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We analyze the effects of the long-range Coulomb interaction on the distribution of Berry cur-
vature among the bands near charge neutrality of twisted bilayer graphene (TBG) closely aligned
with hexagonal boron nitride (hBN). Due to the suppressed dispersion of the narrow bands, the
band structure is strongly renormalized by electron-electron interactions, and thus, the associated
topological properties of the bands are sensitive to filling. Using a Hartree formalism, we calculate
the linear and nonlinear Hall conductivities, and find that for certain fillings, the remote bands
contribute substantially to the Hall currents while the contribution from the central bands is sup-
pressed. In particular, we find that these currents are generically substantial near regions of energies
where the bands are highly entangled with each other, often featuring doping-induced band inver-
sions. Our results demonstrate that topological transport in TBG/hBN is substantially modified
by electron-electron interactions, which offer a simple explanation to recent experimental results.

Introduction — Transverse Hall currents are usually as-
sociated with broken time-reversal symmetry. However,
Hall-like currents are possible in time-reversal symmetric
settings with broken inversion symmetry at second order
in the applied in-plane electric field [1-4]. This so-called
nonlinear Hall effect has been observed in transition-
metal dichalcogenides (TMDs) [5-8] and other two di-
mensional materials [9-15]. Furthermore, it has been re-
cently shown that uniaxial strains can enhance the Berry
dipole [16-18], defined as the gradient of the Berry cur-
vature, in TMD that is responsible for the nonlinear
Hall effect. For these materials, orbital valley magne-
tization [18, 19], giant magneto-optical effects [20], and
nonlinear Nernst effects [21, 22] can also be induced with
an applied field due to the sizeable Berry dipole.

Recent theoretical works have shown that nonlinear
Hall effects can also arise in gapped and strained twisted
bilayer graphene (TBG) [23-25], which depend sensi-
tively on filling, and can be larger than in TMDs. The
magnitude of the Berry dipole is predicted to be larger
near half filling of the narrow conduction and valence
bands. However, a recent experiment observes nonlinear
Hall currents in TBG on hexagonal boron nitride (hBN)
with negligible contribution from the narrow bands [26].
On the contrary, large nonlinear Hall currents are ob-
served when the chemical potential is tuned to a spectral
region entangled with the remote bands. On the basis of
their experimental results, the authors of Ref. [26] sug-
gest that the nonlinear Hall effect is due primarily to
skew scattering from dynamic disorders [13] instead of a
pure Berry dipole induced by a heteroaxial strain and a
mass gap [27]. In addition to TBG, nonlinear Hall cur-
rents have also been measured in the related system of
strained twisted double bilayer graphene (TDBG) [28].
This experiment in particular finds that the sign of the

Berry dipole is sensitive to band inversions, and therefore
is a signature of topological band transitions [29].

Inspired by these experiments, we theoretically study
strained TBG in the presence of an hBN substrate. Our
results indicate that the Berry dipole contributes sig-
nificantly to the large nonlinear Hall effect found in
the experiment of Ref. [26] and is strongly enhanced
near avoided band crossings similar to the behavior
of TDBG in Ref. [28]. Without invoking any extrin-
sic influence from disorder, we find that the combi-
nation of a small uniaxial heterostrain, an hBN sub-
strate, and electron-electron interactions treated within
a self-consistent Hartree formalism are enough to ex-
plain the large observed nonlinear Hall currents derived
from the remote bands [26]. In particular, we find that
the Coulomb interaction simultaneously distorts the en-
ergy spectrum and redistributes the Berry curvature,
both of which can lead to large nonlinear Hall cur-
rents. Our work demonstrates that because of signifi-
cant interaction-meditated band distortions, the strong
Coulomb repulsion in twistronic systems is not only im-
portant for inherently many-body phenomena like mag-
netism and superconductivity, but is also crucial for de-
termining physics that is often otherwise studied from a
single-particle perspective.

Symmetries in strained TBG/hBN — In pristine TBG
graphene, both time-reversal and inversion symmetries
are preserved, as shown in Fig. 1(a). For small twist an-
gles, there are two narrow bands near charge neutrality
that are connected by two Dirac points at the corners
of the moiré Brillouin zone (mBZ). These Dirac points
are protected by a robust Co, 7T symmetry, where Co, is
twofold rotation about the z-axis and 7T is time rever-
sal [31]. To gap out these Dirac points and obtain finite
Berry curvature in the narrow bands, we need to break
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Figure 1. (a) Schematic of the moiré superlattice for un-
strained TBG and (b) heteroaxially strained TBG, where for
visual clarity, we set € = 3% for the relative strain magnitude
and ¢ = 0 for the strain direction. We are assuming that the
moiré pattern of the hBN substrate is the same as TBG (see
Ref. [30] for details). In (b), black arrows indicate the het-
erostrain directions. (c) Distorted moiré Brillouin zone where
the reciprocal lattice vectors g, , are indicated. Green dot-
ted path is used to calculate the band structure. (d) Three-
dimensional plots of the band structure showing six central
bands for strained TBG with € = 0.2% and ¢ = 0 suspended
on hBN and for filling factors v = 0 (left) and v = —4 (right).
The Fermi levels are indicated by the square shaded meshes.

Co.T by placing TBG on hBN [32-38]. The inversion-
broken character of hBN due to sublattice inequivalence
is transmitted to the graphene bands by means of scalar,
mass, and strain potentials [39-42]. While the magnitude
of these inversion-broken gaps are extremely sensitive to
the degree of alignment between TBG and hBN;, they are
non-zero even for a large misalignment [43].

Another important feature of TBG that was experi-
mentally determined by STM measurements is the pres-
ence of a strain field that alternates sign between the two
layers (uniaxial heterostrain) and a magnitude between
0.1 and 0.5% [44-49]. Such a strain field further breaks
Csz, Caz, and Cyy rotation symmetries. However, Ca, re-
mains intact under strain, as demonstrated in Fig. 1(b).
In momentum space, strain distorts the mBZ as shown
in Fig. 1(c). The Dirac cones of the distorted lattice
are no longer at the same energy or at the corners of
the mBZ [50-52]. When both valleys are considered,
TBG both with and without strain respect 7 symme-
try. Therefore, only the nonlinear Hall effect can survive
since the linear Hall term is odd under time reversal. In
what follows, when we calculate the linear term, it will

always be for a single valley, which can be nonzero since
each valley individually breaks 7. In a transport exper-
iment, both valleys are measured simultaneously; so the
leading contribution to the Hall currents comes at second
order in the applied electric field.

Coulomb interactions in strained TBG/hBN —In trans-
port experiments on TBG, the Fermi level can be tuned.
Due to long-range electron-electron interactions, it has
been theoretically predicted [53-55] and experimentally
found [46, 56-58] that the Fermi level is “pinned”to the
van Hove singularities. Away from charge neutrality, it
has been shown that the Coulomb interaction is compa-
rable or even larger than the bandwidth of the central
bands, giving rise to a filling-dependent Hartree poten-
tial that substantially modifies the shape of the electronic
bands [54, 55]. In strained TBG/hBN with a Hartree in-
teraction, the band structure strongly depends on the
position of the Fermi level, as shown in Fig. 1(d) and
Fig. 2. This implies that any physical quantity involv-
ing a variation of the chemical potential near or within
the narrow bands in pristine TBG or TBG/hBN should
account for the variation of the Hartree potential.

Linear and nonlinear Hall currents — With the pre-
ceding considerations, we now calculate the topological
currents arising from the Berry curvature with electron-
electron interaction encoded in a self-consistent Hartree
potential. In this setting, within the semiclassical trans-
port theory in the presence of an AC electric field
E(t) = Re{&e™!} with frequency w, the band velocity
is given by hv,(k) = VipE,(k) + e£ x Q,(k), where
the first term is the usual group velocity and the sec-
ond is an anomalous term driven by a nonzero Berry
curvature [59]. For us, £ is a real vector. The band ve-
locity v, (k) has a component transverse to the electric
field that gives rise to Hall currents. The Berry curva-
ture for the electronic Bloch states of the n'® band is
wa(k:) = 2Im (Ok, Upk | 8ky\11nk7u>2, where we have
introduced an index p to emphasize that the Berry cur-
vature depends on p via the Hartree potential. Following
Refs. [1, 2, 13, 60], the transverse currents up to second
order in the electric field are J,,, = Re{JaO,H —l—j;jueM +
Jgﬁeﬂ‘“t} with a rectified component J(R# = X6l a
linear term 77, = o' &, and a second-harmonic compo-
nent jf‘;i = x'pe&p€e. The linear term contains the usual
valley Hall conductivity. The susceptibility in the first
and third term is given by x4, . = —;?’TZE“CdDbd,M with
Berry dipole (see sec. IIT in Ref. [30]),

Dty =3 [ Gt folen . (1)

Notice that contrary to a system with rigid bands [23, 24],
the wavefunctions required to obtain the Berry curvature
must be calculated self-consistently for each value of the
Fermi energy, as shown in Fig. 2. The Berry dipole de-
pends on the chemical potential in two different ways.
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Figure 2. Band structure of strained TBG/hBN for twist angle # = 1.05° and for different filling factors. (a) For a Fermi
level within the remote bands, there are massive Dirac cones (with small masses) that significantly contribute to the Berry
curvature. In (b), we show the bands for fillings within the lower narrow band. The dashed horizontal lines in each plot are the
positions of the Fermi level. Adjacent to each plot, we display the full band structure for the corresponding filling. The color
texture in each band is the magnitude of the Berry curvature as indicated in the color bar. Gray square surfaces indicate the
positions of the chemical potential and black contours their intersection with the energy bands. In all plots, we use a relative
strain magnitude € = 0.2% with direction ¢ = 0.

a) Filling fraction (v) b) Filling fraction (v) C) Filling fraction (v)
76 -5 -4 2 02 4 5 1 2» 654 3-2-1 23 4 2 -1 0 4
1.2+ /\ 1 . | la
2o [ el N 7 s .
R i P P i Q@ ﬁ[\
~ 06+ N -E . ‘ S
2 O | : =3 S
© i a -
03 BNCEERY s —o,
- A Hart X h Chern Number
0.0 _— 6=105% g1 V. LN ‘ Hattres + Strain ! o ) +1 Bl o H-1 M -2 [
T T T T T T T T T T T T T T T - T - T T T T T T
E—
-80 -60 -40 -20 0 20 40 60 -80 -60 -40 -20 0O 20 40 60 80 - -60 -40 -20 0O 20 40 60 80 b
e) ) U, ——
765 -4 101 4 567 ,07654321 0 1 4 5 6 0 4 U, I ——
2.0 ; O L T i U, ——
i i —_ W,y
£ 15] BRI i Lo, ) ook 8 ol a
~ | i | 2 i -80-60-40-
< 0] \ 1 |~ S — v
> 101 N/ - . 2 0 ~V S v,
: : i : | | [
] AN : ] | | | ! a ——
054 \\ ! s B | I Lo -20 1 —np, $u . — ]
— ° | I [—— Rart .1
001 SN\ | [e=oss v B —o,
—— T T 20t -40 T T T o A0 30 b 2 o
80 -60 -40 -20 O 20 40 60 80 -60 -40 20 0 20 40 60 80 60 -40 20 0 20 40 60 -80-60-40-20 0 20 40 60
u (meV) M (meV) U (meV) H (meV)

Figure 3. Interaction-enhanced topological Hall effects in TBG/hBN. In the top row, for a twist angle of # = 1.05°, we plot
the valley Hall conductivity as a function of chemical potential for (a) the rigid system and (b) with interactions and strain.
Gray shaded areas are gapped regions without strain. In (c), we display the Berry dipole as a function of g. In (d), we show
an enlarged region of (c), labelled as R, where the dependence on temperature is indicated. Bottom row is for a twist angle
0 = 0.95°, where we plot the valley Hall conductivity for (e) the rigid system and (f) with interactions and strain. (g) Berry
dipole featuring a prominent peak near v = —4. Panels (h) and (i) display the Chern numbers of the six central bands, with
15, where ¢ = —2, ..., 3, labeling the bands from lower to higher energy, as a function of x for (h) = 1.05° and (i) 6 = 0.95°.
Several doping-induced band inversions are observed. In all plots, unless otherwise indicated, we use T'= 5 K, ¢4 = 10 for the
dielectric constant, and € = 2% and ¢ = 0 for strain. All calculations are done for one spin species in a single valley.

The first is an explicit dependence in fy in the integral. summarizes the topological Hall effects in strained
The second is an implicit dependence due to the redistri- TBG/hBN as a function of u for an energy window cov-
bution of the Berry curvature as charges reorganize due ering the six central bands. Fig. 3(a) and (e) show the
electrostatic interactions when electrons are added to or valley Hall conductivity for the rigid system (TBG/hBN
removed from the system. In rigid platforms where these  without interactions or strain) at 6 = 1.05° and 6§ = 0.95°

electrostatic interactions can be neglected like in TMDs,  respectively. Fig. 3(b) and (f) show the corresponding
the implicit dependence can be ignored. However, inter- Hall conductivity with interactions; there, the behavior
estingly in our case, the redistribution of the Berry cur- is especially different compared to the rigid system near
vature when p varies plays a crucial role in determining v = £4. For instance, the Hall conductivity at v = —4
the magnitude of the nonlinear Hall effect. and 6 = 0.95° vanishes when interactions are neglected,

but is about —2e?/h when interactions are included. In
Interaction-enhanced topological Hall effects — Fig. 3



Filling fraction (v,
o Filng fracgon )

0 ——vy=14

~—

XPo (€312 o

~—

XM (€3T2R%) O

‘
-90 -75 -60 -45 -30 -15 O
H (meV)

T T T T
15 30 45 60 75 9

Figure 4.  Effective nonlinear susceptibility in strained
TBG/hBN for different current directions with (a) 6 = 0.95°,
(b) 8 =1.05°, and (c) @ = 1.21°. For small twist angles, the
Berry dipole is strongly enhanced near v = +4.

addition, the range of chemical potential that resides in
the central bands is significantly widened by the Hartree
potential [53]. We also note that whenever the chemi-
cal potential is inside a bulk mobility gap, of, is quan-
tized and is given by the Chern numbers of the bands
below chemical potential. The Chern numbers of the
six bands closest to charge neutrality are tabulated in
Fig. 3(h) and (i).

Further straining the system in addition to the Hartree
potential does not significantly change o, , as shown by
the black lines in Fig. 3(b) and (f). Therefore, strain
seems to play a minimal role in the linear valley Hall
effect. On the contrary, strain is crucial for the nonlin-
ear Hall effect since it permits a non-zero Berry dipole
to develop, as shown in Fig. 3(c) and (g). In contrast
to earlier non-interacting calculations [23, 24] where the
Berry dipole near magic angle is found to be large espe-
cially when the Fermi level is within the narrow bands, we
find in the present work using realistic parameters that
the Hartree potential enhances the Berry dipole near the
edges of the narrow central bands. The Berry dipole is
large when either the Berry curvature, the band velocity,
or both are large near the Fermi surface. Furthermore,
the Berry curvature can also be made large when the en-
ergy separation between occupied and unoccupied bands
is very small. Therefore, the Berry dipole peaks where
either (i) the group velocity is large, or (ii) the energy

bands are very close together. The former contribution
generically occurs where an initial band crossing (such as
a Dirac cone) is gapped out by some symmetry-breaking
perturbations, which is the case for v = —4.5 as shown
in Fig. 2(a). The latter contribution comes from regions
in energies where the bands are highly entangled so that
the separation between occupied and unoccupied bands
is quite small. This is the case for v = —6 in Fig. 2(a).
These two contributions are generically large near band
edges, which intuitively explains why we often observe
large nonlinear Hall responses for v near —4.

In Fig. 3(c) and (g), the Berry dipole pseudovec-
tor D, = (Dgzp, Dy.,) is defined relative to the lat-
tice structure. In an experiment, it is difficult to isolate
the effect of either component of the Berry dipole. In-
stead, an applied electric field € at a generic angle v rela-
tive to the crystallographic axes mixes these components
such that the effective angle-dependent susceptibility is

Xha(y) = —4;%5DH - &, where the prefactor 4 accounts

for spin and valley degeneracies. The effective suscepti-
bility for various field angles v at different twist angles
0 are plotted in Fig. 4. We emphasize a few interesting
features. First, xi; is concentrated in highly-entangled
spectral regions, especially for small angles. This en-
hancement is sometimes made possible by doping-induced
band inversions. For instance, near u = —67 meV, we see
in Fig. 3(h) that there is a band inversion between bands
1_o and ¥_q, resulting in a large susceptibility shown
in Fig. 4(b). Second, a change in the sign of xlg indi-
cates a change in the local (but not necessarily global)
band geometry near the Fermi surface. For example, we
see that x%; changes sign near v = —4 at = 1.05°.
This is precisely the energy region where the linear Hall
conductivity (shown in Fig. 3(b)) reaches a maximum,
signifying a change in the sign of the Berry curvature.
This reversal in local band geometry can occur both as p
sweeps across a bulk gap, such as the case near v = —4 at
6 = 1.05°, and as p varies within a single bulk band, such
as the case near v = —1.8 at § = 1.05° and v = 0 or 7.
Similar polarity reversals are observed for = 0.95° and
6 =1.21° as well [61].

Discussion and conclusion — Our results are in qual-
itative agreement [62] with the recent experiment in
TBG [26] where a large nonlinear Hall current is observed
when the chemical potential is tuned to a spectral region
entangled with the remote bands. The authors of the
experiment attribute this observation to skew scattering
due to magnetic impurities. However, we can explain the
large observed signals at the edges of the narrow bands
by carefully accounting for band structure renormaliza-
tion due to the Hartree potential and the presence of an
hBN substrate without considering disorder. Our the-
ory cannot exclude the role of disorder in the experimen-
tal results, but it at least demonstrates that the Berry
dipole also contributes significantly to the Hall current
at filling factors near +4 if hBN is nearly aligned with



TBG. Importantly, the source of this Berry dipole en-
hancement is unquestionably Coulomb repulsion. In ad-
dition, our result is also of general agreement to the con-
clusion of Ref. [28] that the Berry dipole is sensitive to
band inversions, although our topological transitions are
induced by doping instead of a bias. Nonetheless, this
result demonstrates that although the Berry dipole is a
Fermi surface property, it can sometimes be used to in-
fer global band topology. Encouraged by this, we believe
that adopting the theoretical framework developed here
to study nonlinear Hall effects in other experimentally-
relevant twisted two-dimensional materials is a promising
future research direction.
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Supplementary Material for
Interaction-Enhanced Topological Hall Effects in Strained Twisted Bilayer
Graphene

UNIAXIAL HETEROSTRAIN IN TBG

In monolayer graphene, the primitive lattice vectors are a; = a(1,0) and az = a(1/2,v/3/2) with lattice constant
a = 2.46 A. The reciprocal lattice vectors, b;, @ = 1,2 satisfying a; - b; = 27d;;, are given by by = 2T’T(l7 —1/\/§) and
b, = 22(0,2/V/3). The graphene Dirac cones are located at K¢ = —((2by + by)/3 = —(47/3a(1,0) with ¢ = +1
denoting the valley index. If R(f) represents a rotation matrix by 6, the primitive and reciprocal lattice vectors in
each rotated layer [ are written as az(-l) = R(¥0/2)a; and bl(-l) = R(F6/2)b;. Here, 6/2 is the rotation angle of the
corresponding layer (see Fig. S1). We now introduce a geometric uniaxial deformation, where the bilayer system is
relatively stressed along one direction and unstressed along the perpendicular direction [50, 51, 63]. Geometrically,
uniaxial strain can be described by two parameters, the relative strain magnitude e and the strain direction ¢. The
strain tensor € in terms of these two parameters is written as

_ [ —cos’¢p+vsin® ¢ (1+v)cospsing
6_6( (14 v)cos¢sing sin2¢+ycos2¢)’ (1)

where v = 0.16 is the Poisson ratio for graphene [64]. In TBG with alternating uniaxial heterostrain, as shown in
Fig. S1, each layer is strained in the opposite direction relative to the other layer. Thus, the transformed primitive
and reciprocal lattice vectors for each rotated graphene layer are given by

ol = (1 +:M)al’, (S2)
Y = - O)p”,

with € the strain tensor, ! the layer index, and I a 2 x 2 identity matrix. The reciprocal lattice vectors of the
deformed moiré superlattice are

g, =" — . (S3)

The relative deformation between consecutive graphene layers satisfies ¢ = £(?) — (M) with ¢ = —¢(1) = %5 [51]. We
O]
i

lattice. Therefore, the reciprocal space lattice, the Brillouin zone, and the position of the high-symmetry points K él)

are changed accordingly [50, 65, 66]. In particular, the original K él) points on each layer are now shifted to positions

remark here that the symmetries of the lattice generated from «;”’ are changed when compared with the unstrained

K =1- YK (S4)

In addition to these geometrical effects, strain also modifies the electronic structure by a change in the intralayer
Hamiltonian. The origin of this effect stems from the modulation of the bond amplitudes as the bond lengths change
[50, 65, 66]. Such effects are easy to understand by thinking about the uniform expansion of a sheet of graphene. As
all distances between Carbons atoms are uniformly lengthened, the strained reciprocal lattice basis vectors are scaled
by a constant factor with respect to the pristine graphene case. This is the geometrical effect. Simultaneously, the
tight-binding hopping integral is also reduced by a constant factor leading to a change in the Fermi velocity; this is the
energetic change. To further clarify such effects, imagine for a moment that we keep the distances between the atoms
the same but change the tight-binding hopping integral parameter between neighbors. The Hamiltonian matrix will
be modified while the reciprocal lattice remains the same. This results in a pure energetic effect as the eigenvalues
of the Hamiltonian matrix change. A pure geometrical effect is achieved by keeping the hopping integral parameter
the same but changing the distances between atoms. The Hamiltonian matrix remains the same while the reciprocal
lattice is distorted. Thus, the eigenvalues of the Hamiltonian are the same as those in the unstrained system, but the
energy dispersion gets distorted due to a different reciprocal lattice.



Figure S1. Lattice geometry of strained twisted bilayer graphene in two different visualizations. Twist directions are indicated
by curved arrows. The black horizontal arrows show the direction of the uniaxial heterostrain. The different colors indicate
atoms on each bipartite sublattice.

The extra shift produced by the hoppings can be thought as a pseudomagnetic field in the low-energy Hamilto-
nian [65, 67, 68]. In cach layer, the pseudomagnetic vector potential, A = (Ag;l),Az(,l)) is given by [67]

V3

AP = S7Belell) — <)
V3
Al(,l) = %BG[_Q%BL (S5)

where S ~ 3.14 is the Grunesien dimensionless parameter. By taking into account the geometrical and energetic
shifts, the final positions of the Dirac points are [50, 65, 66]
l ~(1 l
DY =K —¢cAV = (1 - [V KD — cAD. (S6)

In TBG with a small twist, the moiré superlattice constant is much larger than the atomic scale, and the low-
energy physics is dominated by states near K, and K _; therefore, we can analyze each valley separately. Thus, the
low-energy Hamiltonian for TBG with uniaxial strain can be written as

H (1) UT
Hrpe = ( (qUC ) H(q?)) ) , (S7)

where q(cl) =R(£0/2) T+ [eV]T)(q — Dél)) with & for [ =1 and [ = 2, respectively. H(q) = —hvrq - ((o4,0y) is the
Hamiltonian for a monolayer. In the above equation, U is the interlayer coupling between twisted graphene layers
given by the Fourier expansion,

v=|(" u’ + F u'w eilgrm u Wt ¢¢(g1tgs)m
7 WS wWwC

where w = >™/3, with u = 0.0797 eV and ' = 0.0975 eV [69] being the amplitudes which take into account
out-of-plane corrugation effects [68-70]. As U is affected by strain, it is expanded using the moiré strained vectors g;.

SELF-CONSISTENT HARTREE INTERACTION FOR STRAINED TBG/HBN

The electron-electron interaction is introduced with a self-consistent Hartree potential in the TBG/hBN Hamiltonian

H = Hrpg + Vi~ + Vi, (S8)

where the first term is the usual strained TBG Hamiltonian, V,gn captures the effect of hBN on the adjacent graphene
layer, and Vi is the Hartree potential. Notice that we are considering a nearly aligned situation where the moire
vectors of TBG are the same as those of hBN and its adjacent graphene layer. This condition is satisfied when
|0heN| &~ 10/2] with Oypn the twist angle between hBN and graphene and 6 the TBG twist angle (see Ref. [32] and
Ref. [43] for further details). The potential induced by the hBN layer on TBG is then given by [39, 40]

Vipn (1) = wooo + Ao + Z Vsi(gj)e'® ™, (S9)
J



where wy and A represent a spatially-uniform scalar and mass term respectively. g; runs over the six first vectors
or first star of reciprocal lattice vectors. In the unstrained lattice, these six reciprocal lattice vectors satisfy |b| =
41 /(v/3 Ly, ), where Ly, is the moiré lattice constant. In the strained lattice, they are transformed according to Eq. (S2)
and Eq. (S3). We ignore contributions of smaller wavelengths in Vgr,. The amplitudes Vsr,(g;) are given by

VaL(gs) = [V +i(=1) Ve oo + [VR +i(—=1) VK] o5 + [V +i(=1) V] M;, (S10)

with M; = (—ioegf +1i01g])/|g;|. The parameters V¢ and V;? are position-dependent scalar terms and are even and

)

odd under spatial inversion, respectively. Similarly, VAO(E) and Vgo(e are position-dependent mass and gauge terms,

respectively. We use the parametrization of VipN given in Ref. [43],
(wo, A, VE, VL VA, VR,V V) = a(0,31.62, -0.75,0.68, —0.02, 3.4, —5.14, 18.6) meV (S11)

The parameter « is introduced to take into account large twist angles, where the strain fields and the uniform mass
gap dominate. In addition, it is important to mention that the first-star approximation for the effect of hBN with the
above parameterization can be used only for small strain values ~ 1 —5%. If the strain magnitude is larger, additional
strain fields and even additional harmonics should be taken into account. To date, only Ref. [43] has reported the full
set of parameters for unstrained TBG on hBN.

The Hartree interaction is introduced in the TBG/hBN Hamiltonian as a filling-dependent scalar potential parame-
terized by pp, a complex quantity encoding the charge density that is calculated self-consistently [53]. We approximate
the Hartree potential by summing the first star of Fourier harmonics. In the unstrained lattice, these Fourier har-
monics are the six reciprocal lattice vectors satisfying |b| = 47/(v/3L,y,), where L,, is the moiré lattice constant. In
the presence of uniaxial heterostrain, C3, symmetry is broken, and the Fourier expansion of the Hartree potential is
now given by three numbers py(g;), pu(g2), and pu(—g; — g5), where g; and g, are the reciprocal lattice vectors of
the distorted triangular superlattice. Following Ref. [32], the matrix elements of the self-consistent Hartree potential
are given by [53, 54]

4’k T / /
pule) = Valg) [ 53" 0l la)onila + 9 (512)
m g/,l

where Vy(g) = vo(g)/Ae, with ve(g) = 2me?/(e|g|) is the Fourier transform of the Coulomb potential evaluated at g,
A, is the area of the strained unit cell, and the factor 4 takes into account spin/valley degeneracy. Notice that the
reciprocal lattice vectors g, are those of the strained lattice. Therefore, the Fourier expansion of the Hartree potential
in real space can be written as

3
Vir(r) =2 pu(g,) cos(g; - 7). (S13)

=1

In pristine TBG, the matrix elements of the Hartree potential satisfy pu(g,) = pu(g,) = pu(g;) due to Cs, symmetry.
In the presence of strain, the inequivalence of the reciprocal vectors in the triangular superlattice implies that pu(g,) #
pu(gs) # pu(gs), which is consistent with the broken C5, symmetry in the strained system. In the presence of an
hBN substrate, the mass terms break the remaining Cs, symmetry. Notice that Eq. (S13) has the form of a periodic
scalar potential. The Hartree potential is obtained by self-consistently solving for the three parameters py(g;). To
solve the self-consistent Hartree Hamiltonian, the charge distribution is approximated as pyg = po + dpu, where pg is
a constant which takes into account the total density from all bands not included in the calculations [54]. The charge
distribution is fixed by assuming a homogeneous state at charge neutrality. Therefore, the integral in Eq. (S12) is
evaluated only over energy levels with €, (k) between half filling and Fermi level, u. For a given value of the Fermi
level, we calculate the miniband spectrum and wavefunctions with self-consistent diagonalization of the Hamiltonian
by considering up to N = 91 vectors in reciprocal space.

NONLINEAR HALL EFFECT

Following Refs. [1, 2, 13, 60], the transverse currents up to second order in the electric field are 7, , = Re{j(g ut
J;fuem + Jf,“;eizm} with a rectified component Jf}u = X! .EpEs, a linear term T = o' &, and a second-harmonic



component jf“; = xh.Eve, with susceptibilities given by

e? dk e .
0-5() = 7% Z/ 27T 26 b fO,M(k)Qn,p7 (814)

‘”" el 3, fo(k), (S15)

I
Xabe = 2R2(1 + iwT) 1 + iwT)
where fo,, = folen,u(k)] is the equilibrium Fermi-Dirac distribution, €, ,(k) = €,(k) — p with €,(k) the energy of
the band and p the Fermi energy, and 7 is the scattering time. Equation (S14) is the linear contribution to the Hall
current; all states below chemical potential contribute to this term. The second term, Eq. (S15), is responsible for
the nonlinear Hall effect, wherein only states close to the Fermi surface contribute. From Eq. (S15), we can isolate
the Berry dipole as

Duup =% / ot (k)0 folen ). (516)

Therefore, the susceptibility in Eq. (S15) can be rewritten more compactly as

637'

nooo_ acd
Xabe = *ﬁ5 Dya,p, (S17)

where we are assuming that wr < 1, because w is about tens of Hertz and the relaxation time 7 is about picoseconds
in experiments [71]. For an electric field that makes an angle v with the z-axis (which is defined by the lattice), we can
write £ = &y (cosy,sin~y), where §, is a real number. £ = (£;,&,) is in general a two-dimensional vector of complex
numbers, which describes an electric field of arbitrary polarization. However, we only consider linear polarization
where £ is real and defines a definite direction. In this case, J£ u = jf:j; so we only focus on ._7(3 u- Its components
are given by

ja?,p = ngygﬂfgy + Xlltyyfyfy = é-g Sin’y [Xf;;cy cos7y + Xéﬁyy sin ’Y} ’

0 p n 2 4 Lo (S18)
jy,u = Xyz(vé(tfl? + ny;vé-yé-w = _50 COS/Y [Xzzy COS/Y + Xa:yy S ’Y:I Y

where we have used x4, = —x}., and x4, = —x%,,- This motivates us to define an effective angular susceptibility

ley'
Xog (V) = Xy €087 + Xliyy sinY (519)

using which the current can be written simply as J° = 53)(5&(7) (siny, — cos+y). We note that TP &€ =0 as required
for transverse currents. This form of the susceptibility is especially useful for comparison with experimental data. If
an electric field of magnitude &, is applied at an angle v with respect to the crystallographic axes, then a current of
magnitude &2 Xhg develops in the direction that makes an angle v — 90° with the same axes. Finally, we multiply the
effective susceptibility by 4 to account for spin and valley degeneracies

Xe (7) = 4X/t, cosy + 4xfy, siny
4637' 637' (820)

=57 Dy, cosy + Dy, siny] = *Tthefiu(V)v
where we have defined an effective angular Berry dipole
Degr u(7) = 4[Dg.,pcosy + Dy, ysiny] =4D,, - '3 (S21)

Apart from the factor of 4, this is nothing more than the Berry dipole along the direction of the electric field.

ESTIMATION OF THE HALL VOLTAGE USING THE BERRY DIPOLE

The Berry dipole in TBG/hBN has two components D, and D,.. In the following, to numerically compare our
results with the experiment in Ref. [26], we calculate the transverse Hall voltage Vi3 as a function of an external
electric current I¥. As described in the previous section, the current density is given by

= &ixbg(7) (siny, — cos ) . (522)
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Figure S2. Interaction-enhanced topological Hall effects in strained (¢ = 0.2% and ¢ = 0) TBG/hBN for § = 0.95° and o = 0.50
in Eq. (S11). In (a), we show the linear Hall conductivity. In (b), the large Berry dipole is enhanced near +4. In (c), the
effective Hall susceptibility is strongly enhanced depending on the current direction.

The electric field and the current density can be rewritten in terms of the electric current and the Hall voltage by
using & = Ip/(cL) and J* = o V2 /W respectively. Here, o, is the conductivity which is assumed to be isotropic,
and L and W are the length and width of the sample, respectively. Assuming W = L for simplicity, we can write the
Hall voltage as

637'

VX =——__D
H 2h03W

efﬁu(’)/)lg? (823)

and from the Drude formula o4 = ne?7/m*, the above equation takes the form

*

em

Ve - M p
H 2/2no2W

eff, (V)Ig (824)

*

Using the parameters: m* = 3m, with m,. the mass of electron [72], electronic density as a function of filling
v = 4n/ng, with ng = 2.5 x 10?2 cm~2, sample width W ~ 1.5 um [28], conductivity o4 ~ 1 x 1074 S, and electric
current as in Ref. [26] of Iy ~ 1 pA, a Hall voltage at v = —4 with magnitude V3| ~ 1000 pV is obtained
for v = 45° and D,, = D,, = 3.5 nm. These estimates provide reasonable order-of-magnitude agreement with
the experiment. However, one should approach these estimates with skepticism since they do not capture many
complications inevitably present in an actual experiment. For instance, the conductivity, the effective mass, and the
charge density may vary as a function of the chemical potential and strongly depend on experimental conditions.
These complexities notwithstanding, our results suggest that the Berry dipole required to obtain the Hall voltages
reported in Ref. [26] is similar in order of magnitude to our calculations.

ADDITIONAL RESULTS: TBG WITH HBN

In this section, we consider the case when the potentials induced by the hBN in TBG are smaller. This occurs
when hBN and graphene are misaligned by a larger relative twist. Recently [43], it has been shown that the effects of
the periodic potentials are relevant if the angle between hBN and the lower graphene layer, |0hpn], is between 0 and
~ 3° on the other hand, main contribution at larger angles comes from the strain fields and the uniform mass gaps.
To take into account samples with a different degree of alignment with hBN, we display in Fig. S2 the topological
Hall effects in strained TBG/ hBN for § = 0.95° and o = 0.50 in Eq. (S11). This is a reasonable approximation for a
twist angle |0ppn| between 1.5° and 2.0° where the mass term is reduced by a half of its magnitude.

BAND STRUCTURES: STRAINED AND UNSTRAINED SYSTEMS

In Fig. S3, we display the band structure of unstrained TBG nearly aligned with hBN as a function of the chemical
potential for different filling factors. It is clear that both energy spectrum and topology are modified as a function
of filling. Band structures and distribution of the Berry curvature within the mBZ are mapped out in the hexagonal
panels. In Fig. S4, we introduce a uniaxial strain e = 2% and ¢ = 0. As in the previous case, the band structure and
topology are also modified. However, the presence of uniaxial heterostrain and hBN allow for a non-zero Berry dipole.
Notice that the states close to the Fermi boundary (black lines) are those contributing most to the Berry dipole.
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Figure S4. Band structure of strained (¢ = 0.2% and ¢ = 0) TBG nearly aligned with hBN as a function of the chemical
potential for a filling factor: (a) v = —3, (b) v = —1, and (c) v = 0. Red dashed line in each figure is the Fermi level. We also
show density plots for the active bands. The top panels are the energy bands, and bottom panels are the Berry curvatures.
The black lines in each density plot trace out the corresponding Fermi surfaces.

VALLEY HALL CONDUCTIVITY FOR A NON INTERACTING TBG/HBN

In Fig. S5, we show the valley Hall conductivity of TBG/hBN in absence of both strain and Hartree potential.

NUMERICAL EVALUATION OF THE HALL CONDUCTIVITIES

In this section, we address the numerical evaluation of the linear and nonlinear Hall terms in Eq. (S14) and
Eq. (S15). In numerical evaluation, we first define an hexagonal grid centered at I" within the mBZ of Fig. 1(c). In
our calculations, we use a grid size of 3N? k-points, with N ~ 20 — 30 for the self-consistent Hartree calculations
(see Ref. [53] for further details) and N ~ 300 — 400 for the Berry curvature. We diagonalize Eq. (S8) and from its
eigenvectors, we obtain ,, ,(k) following the procedure described in Ref. [73]. By writting

Q, (k) =V x A, u(k), Ap u(k) = =1 (Yokpl V| Yoku) (S25)

we numerically integrate the Berry connection A, (k) in small loops around each momentum k. For each loop, we
choose a set of eigenvectors around the loop and then we calculate the Berry connection between points of the loop.
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Figure S5. Valley Hall conductivity for the unstrained and non-interacting TBG/hBN system. Different twist angles are
indicated. Shaded gray regions are the gaps where the conductivity is quantized.

The total contribution of each small loop is the local Berry curvature determined up to a prefactor. The sum of
these loops over the Brillouin zone gives the Chern number of the corresponding band modulo 27. The integrals in
Eq. (S14) and Eq. (S15) are obtained by summing the Berry curvature at each point weighted by the corresponding
scalar function at Fermi level p and a given temperature. This numerical procedure allows us to eliminate problems
with gauge ambiguity because the arbitrary phases appear twice with opposite sign. However, depending on the
distribution of the Berry curvature within the mBZ and the temperature, the size of the loop must be small enough
to achieve convergent numerical results.
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