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Abstract. We revisit the problem of determining conditions under which a pure

state, that evolves under an arbitrary unitary transformation, reaches an orthogonal

state in a finite amount of the transformation parameter. Simple geometric

considerations disclose the existence of a fundamental limit for the minimal amount

required, providing, in particular, an intuitive hint of the Mandelstam-Tamm bound.

The geometric considerations leads us to focus on a particular, yet relevant, family

of states that evolve towards orthogonality. Several dynamical features are discussed,

which include the (relative) entropy production during transformation, and special

attention is paid to multipartite systems ofN bosons that are allowed to tunnel between

two sites. The effects of the tunneling in the amount of transformation required for

the system to attain an orthogonal state are revealed, and the relation between the

latter, the tunneling intensity and the mode-entanglement is explored.

Keywords: Quantum speed limit, mode-entanglement, Bose-Hubbard Hamiltonian.

1. Introduction

The reliable manipulation of quantum states to reach particular target states lies at

the core of quantum information science [1, 2]. Particularly, the determination of

the amount of transformation required to take a specific state to an orthogonal —

distinguishable— one, acquires relevance in quantum information tasks, and has received

attention under different contexts, mainly in relation with the so-called quantum speed

limit, in which the minimal time required to evolve towards an orthogonal state is

considered [3, 4, 5, 6, 7, 8, 9]. Investigations regarding the amount of transformation to

take a state into an orthogonal one, are also significant in the broader theoretical and

experimental analysis of the dynamic evolution of quantum states, in the establishment

of fundamental physical limitations (usually expressed as uncertainty relations), as well

as in other applications of quantum physics [10]. Moreover, ongoing theoretical analysis

on this topic are still revealing new aspects on its connection with several quantum

features [11, 12, 13, 14, 15, 16].
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In this paper we revisit the problem of determining the amount of transformation

required for an initial pure state to reach an orthogonal one under an arbitrary unitary

transformation. Our analysis allows to unveil, clarify, and identify different novel aspects

related with the dynamics towards orthogonality, and adds to preceding works in several

ways. In particular, in Section 2, we present a fresh discussion —based on associating the

overlap between two states with the superposition of 2-dimensional rotating vectors —

that brings out the notion of ‘speed limit’ in a most natural way, and particularly hints

out on the Mandelstam-Tamm bound in an intuitive fashion. Further, the amount of

evolution (and its lower bound) towards orthogonality is determined for a particular, yet

important, family of initial states. This amount defines a characteristic scale for which

the evolution leads to ‘clock’ models [17], and the dynamics between the ‘tickings’ is

analyzed from an entropic perspective.

In Section 3 special attention is paid to multipartite systems of N bosons allowed to

tunnel between two sites (or rather N qubits in an effective Hilbert space of dimension

N + 1). The ‘slowest’ and ‘fastest’ states in reaching an orthogonal state are identified.

In the non-tunneling regime, a simple relation between the amount of transformation

needed to attain orthogonality and the states’s mode-entanglement is obtained. The

effects of the transition between sites are also explored, showing that the tunneling

favors a ‘faster’ evolution towards orthogonality, and that variations of the tunneling

intensity gives rise to a rich dynamics of the entanglement between modes (as opposed to

entanglement between particles). Section 4 presents a summary and some final remarks.

Our results enrich the current comprehension on the dynamics of quantum systems,

and in particular of multipartite entangled systems which are of extended theoretical

and experimental interest [18].

2. The geometrical shortcut to orthogonality

2.1. The geometrical picture

We consider a pure-state vector in a Hilbert space H that evolves under the unitary

transformation

Ûg(γ) = e−iĝγ, (1)

with ĝ an Hermitian operator, and γ a real and continuous parameter that defines

the γ-translation symmetry transformation. The initial (normalized) state is expanded

according to |ψ0〉 =
∑N

k=1

√
rke

iϕk |gk〉, so the evolved state reads

|ψγ〉 = Ûg(γ) |ψ0〉 =
N∑
k=1

√
rke

i(ϕk−gkγ) |gk〉 , (2)

where ĝ |gk〉 = gk |gk〉, ϕk ∈ [0, 2π], and the coefficients rk ∈ [0, 1] satisfy the

normalization condition
N∑
k=1

rk = 1, (3)
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thus {rk} conforms the probability distribution from which the average 〈F (ĝ)〉 =∑N
k=1 rkF (gk) is computed. This distribution has associated the information (Shannon)

entropy SSh[{rk}] = −
∑N

k=1 rk ln rk, which measures the lack of information about the

state |ψγ〉 relative to the basis {|gk〉}. Its minimum value (SSh = 0) is attained when

there is maximal information, corresponding to rk = δk,k0 , whereas its maximum value

(SSh = 1) occurs when the available information is minimal, so the distribution is

rk = 1/N , in line with the equal a priori probability principle.

One quantity of interest that characterizes the evolution of pure states is the overlap

〈ψγ|ψ0〉 =
N∑
k=1

rke
igkγ = 〈eiĝγ〉, (4)

which is a γ-dependent complex number that measures how similar is the transformed

state |ψγ〉 with respect to the original one, |ψ0〉. Equation (4) vanishes provided |ψγ〉 is

orthogonal to (distinguishable from) |ψ0〉. A relative entropy between such states can

be defined in terms of (4) as Srel[{rk}; γ] = 1− |〈ψγ|ψ0〉|2, with |〈ψγ|ψ0〉|2 known as the

nondecay or survival probability whenever γ and ĝ are identified, respectively, with time

and the Hamiltonian operator [4, 19] (we take ~ = 1). The relative entropy acquires

its maximum (Srel = 1) and minimum (Srel = 0) value when the transformed state is

orthogonal and equal (up to a phase factor) to the original one, respectively.

Each term of the expansion in (4) can be mapped into the two-dimensional vector

rk(γ) = rk(cos θk, sin θk) lying inside the unitary circle (rk ≤ 1) with θk = gkγ.

Consequently 〈ψγ|ψ0〉 is mapped into the vector R(γ) =
∑N

k=1 rk(γ), and thus the

overlap vanishes if and only if R = 0. This observation offers a simple geometrical

prescription to guarantee that |ψ0〉 evolves towards an orthogonal state, namely: sum up

the vectors rk(γ), each performing uniform circular motion with frequency gk = dθk/dγ

along orbits of radius rk, and from this sum, determine the conditions under which the

vector’s tips are distributed such that the centroid of the polygon they form coincides

with the origin (this is the case for example, when the tips form a regular polygon

centered at the origin). From this geometrical picture it follows immediately that:

i) The number of vectors rk equals N , the number of states that contribute in the

expansion (2).

ii) Each of the N phase oscillators is accommodated in one of the R different radii

(1 ≤ R ≤ N ), with R the number of different coefficients rk.

iii) The number of frequencies equals the number of different eigenvalues gk appearing

in (2).

The initial state is depicted such that all the vectors rk(0) lie on the x-axis at a

distance rk from the origin. When the evolution is switched on, each vector starts its

counter-clockwise rotation, and for a given γ̃ > 0 they are all distributed inside the

unitary circle in positions that depend on their frequency. Consequently, it is intuitively

clear that for all these vectors to sum up to a null vector:
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a) At least two vectors with different frequencies, i.e., two different eigenvalues gk,

must contribute in (2).

b) γ̃ must be larger than or equals a certain minimum value γ̃min, that is, γ̃ ≥ γ̃min > 0.

From a) it follows that a nonzero value of the (γ-invariant) dispersion σ2
ĝ = 〈ĝ2〉 − 〈ĝ〉2

is necessary for orthogonality to be attained. Since this quantity is equivalent to the

variance of the eigenvalues {gk} computed with the distribution {rk}, the latter plays

a fundamental role in attaining the orthogonal state. In particular, a distribution {rk}
with nonzero SSh is required for orthogonality to be reached. On the other hand,

b) implies that if 〈ψγ|ψ0〉 vanishes, then a sort of speed limit —or γ-ĝ uncertainty

relation— exists, determined only by γ̃min. When the unitary transformation (1) refers

to the temporal evolution, that is, when ĝ and γ correspond, respectively, to a time-

independent Hamiltonian and to time, these intuitive conditions become formally stated

and quantified in the form of the Mandelstam-Tamm bound for the so-called quantum

speed limit, or the time-energy uncertainty relations [5, 4].

2.2. Lower bound for the ‘speed’ limit

The problem of determining the conditions on the distribution {rk} and the set {gk} for

|ψ0〉 to reach an orthogonal state at some finite γ̃, is a difficult one in the most general

case. However, we can make progress either by assuming a particular distribution {rk}
and determining the requirements on {gk}, or the other way around. We shall adopt the

first strategy and consider a distribution {rk} that fullfills the equal a priori probability

principle. Thus, in what follows we will consider the family I of initial states that are

equally-weighted superpositions of eigenvectors of ĝ, i.e., the collection of states of the

form

|ψ0〉 =
1√
N

N∑
k=1

eiϕk |gk〉 (5)

where we have chosen rk = 1/N , with finite N ≥ 2 (the case N=1 clearly never reaches

an orthogonal state). This is a natural choice for the distribution {rk}, assuming we

have the minimal information, hence maximal Shannon entropy. We further assume

that all the gk appearing in the expansion (2) are different, and that (without loss of

generality) the index k is such that gk < gk+1. According to ii) above, this means that

the tips of the N vectors lie on the circle of radius 1/N , they rotate with different

angular frequencies g1 < · · · < gk < · · · < gN , and after a transformation by γ units

they point at the directions θ1 < · · · < θk < · · · < θN , respectively.

From this geometrical description, it is clear that an orthogonal state is reached

for the first time at γ̃ —that is, 〈ψγ̃|ψ0〉 = 0 or equivalently, R (γ̃) = 0— whenever the

tip vectors form (for the first time) the N vertices of a regular polygon inscribed in the
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circle, i.e. when ∆θ = θk+1 − θk = 2π/N , meaning that ‡

γ̃ =
2π

∆g

1

N
, (6a)

where

∆g = gk+1 − gk (6b)

is independent of k, which occurs only if the elements of the set {gk} are of the form

gk = (k − 1)∆g + g1. (7)

With this, all the g-distributed moments, 〈ĝn〉 =
∑N

k=1 rkg
n
k = N−1

∑N
k=1 g

n
k , (which

are not all independent among themselves) are explicitly determined in terms of g1, N ,

and ∆g only. Thus, different, yet equivalent, expressions for γ̃ are possible when this is

written in terms of any of the moments of ĝ. Of particular interest are those expressions

for γ̃ that involve the first two moments [8, 20]

〈ĝ〉 =
1

N

N∑
k=1

gk = g1 +
∆g

2
(N − 1), (8a)

〈ĝ2〉 =
1

N

N∑
k=1

g2k = g21 + g1∆g (N − 1) +
1

6
(∆g)2 (N − 1)(2N − 1), (8b)

since these play the most determinative role in the transformation (1) [17, 8].

In terms of 〈ĝ〉−g1 —the mean value of ĝ as measured from the lowest eigenvalue—,

Eq. (6a) rewrites as

γ̃ =
π

2(〈ĝ〉 − g1)
2(N − 1)

N
≥ π

2(〈ĝ〉 − g1)
, (9)

whereas in terms of the standard deviation σĝ =
√
〈(ĝ − 〈ĝ〉)2〉 =

√
〈ĝ2〉 − 〈ĝ〉2, γ̃ can

be written as

γ̃ =
π

2σĝ

√
4 (N 2 − 1)

3N 2
≥ π

2σĝ
. (10)

The inequalities in Eqs. (9) and (10) are, respectively, the extension to the γ-translation

transformation of the Margolous-Levitin [6] and the Mandelstam-Tamm [5] bounds that

determine the quantum speed limit. In particular, Eq. (10) leads to the inequality

σĝγ̃ ≥ π/2, which plays the role of a γ-ĝ ‘uncertainty’ relation [4]. Moreover, the

quantity s = 2σĝγ̃ is independent of the particular generator ĝ that defines the unitary

transformation (1), and thus corresponds to the analogous of a geometric phase as is

discussed in Ref. [17].

‡ The condition of the regular polygon is sufficient, although not necessary to attain orthogonality;

however, for N = 2 it is a necessary and sufficient condition. Indeed, for N = 2 there are only two

vectors that perform phase rotation, and for these to sum up a null vector both radii must necessarily

be equal (i.e., r1 = r2 = 1/2), and one vector opposite to the other forming a diameter of the circle (the

‘polygon’ in this case). Consequently, an equally weighted qubit state always reaches an orthogonal

state at γ̃ = π/(g2 − g1), as follows from Eq. (6a).
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The bounds indicated in Eqs. (9) and (10) have been synthesized in the following

expression for the lower bound of γ̃ [21, 22]

γ̃min = max
{ π

2(〈ĝ〉 − g1)
,
π

2σĝ

}
. (11)

The quantities inside the brackets are not necessarily independent of each other,

and as shown by Levitin and Toffoli [8], the bound (11) can be attained only when

(〈ĝ〉 − g1) = σĝ, and is asymptotically attainable otherwise.

Now, the equalities in Eqs. (9) and (10) lead to

σĝ
(〈ĝ〉 − g1)

=

√
1

3

(N + 1)

(N − 1)
≤ 1, (12)

thus disclosing the relation between 〈ĝ〉−g1 and σĝ (which is of course particular for the

specific distribution {rk} under consideration), and accordingly for the family of initial

states I we have

γ̃min =
π

2σĝ
. (13)

The quotient in Eq. (12) approaches 1/
√

3 ≈ 0.57735 as N → ∞ meaning that

the fluctuations are not negligible even in the regime of large systems. On the other

hand, the quotient in (12) saturates the inequality for N = 2, and it is only for this

value of N that the Margolous-Levitin and the Mandelstam-Tamm bounds coincide

and γ̃ attains its minimum value, as follows from Eq. (10) (thus recovering the main

statement established in theorem 1 of Ref. [8]). Therefore, for fixed 〈ĝ〉 − g1 (or σĝ), a

superposition involving two states only (an effective qubit), reaches an orthogonal state

faster than any other superposition. In contrast, for the same 〈ĝ〉 − g1 we have that

σĝ < 〈ĝ〉 − g1 for N > 2, and thus γ̃ asymptotically approaches the value (2/
√

3)γ̃min

with N →∞.

2.3. Evolution between orthogonal states

Besides determining the value for which the transformed state is orthogonal to the initial

one, γ̃ also defines a collection of N mutually orthonormal states. First notice that for

integers n,m = 0, 1, . . . ,N − 1, the evolution operator (1) implies that

〈ψnγ̃|ψmγ̃〉 = 〈ψ(n−m)γ̃|ψ0〉 =
N∑
k=1

rke
igk(n−m)γ̃. (14)

In the present case we have rk = 1/N , gk is given by Eq. (7), and γ̃ is given by Eq.

(6a). Gathering these results Eq. (14) becomes

〈ψnγ̃|ψmγ̃〉 = eig1(n−m)γ̃ 1

N

N−1∑
l=0

e2πi
1
N (n−m)l = eig1(n−m)γ̃ δnm = δnm, (15)

meaning thatO = {|ψ0〉 , |ψγ̃〉 , . . . ,
∣∣ψ(N−1)γ̃

〉
} is indeed a set ofN mutually orthonormal

states, obtained by the successive application: once, twice, . . . , N − 1 times, of the
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Figure 1. The relative entropy Srel = 1−|〈ψγ |ψ0〉|2 as a function of γ/Γ, with Γ = N γ̃,

for N = 2 (blue, dash-dotted line), 3 (red, dashed line) and 10 (pink, solid line). Srel

attains its maximum value 1 each time an orthogonal state is reached, and becomes 0

only when the initial state is recovered, at γ = N γ̃. For sufficiently large N , the state

|ψγ〉 is highly distinguishable from |ψ0〉 in the entire interval γ̃ ≤ γ ≤ (N − 1)γ̃.

operator Ûg(γ̃) to the initial state |ψ0〉. From Eq. (15) we have that the relative entropy

Srel between any pair of these states acquires its maximum value 1.

Figure 1 shows the relative entropy between |ψ0〉 and |ψγ〉 for three different initial

states, corresponding to N = 2, 3 and 10 (for comparison purposes Srel is plotted as a

function of γ/Γ with Γ = N γ̃). As seen in the figure, the relative entropy is produced in

the passing from the initial state (γ = 0) to the first orthogonal state (γ = γ̃), when Srel

attains its maximum value for the first time. Then Srel exhibits oscillations reaching its

maximum value periodically, as γ take the values 2γ̃, . . . , (N − 1)γ̃, that is, each time

the system visits an element of O. From that point on, the relative entropy is degraded

as the state goes back to the initial state (γ = N γ̃), as expected by the recurrent nature

of the dynamics. Remarkably, for N > 2, there is little variation of the relative entropy

production when the system evolves between successive orthogonal states (Srel remains

close to 1), meaning that |ψγ〉 remains ‘far’ from |ψ0〉 almost all time, a feature that

gets conspicuous as N gets larger.

The basis O is encountered, for instance, in the theory of a one-dimensional locally

periodic media [23], in which case the n-th element of O corresponds to the state of

a particle in the n-th cell of the system, the unitary transformation to the spatial

translation and γ̃ to the length of the unit cell. When Ûg(γ) corresponds to the time-

translation transformation, the states {|ψmγ̃〉} coincide with the pointer positions of the
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simple model of the quantum clock proposed by Anandan and Aharonov in Ref. [17].

In our geometrical picture, that associates the condition 〈ψγ̃|ψ0〉 = 0 with a regular

polygon with N (labeled) vertices, each application of Ûg(γ̃) amounts to perform a

counterclockwise rotation that takes one vertex into the next one (in the time-translation

case, takes the hands of the clock into each ‘second’ positions). Thus, at each rotation

by the angle γ̃∆g, an element of the basis {|ψnγ̃〉} is reached. Clearly the N -th rotation

brings back the vertices to their original position, meaning that the evolution is cyclic,

with period

Γ = N γ̃ = 2π/∆g, (16)

a quantity that has been identified as a characteristic time scale in the context of time

evolution [24].

With the aid of Eq. (7), a direct calculation shows that indeed, up to a global

(g1-dependent) phase factor, the following condition holds

|ψγ〉 = Ûg(Γ) |ψγ〉

=
[
Ûg(γ̃)

]N
|ψγ〉 , (17)

or equivalently,

Ûg(γ) |ψ0〉 = Ûg(γ + Γ) |ψ0〉 . (18)

Consequently, the state |ψγ〉 is invariant under the single-period transformation Û(Γ).

When Û corresponds to the time-evolution operator, Û(Γ) is known as the Floquet

operator [25], and Eq. (18) is consistent with the quantum recurrence theorem [26].

Before ending this section it is important to make some remarks on the applicability

of the previous analysis. Two basic assumptions regarding the initial state |ψ0〉 =∑N
k=1

√
rke

iϕk |gk〉 were made; the first one fixed rk = 1/N , and the second one imposed

the (equally spacing) condition (6b) on the eigenvalues gk, namely that ∆g = gk+1 − gk
is constant for all k ≤ N − 1. It should be stressed, however, that this is not a

condition imposed on the spectrum of ĝ, but rather a restriction on the particular ĝ-

eigenstates that appear in the expansion of |ψ0〉. That is, the spectrum of ĝ needs no to

be an equally-spaced one (as, i.e., in the harmonic oscillator case), yet all the (equally

probable) contributing eigenstates must comply with the restriction ∆g = constant.§ In

its turn, it is clear that {rk} is a uniform distribution only in the restricted subspace of

eigenstates that satisfy condition (6b), though in the complete space of all ĝ-eigenstates

it is highly non-uniform.

3. An application: N-two-level systems

We shall now apply the above results to get further insight into the dynamics of

multipartite systems composed of N bosons in two sites, or rather of N qubits in a

§ For example, for an energy spectrum of the form Ek = E1k
2, with k a positive integer (particle

inside an impenetrable box), or Ek = E1k
−1 (hydrogenoid atom), it is not difficult to chose a set of

eigenstates that comply with condition (6b).
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Hilbert space with an effective dimension equal to N + 1.

3.1. The generator of unitary transformations

When describing a system of N bosons in two modes, it is usual to resort to the standard

annihilation (âi) and creation (â†i ) operators of a particle occupying the level i = 0, 1.

These operators define the number operator n̂i = â†i âi describing the number of particles

in the level i, and satisfy the usual commutation relations

[âi, â
†
j] = δij, [âi, âj] = 0. (19)

In terms of the â’s operators, the generator ĝ of unitary transformations can be written

as

ĝ =
∑
i,j=0,1

Gij â
†
i âj +

∑
i,j,k,l=0,1

Gijklâ
†
i â
†
j âkâl + . . . , (20)

where the G’s are real parameters. Here we will consider the simpler structure

ĝ = G0n̂0 +G1n̂1 +G01(â
†
0â1 + â†1â0), (21)

which amounts to disregard many-body interactions and keep (to first order) one-body

terms, and from which many well-known system models can be recognized. For example,

if G01 = 0, G0 = ω0 and G1 = ω1, ĝ corresponds to the Hamiltonian of two independent

harmonic oscillators of frequencies ω0 and ω1. If, instead, G0 = G1 = 0 and G01 6= 0

is constant, ĝ can be identified with the part of the Bose-Hubbard Hamiltonian related

with the tunneling of particles between neighboring sites (with |G01| the intensity of the

tunneling), or simply, the Hamiltonian that describes the transitions between the two

levels considered.

Now, the Schwinger transformation [27] maps the bosonic two-mode system into

a system of N elementary 1/2-spins (N qubits) with total angular momentum Ĵ .

This allows us to perform our analysis resorting to angular momentum operators (and

therefore applicable to angular momentum systems), defined in terms of the creation

and annihilation operators as follows

Ĵ+ = Ĵx + iĴy = â†0â1, Ĵ− = Ĵx − iĴy = â†1â0, Ĵz =
1

2
(n̂1 − n̂0), (22a)

where

Ĵl =
1

2
(σ̂l ⊗ I2N−1 + I2 ⊗ σ̂l ⊗ I2N−2 + · · ·+ I2N−1 ⊗ σ̂l), (22b)

l = x, y, z, Id stands for the identity operator in a d-dimensional Hilbert space, and σ̂l
denotes a Pauli operator, expressed in the basis {|0〉 , |1〉} such that σ̂z |0〉 = − |0〉 and

σ̂z |1〉 = |1〉. By use of the Schwinger’s transform (22a), (21) can be written as

ĝ =
1

2
(G0 +G1)N̂ + (G1 −G0)Ĵz + 2G01Ĵx, (23)

with N̂ the total number operator N̂ = n̂0 + n̂1.
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The eigenvectors of ĝ, denoted as |N, n〉 with n a quantum number that

characterizes the state, correspond to a nondegenerate and equally-spaced spectrum,

that is,

ĝ |gn〉 = gn |gn〉 , with gn = A+ na, (24)

where n = 0, 1, . . . N and

A =
N

2
(G0 +G1 − a), a =

√
(G1 −G0)2 + 4G2

01. (25)

For G01 = 0, the common eigenvectors of Ĵz and N̂ , |N, n〉, correspond to the two-mode

Fock states |n0〉 ⊗ |n1〉 = |N − n〉 ⊗ |n〉 = |N − n〉 |n〉 that denote a state for which

N − n particles dwell at level 0 and n at level 1 (here |ni〉 denotes an eigenvector of n̂i
such that n̂i |ni〉 = ni |ni〉). Thus, (for G01 = 0) we get

ĝ |gn〉 = gn |gn〉 , |gn〉 = |N − n〉 |n〉 , gn = A0 + na0, (26)

with A0 = G0N and a0 = G1 −G0, where we have assumed that G1 > G0.

3.2. Reaching orthogonality

We have seen that the eigenvectors of the generator ĝ given in (23) constitute a set of

nondegenerate states whose eigenvalues satisfy gn < gn+1. Therefore, any superposition

of the form

|ψ0〉 =
N∑
n=0

√
rne

iϕn |gn〉 (27)

is amenable to the analysis presented in Section 2.2, provided the set {rn} is such that

the states that contribute to the sum are all equally probable and correspond to a set of

equally-spaced eigenvalues. Thus, we will assume that there are N nonzero and equal

coefficients rn (with 2 ≤ N ≤ N + 1), so that

|ψ0〉 =
1√
N

N∑
k=1

eiϕnk |gnk
〉 , (28)

where {nk} = {n1, n2 . . . , nN} is a subset of equidistant integers of the set {n} =

{0, 1, . . . , N}, i.e.,

∆g = gnk+1
− gnk

= (nk+1 − nk)a = ma, (29)

with m a fixed integer that satisfies 1 ≤ m ≤ N . This bound follows from the fact

that m is the difference between a pair of integers in the set {n}; however, it should be

noticed that the specific value of m is also restricted by the value of N (see Eq. (31)

below).

We can now resort to Eq. (6a) to conclude that the state (28) evolving under the

transformation e−iĝγ with ĝ given by (23), reaches an orthogonal state at

γ̃ =
2π

Nma
. (30)
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Now, the (equally probable) N states contributing to (28) allow us to depict the state

(28) as an ‘N -teeth comb’ —each tooth representing the state |gnk
〉 with eigenvalue gnk

—

with teeth separation ma. The length of the comb is therefore L = ma(N − 1). The

larger comb corresponds to the state (27) with all its N + 1 terms, so that {nk} = {n}
and ∆g = a, hence the maximum length is Lmax = Na. In its turn, the shorter comb

corresponds to a state expansion with only two minimally-spaced terms, thus fixing the

minimum length as Lmin = a. From here it follows that

1 ≤ m(N − 1) ≤ N. (31)

In terms of the length and the teeth spacing, Eq. (30) rewrites as

γ̃ =
2π

L+ma
. (32)

The maximal and minimal values of the length impose lower and upper bounds to γ̃ in

terms of N and the single parameter of the comb m, as follows

γ̃l ≤ γ̃ ≤ γ̃s, (33)

where

γ̃l =
2π

(N +m)a
and γ̃s =

2π

(m+ 1)a
, (34)

correspond to the larger (Lmax) and the shorter (Lmin) comb, respectively. That is,

larger combs reach orthogonality before shorter combs.

For fixed N , γ̃l attains its lowest value for m = mmax = N , whereas γ̃s attains its

larger value for m = mmin = 1. In both cases (L = Na with m = N , and L = a with

m = 1) we must have N = 2, precisely the value of N for which the minimum value

γ̃min is reached. Therefore

γ̃min

∣∣∣
m=N

=
π

Na
≤ γ̃l ≤ γ̃ ≤ γ̃s ≤

π

a
= γ̃min

∣∣∣
m=1

. (35)

From Eq. (35) it follows that the ‘fastest’ states are associated to the 2-teeth, largest

comb with the largest possible separation, i.e.,∣∣ψfast
0

〉
=

1√
2

(
|g0〉+ eiφ |gN〉

)
, (36)

with φ an arbitrary phase. Analogously, the ‘slowest’ states are also represented by a

2-teeth comb, but now with the minimal teeth separation, i.e., by any of the states∣∣ψslow
0

〉
=

1√
2

(
|gn1〉+ eiϕ |gn1+1〉

)
, gn1+1 − gn1 = a, (37)

with n1 = 0, 1, . . . N − 1.

If the eigenvectors |gn〉 are of the form (26) (which means no tunneling between

sites, or no mode-interaction), then
∣∣ψfast

0

〉
is a balanced superposition of the Fock states

|N〉 |0〉 and |0〉 |N〉, which, when written in the computational basis, is identified with

the N -qubit Greenberger-Horne-Zeilinger (GHZ) state (with a relative phase)∣∣ψghz
〉

=
1√
2

( |0 · · · 0〉+ eiφ |1 · · · 1〉 ). (38)
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In its turn, in absence of tunneling, the state |gn1〉 in (37) is the Fock state

|gn1〉 = |N − n1〉 |n1〉. Taking, for example, n1 = 0, the state
∣∣ψslow

0

〉
written in the

computational basis reads

|ψw〉 =
1√
2

( |0 · · · 0〉+ eiϕ |WN〉 ), (39)

with |WN〉 the N -qubit W state [28]

|WN〉 =
1√
N

( |100 · · · 0〉+ |010 · · · 0〉+ |00 · · · 01〉 ). (40)

The states
∣∣ψghz

〉
and |ψw〉 are thus extremal states that bound the value γ̃ at which

any state of the form (28), with |gnk
〉 a two-mode Fock state, will evolve towards an

orthogonal state. That is, none of such states will attain an orthogonal state ‘faster’

than
∣∣ψghz

〉
nor ‘slower’ than |ψw〉.

3.3. Role of mode-entanglement in the non-tunneling regime

Interestingly, the states
∣∣ψghz

〉
(38) and |ψw〉 (39) are representative of different types

of multipartite entanglement between N -distinguishable qubits [28, 29, 30, 31]. The

connection between entanglement and the speed of quantum evolution goes back to the

seminal work of Giovannetti et al. [21, 22], that reveals that entanglement can ‘speed up’

the evolution towards an orthogonal state when compared to separable (nonentangled)

states. Since then, several investigations exploring the effects of entanglement in the

quantum speed limit problem have been advanced, for example, in [32, 33, 34, 35, 36].

In order to get further insight into the role of entanglement in the unitary

evolution of composite systems towards orthogonality, instead of focusing on multipartite

entanglement between N parties, here we pay attention to the bipartite entanglement

between the system’s modes (or sites), as has been considered experimentally in [18, 37].

Since our analysis involves pure states with only two modes (0 and 1), the mode-

entanglement can be directly computed resorting to the concurrence [38]

CAB = C(|ψ〉AB) =
√

2 (1− Tr ρ2A) =
√

2 (1− Tr ρ2B) ≤
√

2(d− 1)/d, (41)

which measures the (bipartite) entanglement between subsystems A and B when the

whole composite A + B is in the state |ψ〉 = |ψ〉AB ∈ HA ⊗ HB. Here d =

min{dimHA, dimHB}, and ρA(B) stands for the reduced density matrix of subsystem

A(B), i.e., ρA(B) = TrB(A){|ψ〉 〈ψ|}.
In the case where no interaction between modes occur (G01 = 0), the eigenstates

|gnk
〉 in (28) are the two-mode Fock states (26), and a straightforward calculation gives

for the entanglement between the modes

C01 =

√
2(N − 1)

N
, (42)

which increases with N and attains its minimum value when N = 2, precisely when

the Margolous-Levitin and Mandelstam-Tamm bounds are saturated. It thus follows

that the extremal states
∣∣ψghz

〉
and |ψw〉 possess the same and the minimum value of
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entanglement between the modes. Comparison of Eqs. (9) and (42) leads to an explicit

relation between γ̃ and mode-entanglement, namely

γ̃ =
π

2(〈g〉 − g1)
C2

01, (43)

meaning that for fixed 〈g〉 − g1, the greater the amount of mode-entanglement the

greater the ‘delay’ in reaching an ortogonal state. Thus, if we consider a set of equally-

weighted and spaced superpositions of Fock states, all having the same g-(relative)-

expectation value, the first states that will attain an orthogonal state will be those with

less entanglement, and correspond (in order of arrival at orthogonality) to combs with 2,

3, . . ., and so on, number of teeth. When the evolution is a Hamiltonian one, this means

that for a given mean energy, or for the same energetic resources, mode-entanglement

tends to slow down the evolution towards orthogonality.

If instead of fixing the (relative) mean value of 〈g〉 we fix the teeth separation

ma, then γ̃ and C01 exhibit an inverse behaviour with respect to N . The former

is a decreasing function of N (see Eq. (30)) whereas the latter increases with N .

Therefore, for the same spacing ma, the mode-entanglement favors a ‘faster’ evolution

to an orthogonal state.

3.4. The effects of the transition between sites: G01 6= 0

Resorting to Eq. (25), we can compare the value of γ̃ when the generator ĝ includes

the mode-interaction terms (G01 6= 0), denoted as γ̃int, with its value in absence of

interaction (G01 = 0), represented by γ̃no int. This gives

γ̃int
γ̃no int

=
[
1 +

4G2
01

(G1 −G0)2

]−1/2
≤ 1, (44)

which shows that γ̃ decreases as G01 increases, or rather, that the transition between

sites favors a faster transit towards an orthogonal state, as depicted in Figure 2 where

the quotient in (44) is plotted as a function of G01/(G1 −G0) (logarithmic scale).

The tunneling between sites will also affect the relation between C01 and γ̃ expressed

in Eq. (43), where G01 = 0 was assumed. Thus, in what follows we shall discuss the

effects of finite values of G01 in the connection between mode-entanglement and γ̃. We

focus our analysis in the case when the initial state is
∣∣ψfast

0

〉
, given explicitly in (36),

for which γ̃ = π/Na with a given in (25). Notice that contrary to the γ-independent

expression (42), C01 will in general depend on γ when G01 6= 0. In particular, it can be

shown that the concurrence (41) for the N -boson state
∣∣ψfast

0

〉
is given by

C fast
01 =

[
2

(
1− 1

4

N∑
n=0

∣∣∣cn,0 + cn,Ne
i(φ−πγ/γ̃)

∣∣∣4)]1/2 ≤√ 2N

N + 1
, (45)

where cn,0, cn,N are the coefficients in the decomposition of the states |g0〉 and |gN〉, that

define (36), in the basis of the Fock states |N − n〉 |n〉, i.e, cn,0 = (〈N − n| 〈n|) |g0〉 and

cn,N = (〈N − n| 〈n|) |gN〉. Such coefficients make C fast
01 to depend also on G0, G1 and
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Figure 2. γ̃int/γ̃no int as a function of G01/(G1−G0). For fixed G0, G1, the value of

γ̃ decreases as the interaction gets stronger.

G01. For the sake of simplicity we set G0 = 0 and use G1 as a scale of units for ĝ, so

that C fast
01 depends only on N , γ/γ̃ and G01/G1.

In order to illustrate the effects of G01/G1 > 0 on the connection between C fast
01 and

γ̃, we put N = 2 and φ = 0 for the sake of simplicity. The concurrence in this case has

a maximum value equal to 2/
√

3 ≈ 1.1547, and is shown in Figure 3 as a function of

G01/G1, and γ/γ̃ (within the interval [0, 2], corresponding to a period of the dynamics

as follows from Eq. 16). For G01 = 0, |g0〉 and |g2〉 correspond, respectively, to the

Fock states |2〉 |0〉 and |0〉 |2〉, and Eq. (45) reduces to C fast
01 = 1 for all γ, in agreement

with Eq. (42) (for N = 2), as expected. For small values of G01/G1, approximately for

G01/G1 . 0.3535 (or log(G01/G1) . −0.4516), C01 is a concave function of γ exhibiting

a maximum of entanglement at γ = γ̃, and the state (see Eq. (24))∣∣ψfast
γ̃

〉
=
e−iAγ̃√

2
(|g0〉 − |g2〉) (46)

becomes maximally entangled, i.e. C(|ψfast
γ̃ 〉) = 2/

√
3, at G01/G1 ≈ 0.3535.

Interestingly, for G01/G1 & 0.3535 the concurrence’s maximum bifurcates into two

local maxima at γm and 2γ̃ − γm, with 0 < γm < γ̃, while decreases monotonically with

G01/G1 at γ = γ̃. Thus, for large enough amplitudes of the transition between modes,

G01, two states emerge, namely
∣∣ψfast

γm

〉
and

∣∣ψfast
2γ̃−γm

〉
, that exhibit the corresponding

maximum mode-entanglement (although slightly smaller than 2/
√

3). In contrast, the

mode-entanglement of the state
∣∣ψfast

γ̃

〉
vanishes as G01/G1 → ∞. Indeed, a numerical
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Figure 3. Concurrence or mode-entanglement Cfast
01 considering the initial state∣∣ψfast

0

〉
for a system of two bosons as a function of the dimensionless parameter of the

transformation, γ/γ̃, and (the logarithm of) the dimensionless transition coefficient

between modes, G01/G1 (for G0 = 0).

analysis shows that in such a limit we have∣∣ψfast
γ̃

〉
−→

G01→∞
−i |1〉 |1〉 = −i

∣∣Ψ+
〉
, (47)

with |1〉 |1〉 a Fock state, whose mode-entanglement clearly vanishes. Notice that in

the computational basis this state corresponds to the two-qubit Bell state |Ψ+〉 =

(|01〉+ |10〉)/
√

2, with maximal qubit-qubit entanglement.

4. Summary and final remarks

We revisited the problem of determining conditions under which a pure state that

evolves under an arbitrary unitary transformation reaches an orthogonal state in a

finite amount of the transformation parameter. Simple geometric considerations disclose

the existence of a ‘speed limit’, and the necessity of dispersive dynamical variables —

specifically the variable associated to the generator of the evolution— for the initial state

to evolve towards a distinguishable one. In particular, when the evolution is generated

by the Hamiltonian operator, these geometric observations go in line with the celebrated

Mandelstam-Tamm bound.

The geometrical picture presented here leads to consider the family of equally-

weighted superpositions of, at least two, non-degenerate eigenvectors of the generator of

the transformation, for which the evolution towards orthogonality is guaranteed. The

distinguishable state is thus attained after ‘rotating’ the initial state by a characteristic

‘angle’ γ̃∆g (see Eq. (6a)), and the generalized expressions (valid for arbitrary

transformations) of the Mandelstam-Tamm and the Margolous-Levitin bounds are

obtained. Moreover, for each state in the family under consideration, the relation

σĝ ≤ 〈ĝ〉 − g1 is satisfied, thus privileging the Mandelstam-Tamm bound over the

Margolous-Levitin one.
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Some features of the dynamics are disclosed and the entropy production is analyzed,

showing that in the simple model of a quantum clock advanced in [17], the relative

entropy becomes maximal with each ticking of the clock, and for large N it does not

change appreciable until the clock’s hands point to the initial hour, after (N−1) tickings.

In terms of the distinguishability of the states, this means that for a superposition of a

sufficiently large number (& 10) of (equally-weighted and spaced) non-degenerate states,

the evolved state will remain almost distinguishable from the original one during the

entire period Γ.

Application of our generic analysis to multipartite systems allows, first, to

contribute to the establishment and analysis of the relations between entanglement

and the quantum speed limit, and second, to establish contact with physical systems

that are customarily realized in the lab, such as bosons in optical lattices subject to a

Bose-Hubbard Hamiltonian. In this respect, our results show that when no tunneling

between sites exist, γ̃ is directly proportional to the squared of the entanglement between

the modes (C01), so for 〈ĝ〉 − g1 fixed, the higher the mode-entanglement is, the more

amount of transformation is required to reach an orthogonal state. In contrast, for fixed

ma, the higher the mode-entanglement is, the less amount of transformation is needed

to attain a distinguishable state. Therefore, a high amount of mode-entanglement alone

does not guarantee, nor prevents, a more ‘rapid’ transit towards orthogonality.

Now, when the bosons are allowed to tunnel between sites, a more complex

relation between γ̃ and C01 is obtained, and the dynamics of the mode-entanglement

becomes richer. This is exemplified for the initial state (36), which corresponds to

the superposition of eigenstates of the transformation generator with minimum and

maximum eigenvalues. The observation of a more complex dynamics of C01 is expected,

since the transition between sites —encoded in the ‘mode-interaction’ part of the

generator ĝ— typically affects the entanglement between modes.

Our discussion on the relation between the mode-entanglement and the amount

of transformation required to reach orthogonality, complements previous analysis

[32, 33, 34, 35, 36] regarding the role of particle entanglement on the quantum speed

limit. As for the (multipartite) entanglement between the particles, here we found

that in the nontunneling regime, the ‘slowest’ (|ψw〉) and the ‘fastest’ (|ψghz〉) states

correspond to paradigmatic states that exhibit multipartite entanglement [28]. Further

investigations will certainly reveal the more subtle relation between the quantum speed

limit and the different types of multipartite entanglement.
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[36] Fröwis F 2012 Phys. Rev. A 85(5) 052127

[37] Cramer M, Bernard A, Fabbri N, Fallani L, Fort C, Rosi S, Caruso F, Inguscio M and Plenio M B

http://arxiv.org/abs/1612.07704


18

2013 Nature Communications 4 2161 ISSN 2041-1723
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