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We study the energy spectrum for the problem of graphene’s carriers under
perpendicular incidence of electromagnetic waves. To obtain the spectrum,
we solve the Dirac equation under such a field. Then a generalized Mathieu
equation is obtained. The limiting cases of strong and weak fields, as well as
long and short wavelengths, are analyzed. The energy spectrum is obtained
numerically by using the Whittaker method, and a perturbation method is
used to obtain the analytical separatrix curve between allowed and
forbidden states. The energy spectrum presents bands, and a gap at the
Fermi energy. The gap is linear on the electromagnetic wave intensity.
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1. Introduction

In the last four and a half years, graphene (a two-dimensional allotrope of carbon)
has become the corner-stone of much research [1–3]. Since its discovery in 2004,
using the technique called micromechanical cleavage [4], different groups have
studied experimentally its properties and potential applications. Graphene, for
example, has a breaking strength 200 times greater than steel [5]. With this material,
scientists have achieved electron mobilities of 200,000 cm2 V�1 s�1 by suspending
single layer graphene [6]. However, when graphene is set in a substrate, mobilities
decrease [7]. The mobilities are now �4� 104 cm2 V�1 s�1 indicating the importance
of the choice of substrate. On the other hand, because of these high mobilities, there
has been much effort to use graphene in electronic devices. One of the first
technological achievements was to make the first single electron transistor [8], and
the operation of the first graphene transistor at GHz frequencies [9].

On the theoretical side, much effort has been devoted to understanding the
electromagnetic properties of graphene [10–21]. Among this work we can mention
the studies of the frequency dependant conductivity [10,11,17,18], the nonlinear
electromagnetic response of graphene [19,20], the novel electric field effects [13] and
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the possibility to induce a gap by applying magnetic and electric fields [20,21]. This
effect can also be induced by doping graphene [22], and its prediction has been
confirmed very recently [23].

In previous work, we studied the problem of graphene irradiated by
electromagnetic waves [20]. We showed that graphene takes an incoming electrical
signal of determinate frequency and produces an output signal whose frequency is a
multiple of the original one. Therefore graphene can work as a frequency multiplier.
Recently the materialization of this idea was achieved at the Massachusetts Institute
of Technology where David Chandler and collaborators built the first experimental
graphene frequency multiplier [24]. However, in our previous derivation, the solution
contained a very rough approximation, since the second derivative of the field was
neglected [20]. Here we provide a solution that avoids this problem, and solves the
inconsistencies of the previous solution. Furthermore, in our previous work we only
considered the case of electromagnetic radiation with a wavevector in the graphene
plane. In most of the experimental situations, the radiation has normal incidence
to the graphene. For example, this is the case for most of the optical properties.
In this paper, we continue the research into graphene interacting with radiation,
but now we consider the important case of a graphene layer irradiated with
perpendicular incidence of an electromagnetic plane wave. By solving a new kind of
generalized Mathieu equation, we obtain the spectrum of energies, which presents
bands and gaps. In the limit of high frequencies or small fields, the gap is at the
Fermi energy and thus can influence the transport properties.

The paper is organized as follows. In Section 2, we show how to model the
interaction between the electric field and the sample of graphene. We find three
important limiting cases to analyze, corresponding to interesting experimental
situations. In Section 3 we study in detail all the limiting cases; in Section 4 the
conclusion are given; and the details of the calculations are summarized in the
appendixes.

2. Modelling graphene under a perpendicular electromagnetic field

For graphene, it has been shown that the Hamiltonian for wavevectors close to the K
point of the first Brioullin zone can be written as [25],

Hðx, y, tÞ ¼ vF
�0 �̂x � i�̂y

�̂x þ i�̂y �0

� �
, ð1Þ

where vF is the Fermi velocity vF� c/300, with c the light speed. �0 is the zero
point energy, �̂ ¼ p̂� eA=c with p̂ being the electron momentum operator, and
A is the vector potential of the applied electromagnetic field, given by
A ¼ ð E0

! cosðkz� !tÞ, 0Þ. E0 is the amplitude of the electric field and ! is the
frequency of the wave. E0 can be taken as a constant since screening effects are weak
in graphene [26]. The dynamics of charge carriers in graphene is governed by the
Dirac equation [25],

Hðx, y, tÞ)ðx, y, tÞ ¼ i�h
@)ðx, y, tÞ

@t
, ð2Þ
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where,

)ðx, y, tÞ ¼ e�i�0t=�h
�Aðx, y, tÞ

�Bðx, y, tÞ

� �
, ð3Þ

is a two component spinor. Here A and B stand for each sublattice index of the

bipartite graphene lattice [27]. Inserting Equation (3) into Equation (2) we obtain,

vFð�̂x � i�̂yÞ�Bðx, y, tÞ ¼ i�h
@�Aðx, y, tÞ

@t
, ð4Þ

vFð�̂x þ i�̂yÞ�Aðx, y, tÞ ¼ i�h
@�Bðx, y, tÞ

@t
: ð5Þ

The commutation rules for �̂x, �̂y and @/@t are in this case,

�̂i, �̂j
� �

¼ 0, i, j ¼ x, y ð6Þ

@

@t
, �̂x � i�̂y

� �
¼ �

eEo

c
sinðkz� !tÞ: ð7Þ

Using these commutation rules and Equations (4) and (5), we find the following

equation of motion for the spinor under the electromagnetic field,

��h2 v2F
@2)

@x2
þ
@2)

@y2

� �
�
@2)

@t2

� �
þ 2i�h�vF cos�

@)

@x
þ �2 cos2 ��i�h!��x sin�
� �

) ¼ 0,

ð8Þ

where we have defined the phase � of the electromagnetic wave as �¼ kz�!t. The
parameter � is defined as,

� ¼
eE0vF
c!

, ð9Þ

and �� is the set of Pauli matrices. For nearly flat graphene, we can put z¼ 0, and the

last equation becomes,

� �h2 v2F
@2)

@x2
þ
@2)

@y2

� �
�
@2)

@t2

� �
þ 2i�h�vF cosð!tÞ

@)

@x

þ �2 cos2ð!tÞ�i�h!��x sinð!tÞ
� �

) ¼ 0: ð10Þ

Consider a solution of the following form,

)ðx, y, tÞ ¼ eipxx=�hþipyy=�hFð!tÞ, ð11Þ

where F(!t) is a spinor. By inserting Equation (11) into Equation (10), it yields an

equation for F (!t). The resulting differential equation is,

F 00ð!tÞ þ
�2

ð�h!Þ2
þ

�
1

ð�h!Þ2
�2 cos2ð!tÞ � 2�vFpx cosð!tÞ
� �

�
i�

�h!
�x sinð!tÞ

	
Fð!tÞ ¼ 0,

ð12Þ
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where � ¼ vF
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2x þ p2y

q
. This equation is in fact a set of two coupled differential

equations; its solution gives the answer to the problem. The general solution of this
equation can be performed by using a method similar to the one presented in
Appendix 1. However, the solution is very difficult and here we prefer to present
three important limiting cases. One is �¼ 0, which serves to check the equation. The
others concern the experimental situations �/�h!� 1 and �/�h!� 1. Since,

�

�h!
¼

vF
c

eE0

�h!2
�

1

300

eE0

�h!2
, ð13Þ

the first case eE0/�h!
2
� 300 corresponds to strong electric fields or long wavelengths,

while the case eE0/�h!
2
� 300 corresponds to weak electric fields or short

wavelengths. We must mention that our approach breaks down for very strong
electromagnetic fields or high frequencies, since the original tight-binding
Hamiltonian can be modified in a substantial way. The limiting frequency for
using the Dirac model is around [28] !� 4� 1015 Hz. Having these considerations in
mind, let us explore the nature of the solutions in the following section.

3. Approximate solutions

3.1. No electric field

The first case is when �¼ 0; this means that there is no interaction between charge
carries and the electromagnetic wave, thus we have free particles in the graphene
sheet. The equation for F(!t) is

F 00ð!tÞ þ
�2

ð�h!Þ2
Fð!tÞ ¼ 0 ð14Þ

whose solution is

Fð!tÞ ¼ e�i�t=�hu: ð15Þ

This last equation is the solution of the free particle problem as it should be. Here u is
a spinor that can be written as

u ¼
1ffiffiffi
2
p

�e�i’=2

ei’=2

� �
, ’ ¼ tan

py

px

� �
,

where the plus and minus sign stand for electrons and holes, respectively.

3.2. Intense electric fields or long wavelengths (eE0/�hx
2� 300)

In this case �/�h!� 1, and thus in Equation (12) we can neglect linear terms in �/�h!.
Also, in what follows we take px¼ 0, which is basically an initial condition, in order
to simplify the equations, although the general case can be solved in a similar way.
The following equation is obtained for F(!t),

F 00ð!tÞ þ
�2

ð�h!Þ2
þ

1

ð�h!Þ2
�2 cos2ð!tÞ

� 	
Fð!tÞ ¼ 0: ð16Þ
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Using the relation cos2ð!tÞ ¼ 1
2 ð1þ cosð2!tÞÞ we can write,

F 00ð!tÞ þ
�2

ð�h!Þ2
þ

�2

ð�h!Þ2
1

2
ð1þ cosð2!tÞ

� �� 	
Fð!tÞ ¼ 0,

and defining,

q ¼ �
�2

4ð�h!Þ2
, ð17Þ

and,

a ¼
�2

ð�h!Þ2
� 2q, ð18Þ

we obtain the equation

d2Fð!tÞ

d ð!tÞ2
þ ða� 2q cosð2!tÞÞFð!tÞ ¼ 0, ð19Þ

which is a set of two uncoupled Mathieu equations in standard form. According to

Floquet’s theory, the solution of Equation (19) has the form [29],

Fð!tÞ ¼
X1
r¼�1

C2rð�; a, qÞeð�þ2riÞ!t, ð20Þ

where C2r(�; a, q) are Fourier coefficients. Furthermore, using the Whittaker

method, in Appendix 1 we show that the allowed values of � are given by,

� ¼
1

�
cos�1ð1� Drð0; a, qÞð1� cos�

ffiffiffi
a
p
ÞÞ a 	 0, ð21Þ

and

� ¼
1

�
cos�1ð1� Drð0; a, qÞð1� cosh�

ffiffiffi
a
p
ÞÞ a5 0: ð22Þ

where Dr(0; a, q) is a determinant defined in Appendix 1, which can be calculated

using the recursive Strang method [29].
In Figure 1 we present the energy spectrum obtained from Equations (21) and

(22), in which the gray regions are the allowed values of the energy. This diagram is

the spectrum of the usual Mathieu equation. However, in the present case there is an

extra constraint that relates a with q due to Equation (18). For fixed energies �, this
condition is equivalent to drawing a set of parallel lines in Figure 1. Since (�/�h!)2 is
always positive, in Figure 1 we plot the line a¼�2q , which divides the spectrum into

two zones. Energies on the left side of this line are not allowed, while the values on

the right side are allowed. States over this line have �¼ 0. Notice that for a fixed

electric field, q is a constant. Thus, to ‘read’ the spectrum for a given field, one must

draw a vertical line at fixed q. Using this method, a simple analysis of Figure 1

reveals bands separated by energy gaps.
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3.3. Weak electric field or short wavelengths (eE0/�hx
2� 300)

Under this limit, in Equation (12) we can neglect quadratic terms in �/�h! to obtain

the following equation for F(!t),

F 00ð!tÞ þ
�2

ð�h!Þ2
�

1

�h!
i��x sinð!tÞ

� 	
Fð!tÞ ¼ 0: ð23Þ

Equation (23) is a set of two coupled equations. To decouple these equations, we

proceed in the following way. First we write both equations explicitly,

F 001 ð!tÞ þ
�2

ð�h!Þ2
F1ð!tÞ �

i�

�h!
sinð!tÞF2ð!tÞ ¼ 0, ð24Þ

F 002 ð!tÞ þ
�2

ð�h!Þ2
F2ð!tÞ �

i�

�h!
sinð!tÞF1ð!tÞ ¼ 0: ð25Þ

If we add both equations, we obtain,

u 00 !tð Þ þ
�2

ð�h!Þ2
�

1

�h!
i� sinð!tÞ

� 	
u !tð Þ ¼ 0, ð26Þ

where u (!t)¼F1(!t)þF2(!t), while if we subtract them, the following equation is

obtained,

v 00 !tð Þ þ
�2

ð�h!Þ2
þ

1

�h!
i� sinð!tÞ

� 	
vð!tÞ ¼ 0, ð27Þ

where v (!t)¼F1(!t)�F2(!t). For this case, we define new values for a and q,

a ¼
�2

ð�h!Þ2
, ð28Þ

Figure 1. Energy spectrum for the case of intense electric fields or long wavelengths. A line
divides the spectrum into two regions; one of them is allowed while the other is forbidden due
to Equation (18).
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and,

q ¼
�

2�h!
, ð29Þ

therefore we can write,

u 00 !tð Þ þ fa� 2iq sinð!tÞgu !tð Þ ¼ 0, ð30Þ

v 00 !tð Þ þ aþ 2iq sinð!tÞ
� �

vð!tÞ ¼ 0: ð31Þ

Let us make the following change of variable �0 ¼!t/2. By inserting this new
variable in Equation (30), we obtain

u 00ð2� 0Þ þ ðA� 2iQ sin 2� 0Þuð2� 0Þ ¼ 0 ð32Þ

where A¼ 4a and Q¼ 4q. Notice that the equation for v (!t) is obtained by
the replacement of q by �q. Thus, we only need to solve Equation (32) for q5 0
and q4 0.

To find the spectrum of allowed energies, we follow a procedure similar to the
one that we used for the case of intense electric fields. The main difference is that now
Q is multiplied by the imaginary number i. In this case, we can still use the Floquet
solution, and thus the spectrum is found by using Equations (21) and (22). However,
Dr(0; a, q) is changed since the recursion relations are modified, as shown in
Appendix 1.

Figure 2 shows the resulting energy spectrum. The gray zones are the allowed
energy values, and again we obtain a series of bands. In the same plot we also present
the contour curves corresponding to the same � as given by Equation (21). This
numerical result can be compared with a theoretical result by using perturbation
theory, as shown in Appendix 2. In particular, in Appendix 2 we show that the
separatrix between allowed and non-allowed states is given by,

A �
1

2
Q2: ð33Þ

To compare the theoretical separatrix curve and the numerical transition curve at
the origin, we calculated the curvature of the theoretical curve performing the second
derivative of Equation (33). The theoretical result is 1 for the curvature, while the
numerical result is 1.1.

The most important thing to notice in Figure 2 is that an energy gap appears near
the Fermi energy (�¼ 0). As explained in Figure 3, where an amplification of the
region around the origin is presented, for a given electric field, the minimal value of �
is determined by the separatrix curve. In fact, since the separatrix curve is given by
a� 2q2, and using Equations (28) and (29), we obtain the minimal allowed value of �,

� � �
�ffiffiffi
2
p ð34Þ

which produces a gap of size:

D �

ffiffiffi
2
p

evFE0

c!
: ð35Þ

Philosophical Magazine 2983

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
I
n
s
t
 
D
e
 
I
n
v
e
s
t
 
E
n
 
M
a
t
e
r
i
a
l
e
s
]
 
A
t
:
 
1
8
:
0
8
 
2
8
 
J
u
n
e
 
2
0
1
0



Let us estimate this quantity, for a microwave frequency !¼ 50 GHz with an

intensity E0¼ 1 V/m of the electric field, where the gap size is D� 0.03 meV.
It is also worthwhile mentioning a second interesting prediction from

Equation (33). One can observe that the spectrum is made mainly from stacked

ellipses that grow in size, as seen in Figure 3. For Q5 1.48, the spectrum has two

gaps, one around A¼ 0 and the other at A¼ 4. However, for Q4 1.48 both gaps

merge and the first band disappears. Such a field is given by,

E0 ¼
1:48ðc�h!2Þ

2evF
,

for a typical microwave frequency !¼ 50 GHz. This value corresponds to a field of

E0¼ 1.797 V/m.

Figure 2. (Color online). Energy spectrum for the case of weak electric fields or short
wavelengths. The gray zones are allowed energy values. Contours denote curves of the same �.

Figure 3. (Color online). Amplification of the energy spectrum for the case of weak electric
fields around �¼ 0. For a fixed field (Q constant), the figure shows two energy gaps and two
energy bands near the Fermi energy. The separatrix curve A¼Q2/2 obtained from
perturbation theory (Appendix 2), which determines the minimal value of �, is also shown.
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4. Conclusions

In conclusion, we have found an equation that describes the interaction between
charge carriers in graphene under electromagnetic radiation. By solving this equation
we found the energy spectrum for intense electric fields and weak electric fields, as
well as for short and long wavelengths. The main features of the spectra is that a gap
is open near the Fermi energy. Thus, the conductivity can be controlled by applying
an electromagnetic wave, which is an effect that could be useful to build electronic
gates. Our analytical solution could also be useful to understand the optical
properties of graphene.
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Appendix 1

Here we provide the method used to find the energy spectrum of Equation (19). The energy
spectrum for the complex case of q, given by Equation (32), can be found in a similar way.

If Equation (20) is inserted into Equation (19) the following recurrence relation is
obtained,

C2r þ
q

ð2r� �iÞ2 � a
ðC2rþ2 þ C2r�2Þ ¼ 0:

Defining

�2r ¼
q

ð2r� �iÞ2 � a
, _ r 2 Z,

we obtain the following matrix,

	rð�, a, qÞ ¼

1 �2r 0 0 0 0 0

�2r�2 : : : : : 0

0 : �0 1 �0 : 0

0 : : : : : ��2rþ2

0 0 0 0 0 ��2r 1

0
BBBBBB@

1
CCCCCCA
:

Finding non-trivial solutions of Equation (19) is equivalent to demanding,

detð	rð�; a, qÞÞ ¼ Drð�; a, qÞ ¼ 0;

besides this give us the spectrum of energies. We are going to use a method proposed by
Whittaker [30] for finding � as a function of a and q.

Let us introduce the following quantity [30],


 ¼
1

cosð�i�Þ � cosð�
ffiffiffi
a
p
Þ
:

This quantity has the same poles that det(Dr(�; a, q))¼ 0 has. Besides,

lim
�!�1


 � lim
�!�1

1

e��
! 0 ð36Þ

Therefore defining,

� ¼ Drð�; a, qÞ � k
, ð37Þ

we have that when �!�1, � is bounded since,

lim
�!�1

� ¼ 1: ð38Þ
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This result is a consequence of Equation (36) and the following fact,

lim
�!�1

Drð�; a, qÞ ¼ 1: ð39Þ

Invoking Liouville’s theorem due to the asymptotic behavior given by Equation (38), we
have that

k ¼
Drð�; a, qÞ � 1



ð40Þ

must be a constant. Now we evaluate k for a particular Dr(�; a, q), for example at �¼ 0. Thus

k ¼ ðDrð0; a, qÞ � 1Þð1� cos�
ffiffiffi
a
p
Þ: ð41Þ

Using Equations (40) and (41) we obtain

Drð�; a, qÞ � 1



¼ ðDrð0; a, qÞ � 1Þð1� cos�

ffiffiffi
a
p
Þ:

For our purposes Dr(�; a, q)¼ 0, and therefore

� ¼
1

�
cos�1ð1� Drð0; a, qÞð1� cos�

ffiffiffi
a
p
ÞÞ a 	 0 ð42Þ

and

� ¼
1

�
cos�1ð1� Drð0; a, qÞð1� cosh�

ffiffiffi
a
p
ÞÞ a5 0: ð43Þ

However, to plot the spectrum, the value of Dr(0; a, q) is missing. To evaluate this infinite
determinant, we can use the recursive Strang method [29], which produces the following
relation,

Drð0Þ ¼ �2rDr�1ð0Þ � 2r�2rDr�2ð0Þ þ 2r
2
2r�2Dr�3ð0Þ,

where 2r¼ �2j�2j�2 and �2r¼ 1�2r.
To solve the case of weak fields or short wavelengths, which is given by Equation (32), we

need to consider that q is replaced by a complex iq in Equation (19). All the steps are similar to
the real q case. However, the recurrence relation for Dr(0; a, q) is changed to,

Drð0Þ ¼ �2rDr�1ð0Þ þ 2r�2rDr�2ð0Þ � 2r
2
2r�2Dr�3ð0Þ, ð44Þ

where 2r¼ �2j�2j�2 and �2r¼ 1þ2r.

Appendix 2

To find the separatrix between allowed and non-allowed states in Equation (30), we rewrite the
equation as,

u 00ð2� 0Þ þ ðA� 2iQsen2� 0Þuð2� 0ÞÞ ¼ 0, ð45Þ

where we have made the change of variable !t/2¼ �0. Thus A¼ 4a and Q¼ 4q. We seek
solutions to Equation (45) in the form of the following perturbation expansions [31],

uð2� 0;QÞ ¼ u0ð2�
0Þ þQu1ð2�

0Þ þQ2u2ð2�
0Þ þ 
 
 
 ð46Þ

A ¼ A0 þQA1 þQ2A2 þ 
 
 
 : ð47Þ
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Substituting Equations (46) and (47) into Equation (45) and equating coefficients of like
powers of Q, we obtain,

u 000 þ A0u0 ¼ 0, ð48Þ

u 001 þ A0u1 ¼ �A1u0 þ 2iu0 sin 2�
0, ð49Þ

u 002 þ A0u2 ¼ �A2uo � A1u1 þ 2iu1 sin 2�
0: ð50Þ

Here we treat the case A0¼ 0. In this case u0¼,  is a constant. Equation (49) becomes,

u 001 ¼ �A1þ 2i sin 2� 0: ð51Þ

In order to make u1 periodic, we set A1¼ 0. Then the solution of Equation (51) is,

u1 ¼ �
1

2
i sin 2� 0: ð52Þ

Substituting u0 and u1 into Equation (50) yields,

u 002 ¼ �A2þ  sin
2 2� 0, ð53Þ

thus,

u 002 ¼ �A2þ


2
ð1� cos 4� 0Þ: ð54Þ

To ensure that u2 is periodic, we let A2 ¼
1
2. Hence the separatrix curve emanating from the

origin is given by

A ¼
1

2
Q2 þOðQ3Þ, ð55Þ

and the wave function obtained after solving Equation (54) is

u ¼  1�
iQ

2
sin 2� 0 þ

Q2

32
cos 4� 0 þ 
 
 


� �
: ð56Þ
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