U Hubbard model[2]
with U = −2.5|t0|, t ′0 = −0.3|t0| andn = 0.61 (solid
line). In the inset ofFig. 4, the normalized gap ratio
[∆0(T )/∆0(0)] for the same systems of the main p
are comparatively shown. Observe that thep-wave
2∆0/kBTc is larger than thes-wave one and the corre
sponding normalized gap ratio has a different beha
from the BCS theory.

Finally, in Fig. 5 the excitation energy of th
quasiparticles (∆0) for the p-channel superconduc
ing state is plotted as a function of the polar an
θ = tan−1(ky/kx) for the same system as inFig. 4,
where∆0 is calculated around(π,π) point in thek
space since the minimum ofEk is located there (se
Eq. (14)). Observe a clearp-symmetry gap and th
orientation of∆0 is determined by the sign ofδ3.

In summary, we have demonstrated that thep-
wave superconductivity can be obtained within
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Fig. 5. Calculated single-particle excitation energy gap(∆0) as a
function of the polar angle for the samep-wave superconducting
system as inFig. 4.

two-dimensional generalized Hubbard model and
BCS framework. We have verified that in the stud
regime, i.e.,U/|t0| � 1,�t3 = δ = 0, the truly ground
state hasp-symmetry, sinces- andd-wave supercon
ducting states are inhibited by largeU [21] and the
condition�t3 = 0 [6], respectively. In fact, for finite
�t3, thep-channel superconductivity still survives
competition with thed-channel whenδ3 � �t3 in the
low carrier region (n � nop), as shown in the inset o
Fig. 1, similar to the two-particle behavior[18]. One
of the main features of thep-wave superconductin
state is the existence of an optimal electron density
Tc and∆p , as shown inFig. 1 and Eq.(16), because
the attractive interaction grows with the Fermi surfa
size but at the same time, the increase of electron
sity reduces the potential energy, given by〈Wk,k′ 〉 =∑

k,k′(Wk,k′ −Wk,−k′)ukvkuk′vk′ [22]. Also, we have
proven that a tiny distortion of the square lattice g
eratesp-wave superconducting states and one of th
becomes the ground state even in competition withs-
andd-wave superconducting states for certain para
ter regions. In the limit of tiny distortion the optima
electronic density tends to1.3, in agreement with th
Fermi energy position estimated by the band the
for Sr2RuO4 [25,26]. Moreover, we have observe
that the Fermi energy obtained from the mean-fi
density of states could be a good candidate for
real chemical potential, which simplifies the nume
cal calculations enormously. Finally, the Hamiltoni
used in this Letter can be further addressed beyond
BCS formalism, for example, by using the spin fluc
ation technique or the density-matrix renormalizat
approach[27], as done for the Kubo conductivity[28]
and its extension to multidimensional systems[29].
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