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Substitutional disorder in a Fibonacci chain: Resonant eigenstates and instability of the spectrum
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The effect of substitutional disorder in a Fibonacci chain is studied. In particular it is shown that the presence
of a single impurity affects all the states of the unperturbed system, reducing the fractal dimension of the
spectrum. Resonant eigenstates are also observed. The consequences of the instability of the spectrum are
discussed in the context of the experimental electronic measurements and also the effect of boundary condi-
tions in theoretical calculation§S0163-182806)07545-5

I. INTRODUCTION predictions of perfect quasiperiodic structres can be mea-
sured experimentally?

Over the 12 years after their discovery in 1982, quasic- Studies of the effects of disorder in quasiperiodic struc-
rystals have been the focus of intense experimental and thedlires have shown that a minimal amount of phason disorder
retical research devoted to exploring the effects of quasiperidramatically changes the extended states to localized
odicity on the properties of these materials. In particular, thestates’ ™ In a previous paper’ we proposed a renormaliza-

self-similarity of the structure was expected to lead to a newion approach to study the effect of phason disorder in large

type of electronic structure. Many theoretical works, mainlyFiPonacci chains. The amount of disorder can be easily con-
trolled and it was shown that less than 5% of disorder in a

in one- and two-dimensional quasiperiodic systems, con—h i of — 1070 i
firmed the expectations. In these systems, three kinds dfh@in of~10""sites was enough to smooth the energy spec-

wave functions coexist: extended, localized, and criﬂcal.tru{?iOfﬂt]he ?r:alr:‘.thi f to explore the effect of subst
Critical states are neither localized nor extended; they hav?uti s the aim of this paper o explore the etiect of subs

self-similar wave functions in real space. The band structur onal disorder in a Fibonacci chain with a tight-binding
. space. o Hamiltonian. It shall be shown that all the states of the chain
of the electronic spectrum of a Fibonacci chain is a Canto

[ ; . i
set with a hierarchical distributions of gap3he spectrum are affected by the presence of a single impurity. The fractal

N X ) dimension of the spectrum is reduced, and unlike the one-
of the Penrose lattice is of a different .natﬁre;does NOt  gimensional periodic chain, resonant eigenstates arise. The
present self-similarity and showséfunction of degenerate former result turns out to be relevant in theoretical calcula-
states at the center of the spectrum, separated from the restifns since the same effect will be observed when consider-
the states by a sizable gAfihe wave functions of the states ing free boundary conditions.
near the center of the spectrum are localized as opposed to The paper is organized as follows. In Sec. Il we explain
the case of Anderson localization, where localizatidne to  the Green’s function approach to the treatment of substitu-
disordej is stronger near the band edges. tional disorder in a Fibonacci chain. In Sec. Ill, we evaluate

However, experimental results on transport properties anthe effect of the impurity on the eigenvalues and the energy
specific heat measurements had been rather disappointingpectrum. In Sec. IV the effect of the impurity on eigenstates
Measurements apparently indicated that quasicrystals sharégidescribed, and finally, conclusions are given in Sec. V.
the same transport properties with their crystalline or amor-
phous counterpartsThe origin of this result was considered Il. FORMALISM
to be the presence of secondary crystalline phases and of , . . o ,
structural defects. The discovery of highly stable quasicrys- 1he Fibonacci sequence is a quasiperiodic alternation of
tals with a small defect density was of great advantage ifWo words,L andsS, given by the concatenation rule
investigating the intrinsic physical properties of quasicrys-
tals. Recent results have shown that in fact quasicrystals are F(n)=F(n—1)*F(n—2), F(0)=S, F(1)=L,
of a different nature than crystals or amorphous concerningv . _ )
their transport propertigsFor instance, the extremely large Where * denotes string concatenation.

resistivities, explainable only by some sort of localization A duasiperiodic structure in one dimension can be con-
effect, are the most striking physical property of structed by arranging two types of bonds following the Fi-

quasicrystal€:? Moreover, in conductor crystals, the electri- 0nacci sequencebond problem A simple tight-binding

cal resistivity decreases as the perfection of the crystal inM0del of electronic states of this quasicrystal is
creases; on the contrary, in quasicrystals resistivity decreases

as defects increase, so that they become semiconductors and Ho— Z t Y|

insulators. Up to now, the effect of disorder in quasiperiodic 0 4 Tl Dl

systems is not completely understood, and there remain some

questions such as what is the minimal amount of defectwhere|i) is the Wannier state associated with ttiesite of
allowed in quasicrystalline samples such that the theoreticdhe chain and;; is the nearest-neighbor hopping integral,

@
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which in this case is given by the Fibonacci sequence. A €

different model(site probleny is obtained if the Fibonacci S= m“)m, 3

sequence is used to define a self-energlydn each site of 0

the chain. The corresponding Hamiltonian of this model is with which the final expression for the Green’s function
reads

HozZ(ei|i><i|+tli><i+1|+t|i><i—1|>. 2

€
1-€(1[Goll)
It has been proved that the spectra of previous Hamilto- ) )
nians are Cantor sets of zero Lebesgue med3drayith The discrete eigenvalues bf are the poles oG (or S),
eigenstates which are neither localized nor extended, bdhat is,
critical 12213-15This kind of spectra is called singular con-
tinuous. (I|Go(Ep)[1)=1le, (4)
There are powerful ways of solving Ed4) and(2), such  \yhich is only fulfilled when the imaginary part &, is zero.

as renormalization and techniques which take _al(gvantage %ince the imaginary part @, is directly related to the local
the self-similar properties of the Fibonacci ch&in density of states through

We will now consider the case of a Fibonacci chain with
a single substitutional impurity at site As will be shown, it 1
is enough to understand the consequences of this kind of pi(E)=——=Im({l|Go(Ep)|I)),
disorder on the eigenstates and the spectid pf m

The easiest way of introducing disorder in a Hamiltonianif there are new states due to the impurity, they must lie
like Eq. (1) or (2) consists of changing the diagonal elementinside a gap of the original spectrum.
of Hy at sitel, from ¢ to g+e. This situation can be In a periodic chain, the pole, are outside the band of
thought of as a substitution of the host atom at kit/ an  H, because inside the band, the spectrum is continuous
impurity with a level lyinge times higher than those of the (there are no gapsand Eq.(4) cannot be satisfied. On the

remaining atoms® The new Hamiltonian now reads contrary, the singular continuous spectrum of a Fibonacci
chain contains an infinite number of gaps, and so relddon
H=Ho+Hy, can in principle be satisfied between any two eigenvalues of

Ho. Consequently, substitutional disorder affects all the
states of a singular continuous spectrum and not only those
Hy=elI)(1] at the top of the band as in the case of a periodic chain. As

1 will be shown in Sec. lll, this effect consists of a shifting of
is the perturbation due to the substitutional impurity. all the original eigenstates.

The problem is to determine the eigenvalues and eigen- One may visualize this effect of the impurity in a Fi-
functions ofH. By following a perturbative approach, this bonacci chain using the following arguments. Let us first
task can be divided in parts. Determine fiGy(E), the  consider a perfect periodic chain with lattice parameter
Green'’s function oH, (one possibility is to use a renormal- When a defect is introduced, the most scattered modes are
ization procedure as described in Refs. 17-1¢ext, ex- those at the top of the band and a localized impurity mode
pressG(E) in terms of Go(E) and, finally, obtain informa- appears outside the original band, that is, nkarm/a,
tion about the eigenfunctions and eigenvaluesHofrom  wherek is the usual wave vector of a periodic system. Now

where

G, defined as suppose that the chain is transformed onto a diatomic linear
chain. Since the cell parameter is doubled, the new spectrum
G(E)=(E—H) %, is obtained by folding the original spectrum around
k=m/2a and a gap of siz&/ arises at the limit of the new
whereE is the energy. Brillouin zone. In this diatomic chain there are two impurity
Using a Dyson expansion, the Green's function of themodes which now appear due to disorder, the one at
perturbed system is given by k=/2a and the other a=0. Since the Fibonacci chain is
obtained by folding the Brillouin zone an infinite number of
G=Ggt+GyS Gy, times® (each folding corresponding to a rational approxi-

man), an infinite number of gaps are opened and also an

where infinite number of impurity modes are created.

S=H1HH1GoH1H+H1GoH1GoH,y ’ Il. EIGENVALUES AND SPECTRUM

which in this case is written as . . . . - .
In general, the introduction of disorder in a finite lattice

_ 2 with €>0 leads to a shift of the states to higher energtes.
S=ell){I1+ 1)1 Goll X1 An estimation of these shifts, arising from one single impu-
+ &3 DGl G|+ - - -. rity, can be given as follows. In a discrete or a singular
continuous spectrum, the imaginary part of the Green’s func-
After a simple summation, a closed expression $ois  tion is written as a sum ob functions at the pole&, of
obtained: Ho, with a weight given by the amplitudpp,(1)|? of the
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wave function at sité, that is,

Im<I|G<E>|I>=—w§ | pn(1)|?8(E—Ep).

The real part ofG is obtained with the help of the
Kramers-Kronig relations

Re(l|G(E)[1)=—

=2 =

n

5 72| pa(D)|28(E —Ey)

(E-E)

|pn(1)]?
(E-E,)’

1.0

FIG. 1. Displacemend(s) of the eigenvalues
of the Fibonacci chain with a single impurity
from the eigenvalues of the perfect chain. Calcu-
lations were made for a chain with 987 sites.

3.0

N, thend(s) is also scaled by N. Consequently, in the limit
N— o, new solutions arise only at an energy higher than the
top of the band, since the other solutions are undistinguish-
able from the original ones.

In a Fibonacci chain the space between levels follows an
anomalous MA(E) law? This is also true for the size de-
pendence of wave functions which follows the law
|ps(1)|2~1/N"ES) 22 As a consequence of the singularity of
the spectra, botly and 8 are smaller than one in the regions
of the largest gaps and larger than one in the remaining re-
gions. From Eq(7) it can be seen that, in an infinite lattice,
the tendency of the spectrum is to be smoothed, sithce
larger(smalle) in regions whergg andy are smalleflargep
than 1. The smoothening effect is enhanced at the edges of

whereP stands for the principal part. In the region betweenthe spectra wherg andy take their minimum value® The
two states, sayEs and Eg;, the main contribution to the self-similarity of the spectra also means that states are shifted

sum comes from the terms with=s andn=s+1, so that
the right-hand side of Eq5) can be approximated by

Now if d(s) denotes the shift of the stasethen we have
d(s)=(E—E,) and E—Es.q)=d(s) -

EXOl%

bora(D? 1

(E_ Es)

(E-Esr1) €

separation between levels, andEg, ;.
With these definitions, Eq(6) is reduced to a second- the largest gaps, as is expected from Ef). Observe that
order equation with the solution

d(s)=

Ag
+€|¢s(|)|2

Ag, whereAg is the

[V
e —agsor @

where |¢s(D)[?=[| $s(1)|*+|¢s:1(1)?1/2, and the minus

sign was chosen to assure tlis) is zero fore =0.
In a periodic but finite latticd ¢¢(1)|?> and the spacing more evident in a Fibonacci lattice with two defects of the
between levels scale as the inverse of the number of sitesame type. In Fig. 2 an enlarged view of a section of the

at all scales.

Numerical direct diagonalization ¢ was carried out in
order to confirm the above considerations. Figure 1 shows a
plot of d(s) against the eigenvalues for the bond problem
(tt=—1.5 and tg=—1.0) of a Fibonacci chain with
N=987 and with a single defect& 10) at the middle of the
lattice. The largest value af(s) is at the top of the band and
corresponds to the localized state that appears outside the
band nealE~ €. In generald(s) is larger for states near to

d(s) is self-similar as a consequence of the self-similarity of
|bs(1)]2 and As.

The integrated density of statékDOS) of a perfect Fi-
bonacci chain has a devil's staircase structure which is typi-
cal of a Cantor-like set. When the defect is introduced, and
sinced(s) is self-similar, all the steps of this devil's staircase
are reduced and the IDOS is transformed into a Besicovitch
staircase which is a multifractal curve with a larger fractal
dimensior?® Albeit this tendency should be observed with a
single defect, the transition to a Besicovitch staircase is even
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04 .
2 FIG. 2. Enlarged view of a section of the in-
=] tegrated density of states of the perfect Fibonacci
chain (thin line) compared with the chain with
two defects(bold line).
0'3 1 1 1 1
-15 -13 -1.1 0.9 -0.7
ENERGY (arb. units)
IDOS of the Fibonacci chain with two defects is shothold In[ ()
line) and compared with that of the perfect chétnin line). f(a)=— , 9)
The scaling properties of the DOS can be obtained by In(SE)

means of a multifractal analysis.First, observe that the -

level spacing for a finite system is given BE=1/Np(E)  where SE is the average obE, andI'(«) is the number of
whereAE is the separation between two eigenvalues. Thenlevel spacings with a scaling exponent betwegnand
the system size dependence of the level spaciffg) (is a+ da.

given by SE=p(E)AE. In a periodic systendE is always The spectrum is the union of fractal sets, each of them
1/N. with a fractal dimension given b¥(«). The fractal dimen-
Now, let us define a scaling exponeni)(through* sion of the whole set, which is the Hausdorff-Besicovitch

dimension of the DOS, is the maximum &{«). If this
In( 5E) maximum is smaller than 1, the spectrum is singular
= (8)  continuous?
InN In Fig. 3 we showf («) for the lattice with a single defect.
The maximum off () is ~0.45. This value is smaller than
The fractal dimension for each exponent is giveR®by the maximum of the same curve obtained from the Fibonacci

a=

0.5 1
3 FIG. 3. The multifractal distribution of scal-
= ‘ ing exponents for the energy spectrum of the Fi-

i bonacci chain with a single defect.
N i
' i
0.0 1.0 2.0

o
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1000.0 -
800.0 | ]
600.0 |
FIG. 4. Integrated distribution
2 I of scaling exponents for the per-
= fect Fibonacci chain(solid line),
400.0 - - chains with ongdotted ling, and
two (dashed ling defects.
200.0 + 4
0.0
0.0 X 2.0
o
chain wheref,,~0.56 for a lattice of sizeN=987. If ~ Substituting Eq.(3) into Eq. (10), the wave function at
N— oo, the fractal dimension lies between 0.6 and %.7. site n results:

The reduction of the fractal dimension has its origin in the
widening of the functiod’(«). SinceZ ,I'(«) =N, a disper-
sion in the scaling leads to a reduction of the maximum value (n|Gg (E)[1){1|(E))
of I'(a) which in fact determines the fractal dimension since (nly(E))=(n|p(E))+e 1 (GL (B

the factor In@E) is almost the same for both lattices. For the
sake of comparison, we calculate the integrated distribution
of scaling exponent$IDS), defined asf§I'(«)de, for the At the sitel of the impurity, the above expression is reduced
perfect Fibonacci chain, and chains with one and two del0
fects. In all the cases it was found tissapproaches N. The
dispersion ofl'(«) is evident in Fig. 4 where the IDS is
shown. In a periodic chain, the IDS jumps from ONowvhen (I|(E))
a=1, but for the Fibonacci chain it shows dispersion near {u(®)= 1-€(I[G5 (B)I)’ (0
a=1. As can be seen, the IDS of the chain with a single 0
defect shows a larger dispersion than the perfect one and the
IDS of a chain with two defects shows even more dispersionfrom where the amplitude at siteis easily obtained:
From here it is clear that the reduction of the fractal dimen-
sion is a consequence of a change in the level statistics.
It is interesting to comment that a similar reduction of the (| (E))°=T(|p(E))?, (12
Hausdorff-Besicovitch dimension was found in the transition
from a singular continuous to a pure point spectrum in the
Harper potentiaf® In that case, the Hausdorff-Besicovitch whereT is defined as
dimension of the pure point spectrumvhich corresponds to
localized eigenstatgss zero while in the singular continuous
regimen is given by the fractal dimension of a Cantor®8et. 1

T= . (13
1= €(lIGg (B)ID)[?
IV. EIGENSTATES
l\tISVe consider here the eigenstatestbfwhich are given Some words about the quantify can be said here. In
by one-dimensional lattice$ usually stands for the transmis-

sion coefficient. In a quasiperiodic lattice, it turns out that
|4(E))=|#(E))+ Gy (E)ST(E)|p(E)), (100 ks not a good quantum number, and so E&) does not
represent the transmitted amplitude across the chain since
where |4(E)) are the eigenfunctions of the unperturbedalso the system without defects shows scattering. Then, in
Hamiltonian. The plus sign i andS denotes the use of the this caser is a measure of the scattering of critical states due
retarded Green'’s function, in such a way that only physicallyto the presence of defects.
outgoing solutions are admitted. Equation(13) can be written as
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3.0 T T

20 - 7

FIG. 5. T is plotted as a function of the en-
= 15 F 7 ergy. States withf>1, T~1, andT~0 are, re-
spectively, localized, resonant, and scattering
eigenstates.

N Al bl .

230 -1.0 1.0 3.0
ENERGY (arb. units)

1 marized as follows. As a consequence of the self-similarity
T= : (14 of the spectra, the disorder affects all the states of the unper-
1— eRe(I|G¢ (E)|1) ]2+ [mp(E, )] pectra, es ot the unp
[1=eR&(l[Go (B)INI"+Lmp(E.D] turbed system and consequently the fractal dimension of the
T has its maximum value wheneve((E,l) is small and IDOS increases. On the contrary, the fractal dimension of the
1-eRe(l|G{ (E)|I) approaches zero, which is indicative of DOS with a defect is reduced since the multifractal distribu-

a resonant eigenstate. Observe that for the original statdion of the scaling exponents shows a larger dispersion re-
inside the ban(x| |Gg(E)||> is a|WayS a Comp|ex number so SpeCt to the pel’fect Fibonacci chain. This Change in the mul-
that T<1. Therefore, a resonant eigenstatd—kaﬂeads to a tifractal distribution is a consequence of the Change in the
peak of size 1 in the curve df plotted againsE. level statistics. This last is expected since a singular continu-
For instance, in a perfect periodic chai(E,l) is small at ~ 0us spectrum shows a tendency toward clustering of levels,
the center of the band and tends to infinity at the band edgeproducing a new class of level statisticayhile a disordered
and so states at the band edgt® most coherent oneare  system follows a Poisson distribution with a width propor-
more strongly scattered than those at the middle. In this kindional to 1N.?® Finally, unlike the case of periodic one-
of chain,T does not exhibit any resonance since there are ndimensional chains, resonant eigenstates appear.
possibilities for interference effect§. The present study, in spite of the simplicity of introducing
T can also be calculated considering EIR) as a defini- a single defect, is capable of showing the essential conse-
tion for all the states, i.e., for states inside the band and fOQuences of the presence of substitutional disorder in one-
the new states that appear with the defects. In thatTas®  dimensional quasiperiodic structures. Two conclusions can
be larger than 1 for the defect states, meaning that defe¢fe drawn. First, since free boundary conditions can be
states are localized. . . viewed as impurities, the use of periodic boundary condition
Figure 5 showsT as a function of the eigenvalues of the js preferable in numerical calculations. As was shown, free
perfect Fibonacci chain calculated using Etp) as the defi-  poundaries lead to surface states appearing at all energies.
nition of T. Observe that states at the edge of the largest gapSecond, singular continuous spectra and critical states may
fulfill. T>1 since they become defect states and are locake very difficult to observe in a real quasicrystal since even a
ized. Eigenstates witfi approaching zero are strongly scat- small amount of disorder can destroy these features.
tered by the defect. Resonant states are those Witip- All the ideas portrayed here can be extended to the vertex
proaching 1 and are less scattered by the disorder. problem for the Penrose lattice where an infinite series of
The existence of scattering and resonant eigenstates fps appears near the center of the spectflangd therefore
preferable due to the infinity folding of the Brillouin zone. In thjs region is expected to be strongly affected by disorder.
a periodic chain, states with larg€rare at the middle of the
band. Each time that a new folding takes place, a new region
appears in the middle of each subband that can support reso- ACKNOWLEDGMENTS
nant eigenstates.
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